


























1. Metal–Insulator Transitions

In the first section we specify an insulator as a substance with a vanishing
electrical conductivity in a (weak) static electrical field at zero temperature.
The transport of electrical charge in the solid state is provided by electrons
that are subjected to the Coulomb interaction with the ions and the other
electrons. Correspondingly, in the first category of insulators we find band,
Peierls, and Anderson insulators, which can be understood in terms of single
electrons that interact with the electrostatic field of the ions. Mott insulators
constitute the second category, where the insulating behavior is understood as
a cooperative many-electron phenomenon. In the absence of electron pairing
an insulator may be characterized by a gap for charge excitations into states in
which the wave functions of the excitations spatially extend over the whole
specimen (gap criterion). This zero-temperature gap sets an energy scale
that allows us to distinguish in practical terms between good conductors
(“metals”) and bad conductors (“insulators”) at finite temperature.

In the second section we describe quantum and thermodynamic phase
transitions as possible scenarios for the formation of a gap. In quantum phase
transitions the gap opens as a consequence of the competition between the
carriers’ kinetic and interaction energy. The notion of a gap that separates two
bands remains valid at all temperatures (“robust gap”). In thermodynamic
phase transitions the gap opens as a consequence of the formation of long-
range order (symmetry breaking) at some finite temperature (“soft gap”).

In the third section we briefly describe band, Peierls, and Anderson in-
sulators and their corresponding transitions. Pressure-induced metal–band
insulator transitions and the metal–Anderson insulator transition upon dop-
ing provide examples for quantum phase transitions in which the formed
charge gap is robust. The Peierls transition provides an example for a ther-
modynamic phase transition (symmetry breaking) in which the gap is the
consequence of the formation of a charge-density wave.

In the fourth section we discuss Mott’s correlated electron view of the
metal–insulator transition. Mott emphasized the importance of magnetic mo-
ments as a signature of electron correlations, regardless of whether or not
they are ordered. Correspondingly, we propose to distinguish between Mott–
Hubbard and Mott–Heisenberg insulators. In the quantum phase transition
from the metal into the Mott–Hubbard insulator the moments need not order.
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2 1. Metal–Insulator Transitions

They order in a thermodynamic phase transition into the Mott-Heisenberg
insulator. The concept of the Mott–Heisenberg insulator resembles Slater’s
views on the metal-to-insulator transition as an ordering phenomenon. His
approach is conceptually different since the magnetic moments form and order
at the same temperature in Slater’s one-electron picture, whereas pre-formed
moments order at the transition into the Mott–Heisenberg insulator.

Some experimentally observed types of Mott insulators are listed in
the fifth section, namely Wigner and Verwey insulators, multi-band Mott–
Hubbard insulators, and charge-transfer insulators. We discuss some of their
properties and their metal–insulator transitions to show that these materials
are correlated electron systems. For other classification schemes on metal–
insulator transitions we refer the reader to Mott’s book [1] and the work by
Ramakrishnan [2] and Imada [3].

1.1 Classification of Metals and Insulators

In this section we first provide the definition for metal and insulator for
weak external fields at zero temperature, T = 0. Next, we use the dominant
interaction that causes the insulating behavior as the criterion to specify four
basic classes of insulators. In the third subsection we argue that an insulating
ground state results from a gap for charge excitations from the ground state
into states in which the wave functions of the excitations are extended. The
conductivity at low temperature displays an activated behavior. As shown
in the fourth subsection this allows us to identify insulators experimentally
from the behavior of the resistivity for T → 0. Lastly, we discuss the notion
of the gap at finite temperatures.

1.1.1 Definition of Metal and Insulator

In solid-state physics the electrical conductivity of a material is based on the
transport of electrons. Transport, i.e., the directed motion of charge, energy,
entropy, etc., does not appear in thermodynamic equilibrium. Instead this
process requires a non-equilibrium situation to occur. In addition, the electron
transport in the bulk of a solid is basically influenced by three different effects:

1. the potential of the ions,
2. the electron–electron (Coulomb) interaction, and
3. externally applied (e.g., electrical and magnetic) fields.

For interacting many-particle systems far from thermal equilibrium, e.g.,
in optically excited semiconductors, a very complex formalism has to be em-
ployed to calculate transport properties [4, Chap. 3.7]. In this book, however,
we are interested in the conducting properties near thermal equilibrium, i.e.,
the presence of external fields causes only small perturbations in our sys-
tems. Hence the first of our restrictions for a classification of insulators is
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to demand “weak” external fields such that Ohm’s law between the current
density jα and the applied electrical field Eβ holds in momentum/frequency
space (α, β = 1, . . . , d; d is the dimension of the system):

jα(q, ω) =
∑

β

σαβ(q, ω)Eβ(q, ω) . (1.1)

Since we may now apply linear response theory, the conductivity tensor
σαβ(q, ω) defined by (1.1) can be derived from an equilibrium current-current
correlation function [4, Chap. 3.8]. This fluctuation-dissipation theorem im-
plies that the conductivity as non-equilibrium property can be expressed in
terms of a correlation function of the system in thermal equilibrium. The as-
sumption of the validity of (1.1) rules out metal–insulator transitions caused
by strong external fields, e.g., electrical breakdown. However, we have to keep
in mind that the calculation of the conductivity tensor still requires the eval-
uation of a two-electron correlation function. Leaving aside the particular
case of independent, free electrons, single-electron properties alone such as
the density of states, will not be sufficient to explain electron transport in
the solid state.

The second restriction is that the distinction between metal and insulator
is strictly meaningful only at zero temperature (T = 0). This may appear
to be a matter of theoretical convenience since, e.g., we may exclude the
scattering of electrons by lattice vibrations from our considerations. In fact,
the limit T → 0 is actually of fundamental importance to distinguish between
metal and insulator and the quantum phase transition between them.

With the restrictions to weak external fields and zero temperature we may
define an insulator as follows (Re{. . . }: real part).

The static electrical conductivity of an insulator vanishes at zero temperature,

σDC
αβ (T = 0) ≡ lim

T→0
lim
ω→0

lim
|q|→0

Re {σαβ(q, ω)} = 0 . (1.2)

In the case of a finite metallic conductivity we typically observe a Drude
behavior at small frequencies,

Re {σαβ(T = 0, ω → 0)} = (Dc)αβ

τ

π(1 + ω2τ2)
: Drude metal, (1.3a)

where (Dc)αβ denotes the Drude weight and τ is a typical scattering time for
uncorrelated collisions of electrons with, e.g., impurities. In a simple Drude
theory we have (Dc)αβ = πe2(n/m∗)δαβ with e as the elementary charge and
n/m∗ as the ratio between the charge carrier concentration and the effective
mass [5, Chap. 1]. If electron scattering is absent, τ−1 → 0, translational
invariance is restored, which leads to ideal metallic behavior:

Re {σαβ(T = 0, ω → 0)} = (Dc)αβ δ(ω) : ideal metal. (1.3b)

At zero temperature the conductivity alone is not sufficient to distinguish
an ideal metal from a superconductor. The superconductor, however, also
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shows the Meissner effect [5, Chap. 34], and its ideal conductivity persists for
temperatures up to the superconducting transition; see Sect. 1.2.

1.1.2 Classes of Insulators

The restriction to zero temperature and small external fields allows us to
identify two basic categories of insulators, namely,

I. insulators due to the electron–ion interaction, and
II. insulators due to the electron–electron interaction.

To understand the insulating behavior of a material at zero temperature we
may consider only static ion configurations. Then, the first category subsumes
all insulators, which can be understood in terms of a single-electron theory.
The following three classes of insulators are prominent representatives:

1. Bloch–Wilson or band insulators due to the electrons’ interaction with
the periodic potential of the ions;

2. Peierls insulators due to the electrons’ interaction with static lattice de-
formations;

3. Anderson insulators due to the presence of disorder, e.g., the electrons’
interaction with impurities and other lattice imperfections.

The insulators due to the electrons’ mutual interaction are conceptually dif-
ferent. Here, we always have to solve a many-electron problem. The fourth
class of insulators constitute the

4. Mott insulators due to the electron–electron interaction.

In Sect. 1.4 we will propose to distinguish further between Mott–Heisenberg
and Mott–Hubbard insulators, depending on whether or not there is long-
range order in the charge and/or spin density of the electrons.

In real materials the interactions used in the above classification scheme
are always simultaneously present such that the classification of experimen-
tally observed insulators is not always that straightforward; see, e.g., a recent
discussion on the classification of vanadium dioxide (VO2) [6]. In fact, an
observed metal–insulator transition need not be dominated by one interac-
tion alone to the exclusion of the others. Although a single interaction may
drive the transition, its nature may be (and often is) strongly affected by the
others. In the vicinity of the transition they can become relevant perturba-
tions. Examples for this effect are the appearance of an “exciton insulator”
near a metal–band insulator transition (see Sect. 1.3.1) and modifications
of the disorder-induced metal–Anderson insulator transition (see Sect. 1.3.3)
by the Coulomb interaction between electrons. Hence, these metal–insulator
transitions are called band–Mott transitions and Anderson–Mott transitions,
respectively.

As a result of Mott’s intensive search for metal–insulator transitions dom-
inantly driven by electron–electron interactions [1, 7] various insulating states
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such as the “exciton insulator” were and still are called “Mott insulators”.
Later in this book we will address only “pure” cases of Mott transitions,
anticipating that the Coulomb interaction dominates the others throughout
the transition.

1.1.3 Gap Criterion for the Insulator

The simple-minded Drude approach (Boltzmann transport theory) to metal-
lic conductivity [5, Chap. 1] that leads to (1.3) can formally be derived from a
Kubo formula for the current–current correlation function [4, Chap. 7]. This
correlation function probes the (collective) propagation of an electron–hole
excitation of the system at a fixed electron number. The analysis uncovers
two fundamental requirements for electron transport in Fermi systems:

i. quantum-mechanical states for electron–hole excitations must be avail-
able at energies immediately above the energy of the ground state since
the external field provides vanishingly small energy (ω → 0);

ii. these excitations must describe delocalized charges that can contribute
to transport over the macroscopical sample size.

If both conditions are met, we shall have a metallic ground state.
In general, the electron and the hole interact with each other such that

it is very difficult to describe the collective propagation of the electron–hole
excitation. We would prefer to relate the conducting properties of a system
to its single-electron excitation spectrum. In single-electron excitations we
add an electron to or take it away from the system, i.e., we study energy
differences between the spectra of the systems with N and N ± 1 electrons,
respectively. If there is no correlated motion between the electron and the
hole of the electron–hole excitation, we may disentangle it into a superposition
of two individual single-particle excitations. Then, the conducting properties
directly relate to the single-electron excitation spectrum. This implies that in
an insulator there exists a gap for charge-carrying single-electron excitations
(gap criterion).

It is immediately apparent that the gap criterion must be taken with care.
After all, we draw conclusions about the DC conductivity, a two-electron
quantity, from the one-electron spectrum. Consequently, the criterion com-
pletely fails if there is pairing between electrons. For example, if the electrons
form bound pairs, the pairs are mobile and contribute to a finite DC con-
ductivity although a single-electron excitation requires a finite pair-breaking
energy. The same applies to an ordinary BCS superconductor. One-particle
excitations are gaped but the system does have a finite Drude weight even at
finite temperature: it is a superconductor, not an insulator. Even in the case
of a semiconductor the one-particle gap does not give the energy required for
the optical excitation of an electron–hole pair. Instead, excitons appear in
the absorption spectrum below the band absorption edge [8].
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Despite this caveat the gap criterion is very useful in practical terms.
On this basis we easily understand Bloch–Wilson (band) insulators (see
Sect. 1.3.1) and Peierls insulators (see Sect. 1.3.2). In both cases there is a
gap between the highest occupied and the lowest unoccupied single-electron
level. A gap in this narrow sense is not present for an Anderson insulator
(see Sect. 1.3.3). In this case condition (ii) is violated since the single-electron
states near the Fermi energy are localized. To cover this case we define the
gap as energy necessary to create a charge-carrying , i.e., macroscopically
extended charge excitation. As discussed in more detail in Sect. 1.3.3 only
single-electron states beyond the mobility edge can transport current. Hence,
the gap can be defined as the distance between the Fermi energy and the
mobility edge. It should be kept in mind, though, that the gap criterion for
the Anderson insulator is only justified a posteriori because the information
on the position of the mobility edge(s) is actually contained in the current–
current correlation function.

For band, Peierls, and Anderson insulators the insulating behavior can be
understood in terms of a gap for charge excitations between the Fermi energy
and spatially extended states. The situation is less clear for many-particle
systems than for these single-electron problems. When we restrict ourselves
to the Mott transition later in this book, we may assume that disorder and
pairing are absent. Then the properties of the conductivity tensor should be
determined by the propagation of two individual charge excitations, and their
mutual interactions (vertex corrections) should not qualitatively change their
individual behavior. Given these assumptions, a gap for single charge excita-
tions will again cause the DC conductivity to vanish. Technically speaking, we
factorize the two-electron Green function into its one-electron components,
whereby we assume that anomalous expectation values for Cooper pairs (su-
perconductivity) do not occur, and vertex corrections are not important.

Under these precautions we will use the zero-temperature gap for single
charge excitations (to extended states) as criterion for an insulator for all
our systems, including many-electron systems with repulsive interactions.
The zero-temperature chemical potentials

μ+(λ) = E0(N + 1, λ)− E0(N,λ) , (1.4a)

μ−(λ) = E0(N,λ)− E0(N − 1, λ) (1.4b)

are the minimum energies needed to add an electron to the ground state of
the systems with N and (N − 1) electrons, respectively. λ denotes the set of
interaction parameters that characterize our system, e.g., pressure or electron
concentration. The gap to charge-carrying states is then given by

Δ(λ) = (μ+(λ) − μ−(λ))ext , (1.5a)

where the subscript “ext” indicates that the electron and/or the hole state is
extended such that it can carry current. Finally, the gap criterion becomes

Δ(λ) > 0 : insulator . (1.5b)
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Later in this book we will only consider pure Mott insulators where disorder
and pairing effects are absent. In this case the jump in the zero-temperature
chemical potential defines the Mott gap.

1.1.4 Electrical Conductivity at Low Temperature

The notions of a metal and an insulator are strictly limited to zero tem-
perature. In fact, an “insulator” displays a finite DC conductivity even at
Δ(λ) � kBT > 0 since, by definition, thermal excitations above the gap
are charge-carrying states. Of course, at room temperature (T = 300 K) the
absolute values for the DC conductivity for various materials differ by many
orders of magnitude. Hence, “metal” and “insulator” can normally be distin-
guished for all practical, i.e., technical purposes, but what we really mean is
a “good” and a “bad” conductor at a given temperature. That such a dis-
tinction is not sufficient to define metal and insulator at finite temperature
becomes apparent from the difference between semimetals and semiconduc-
tors. The specific resistivity ρ(T ) =

[
σDC(T )

]−1
of semiconductors at room

temperature with ρSC = 10−3 . . . 109 Ohm-cm is close to that of semimet-
als with ρSM = 10−5 . . . 10−4 Ohm-cm [5, Chaps. 1,28]. At T = 0, however,
semimetals keep their (small) conductivity, whereas semiconductors display
a diverging specific resistivity. It is only the limit of low temperature that
allows us to identify semiconductors as insulators and semimetals as metals.

An observed strong increase or even divergence in the resistivity on low-
ering the temperature T may serve as a heuristic way to distinguish between
metal and insulator. For insulators we expect an exponential increase on
lowering the temperature since the zero-temperature gap for charge excita-
tions Δ(λ) sets the energy scale for thermal activation processes:

Re {σαβ(kBT � Δ(λ), ω → 0)} ∼ exp
(
−Δ(λ)

2kBT

)
for an insulator.(1.6)

A sharp transition between metal and insulator exists only at zero tem-
perature where these two phases are actually defined. The experimental
temperature often is a small energy scale compared to electronic energies
(Δ(λ) � kBT ) such that the system behaves as if the zero-temperature limit
has already been reached. Hence, in real experiments a very sharp change in
the resistivity within a small range of temperatures can often be observed. In
this sense we may also use the phrase “metal–insulator transition” at finite
temperature.

1.1.5 Gap at Finite Temperature

According to (1.5a) the gap Δ(λ) is defined only at zero temperature. It
provides a natural energy scale for small temperatures, kBT � Δ(λ). For
this reason we could use it in (1.6) to identify the conducting behavior of



8 1. Metal–Insulator Transitions

insulators at temperatures small compared to the zero-temperature gap. For
finite temperature, kBT = O(Δ(λ)), it becomes more difficult to assign a
proper meaning to the notion of “the” gap, as we now discuss.

Since the gap is a one-electron property it is natural to investigate the
one-electron density of states, which can be measured with the help of (in-
verse) photoemission spectroscopy. Like the chemical potential μ(T ) the den-
sity of states is continuous for finite temperature, and it is only in the
limit kBT � Δ(λ) that the (zero-temperature) gap can be identified un-
ambiguously. For kBT = O

(
Δ(λ)

)
the size of the gap can only be empirically

determined because the sharp signatures of the zero-temperature gap are
thermally smeared out.

In addition to the thermal smearing one usually also finds that the size of
the gap varies with temperature. This “gap-shift” effect is well known in semi-
conductor optics [8]. For illustration let us consider a direct semiconductor
(band insulator). If no excitations are present, it has an (optical) gap Δ(λ).
Then, let us consider an optically excited state with a finite density ne−h of
electron–hole excitations. The creation of an additional electron–hole pair in
the presence of the other excitations requires an energy Δexc(λ, ne−h) differ-
ent fromΔ(λ) for two reasons. First, there is Pauli blocking in the conduction
and in the valence band, which increases Δexc(λ, ne−h) over Δ(λ). Second,
the electrons in the conduction band and the holes in the valence band expe-
rience a mutually screened Coulomb interaction that depends on the density
of electron–hole excitations. Pauli blocking and screening effects change Δ(λ)
to Δexc(λ, ne−h) (“gap shift”).

The question remains as to whether the gap stays finite or vanishes at
some temperature Tc. In general, both scenarios are conceivable.

“Robust” Gap. In the first case we can classify the whole single-electron spec-
trum with the help of the (good quantum) number of electron–hole excita-
tions “beyond the gap”. We may not be able to define a unique gap but
temperature does not destroy the notion of two different bands for electrons
and holes. Two examples are band and Anderson insulators for which, by
definition, the spectrum is additive (“rigid bands”). The zero-temperature
gap Δ(λ) remains a characteristic energy scale for all temperatures.

“Soft” Gap. In the second case the band structure is “soft” as for Peierls
insulators, i.e., the notion of electron–hole excitations between two separate
bands depends on the presence of symmetry breaking. Within a simple mean-
field description the order parameter Ξ(λ) > 0 uniquely determines the gap
for electron–hole excitations, Δ(λ) ≡ Δ(Ξ(λ)). The size of the order param-
eter, however, depends on temperature, Ξ(λ) ≡ Ξ(λ, T ), such that we find
a temperature-dependent gap Δ(Ξ(λ, T )). This gap agrees with the zero-
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temperature gap for T → 0 and ceases to exist at the critical temperature Tc

when the long-range order breaks down and the symmetry is restored.

We will discuss the two mechanisms for the gap formation in more detail
in the next section.

1.2 Types of Metal–Insulator Transitions

In this section we outline two different scenarios for the gap formation in
metal–insulator transitions, both of which are realized in nature. The first
route is to understand it as a quantum phase transition that results from the
competition between the electrons’ kinetic and potential energies at zero tem-
perature. Symmetry breaking need not occur and the gap for electron–hole
excitations is robust, i.e., it remains finite for all temperatures. Thermody-
namic phase transitions offer a second way to explain the formation of a gap
for charge excitations. The competition between the internal energy and the
entropy favors an ordered state at low enough temperatures. The symmetry-
broken state may display a gap for charge-carrying excitations that causes
an insulating behavior below the critical temperature.

1.2.1 Quantum Phase Transition

We start our considerations with a toy-model description of the ionization
problem; see [9] for a recent review on real systems. Metal–insulator transi-
tions in the liquid phase are briefly reviewed in [1, Chap. 10], [10], and [11].
In this book we restrict ourselves to the solid state.

We consider hydrogen atoms of density ρ in a box. An electron with
coordinates xl shall interact with square-well model potentials produced by
the protons at positions Rj

V (xl) =

{
−V0 for |xl −Rj | ≤ a
0 for |xl −Rj | > a

. (1.7)

The bare depth of a square-well potential V0 is supposed to support only
one bound state. Our quantum-mechanical system is described by two non-
commuting operators, namely the kinetic energy of the electrons, which
prefers to spread the electrons over the box, and the square-well potentials,
which tend to localize them near the protons. The ground state may dom-
inantly display the physics of either one of the operators: either the elec-
trons are bound to the protons (“gas phase”) or they are unbound (“plasma
phase”).

To make the problem tractable we assume that the presence of the other
electrons and protons leads only to a density-dependent reduction of the po-
tential produced by a single proton. Therefore, we analyze the corresponding
single-electron problem for an electron in the screened potential of a proton,
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Ṽ (x) =

{
−V (ρ) for |x| ≤ a

0 for |x| > a . (1.8)

In the dilute limit we have V (ρ → 0) = V0, the potential is attractive, and
all electrons are bound to their protons (gas phase). At densities above the
critical density, V (ρc) = π2h̄2/(8mea

2) [12], the attractive potential of a
single proton is too strongly screened by the other particles in the system
to sustain a bound state. The electrons unbind and the system goes into the
plasma phase.

The transition between the two phases is a “quantum phase transition”.
The plasma phase is the ground state of the electrons’ kinetic energy op-
erator, whereas the potential energy operator favors the gas phase. It is a
macroscopic cooperative phenomenon since all atoms simultaneously unbind
due to their mutual interaction (ρ dependence of Ṽ (x)). In reality the situa-
tion is much more complex since the strength of the screening itself depends
on the ionization degree of the system and thus also on temperature. Within
our toy-model description, however, the effect is independent of temperature.
As long as we are below the critical density the gas will be only partly ionized
even for temperatures kBT � V (ρ < ρc), and some bound hydrogen atoms
are still present in the system. The notion of the gas phase remains valid at all
temperatures. The robust gap in this toy-model description is proportional
to the depth of the potential, ΔQPT(ρ) ∼ V (ρ < ρc).

In general, a quantum phase transition can be induced by varying the
relative strength of two non-commuting operators. In principle, none of the
operators needs to favor a broken-symmetry ground state such that a quan-
tum phase transition will not necessarily imply the formation of long-range
order of any kind. However, our definition does not exclude this possibil-
ity since some of the operators may display an ordered ground state. In our
toy-model example we find that the gas phase displays order in the joint posi-
tions of protons and electrons. The essential criterion for the quantum phase
transition remains, however, that it is induced by a change in the coupling
strengths between the respective operators.

In the case of solid-state physics the electrons, on the one hand, prefer to
spread over the entire crystal to optimize their kinetic energy. On the other
hand their various interactions tend to localize them in order to minimize
their potential energy. It is this competition between the electrons’ kinetic
and potential energies that determines their conducting properties at zero
temperature. The ground state can display dominantly either the electrons’
itinerant (metallic) or localized (insulating) features. We may externally shift
this energy balance by, e.g., applying pressure to our specimen to induce
a metal–insulator transition. The gap for charge excitations (into extended
states) is robust and does not vanish in the presence of other excitations. The
metal–insulator transition is understood as a quantum phase transition.

The concept of quantum phase transitions is strictly limited to zero tem-
perature and so are the notions of a metal and an insulator. In reality, both
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Fig. 1.1. Sketch of the metal–insulator transition as quantum phase transition: the
gap for one-electron excitations opens at the critical interaction λc and separates the
semi-metallic and semiconducting phases. Whereas the metal–insulator transition
is sharp as a function of interaction strength at zero temperature, only a crossover
region connects good and bad conductors at finite temperatures.

a “metal” and an “insulator” display a finite DC conductivity at T > 0 and
we should discriminate between “good” and “bad” conductors at finite, e.g.,
room temperature. The generic situation for a system with a quantum phase
transition as a function of an external parameter λ (e.g., pressure) is sketched
in Fig. 1.1.

A true phase transition does not exist at any finite temperature. We ob-
serve instead a crossover regime from good to bad conductivity. In Sect. 1.3.1
we will show that the pressure-induced transition in ytterbium provides an
example for this type of metal–insulator transition. In this metal–band in-
sulator transition the crossover regime can be roughly defined as the range
of pressures for which the gap (for the semiconductor) and the band overlap
(for the semimetal) are small compared to temperature.

In the quantum phase transition scenario a sharp transition between metal
and insulator exists only at zero temperature, where these two phases are
actually defined. In real experiments a very sharp increase in the resistivity
can still be observed in a metal-to-insulator transition since temperature often
is a small energy scale compared to electronic energies such that the system
behaves as if the zero-temperature limit was reached. In this sense we may
also use the phrase “metal–insulator transition” at finite temperatures even
if it has its origin in a quantum phase transition.

1.2.2 Thermodynamic Phase Transition

Thermodynamic phase transitions are the consequence of the competition
between the internal energy and the entropy of a system such that a low-
entropy (ordered) state is formed at low enough temperatures, which breaks
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Fig. 1.2. Sketch of the metal–insulator transition as a thermodynamic phase tran-
sition: the gap for one-electron excitations opens at the critical temperature T (λ)
and separates the non-ordered metal from the ordered insulating phase.

a (continuous) symmetry of the Hamiltonian. For example, the formation
of a charge-density wave in a Peierls transition (see Sect. 1.3.2) breaks the
translational symmetry of the underlying lattice in favor of a reduced internal
energy of the combined electron–lattice system.

The formation of an ordered state also influences the conducting proper-
ties. The most celebrated example is superconductivity. A superconductor is
characterized by a finite Drude peak even at non-zero temperatures,

σαβ(T ≤ Tc, ω → 0) = (Dc(T ))αβ δ(ω) : superconductor, (1.9)

where Tc is the thermodynamic phase transition temperature. The Drude
peak can be taken as an order parameter that characterizes the supercon-
ducting state.

The formation of an ordered state in a thermodynamic phase transition
may also result in a gap for charge excitations. For example, the Peierls gap
is a function of the order parameter for the charge-density wave, Ξ(T, λ).
The value of the order parameter depends on the interaction parameter(s) λ,
e.g., on the strength of the electron–phonon coupling. The gap is “soft” and
vanishes at Tc. We sketch the situation in Fig. 1.2 where we have assumed
that the ordered ground state is an insulator. We point out, however, that
the occurrence of ordering need not imply a metal-to-insulator transition as
seen from the example of metallic (anti-)ferromagnets.

In a thermodynamic phase transition the conducting properties change
because of a shift in the energy-entropy balance. Hence, the control param-
eter for the thermodynamic transition is the temperature, whereas for the
quantum phase transition we had, e.g., pressure that controlled the balance
between the electrons’ kinetic and potential energy. The essential difference
from the quantum phase transition lies in the fact that an increase in tem-
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perature allows the gap for charge excitations to close, i.e., it allows us to
transform the insulator at T = 0 into a “gapless”, i.e., “true” metallic state
at T > Tc.

Along the line T = Tc(λ) we observe a transition from the symmetry-
unbroken into the ordered phase. At finite temperatures there is always a
finite region around the transition line within which the values for the crit-
ical exponents can be obtained from classical statistical mechanics [13, 14].
This region shrinks to zero at the so-called “quantum critical point” (λ = λc,
T = 0) where the critical exponents in the whole transition region must be
obtained from a quantum-mechanical approach. Crtical phenomena at zero
temperature are reviewed in [15, 16].

In this context the T = 0 phase transition as a function of λ is often
denoted as a “quantum phase transition” although it still is a transition
between an ordered and a non-ordered phase. We suggest that this transition
should still be called a “thermodynamic” phase transition since the quantum
critical point is on the critical line for ordering transitions that occur for finite
temperatures. Only the critical exponents, not the nature of the transition,
are different for T = 0. As outlined in Sect. 1.2.1 we reserve the notion
“quantum phase transition” for those transitions that occur only at zero
temperature and do not necessarily imply symmetry breaking.

In the last section we pointed out that the metal–insulator transition in
real materials will be influenced by all four basic electron interactions even
if it is dominantly driven by one of them. Analogously, we must be aware
of the fact that the signatures of both quantum and thermodynamic phase
transitions will be present in experimentally determined phase diagrams.

1.3 Band, Peierls, and Anderson Insulators

In this section we discuss those three classes of insulators due to the electron–
ion interaction. As outlined in the first section, the insulators in this category
can be understood in the framework of single-electron theory. The Mott in-
sulators for which many-body effects have to be included are the subject of
the next two sections. Band and Anderson insulators display a robust gap
and their metal-to-insulator transitions are quantum phase transitions. The
metal–Peierls insulator transition provides an example for a thermodynamic
phase transition in which the gap for charge excitations ceases to exist to-
gether with the periodic lattice distortion.

1.3.1 Band Insulators

The simplest case of an insulator is the Bloch–Wilson or band insulator [17].
To understand the insulating state we assume that the lattice is ideal, i.e.,
static deformations and disorder are absent. In addition, we neglect the
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electron–electron interaction or assume that it can be treated within an effec-
tive single-electron model [5, Chaps. 8–11,17]. The electrons’ motion is then
dominated by their interaction with the ions and the problem is reduced to
an effective Hamiltonian for a single electron in a periodic potential.

Bloch’s theorem then allows us to classify the one-electron states accord-
ing to their crystal momentum k of the first Brillouin zone, their band index b,
and their band energy ε(k, b). These bands are “rigid” in the sense that the
single electron states and their respective energy are totally independent of
the band filling. This picture changes drastically when electron–electron in-
teractions are taken into account. For simplicity we further neglect spin–orbit
coupling. As a good approximation each band is then two-fold spin-degenerate
(σ =↑, ↓), i.e., each band may be occupied with two electrons per quantum
number k. In the ground state (T = 0) each state up to the Fermi energy EF,
ε(k, b) ≤ EF, is occupied such that the electron density determines EF as the
energy of the last occupied state. The equation ε(k, b) = EF defines the wave
vectors kF that form the Fermi surface. The inverse effective mass (m∗)−1 is
related to the curvature (second derivative) of the dispersion relation on the
Fermi surface.

The one-electron dispersion relation ε(k, b) and the corresponding one-
electron density of states,

D0(E) =
∑
b,σ

∫
Brillouin

zone

ddk

(2π)d
δ (E − ε(k, b)) , (1.10)

determine not only the thermodynamics but also the transport properties of
the system [5, Chaps. 12,13], a feature specific to non-interacting systems. In
general, however, one-electron properties alone do not determine the conduc-
tivity.

A review on the present-day band structure and quantum-chemical tech-
niques can be found, e.g., in [18, Chaps. 2–5]. Band structure theory provides
a very simple understanding for the existence of metals and insulators since
completely filled bands cannot contribute to transport [17]. With each state
with crystal momentum k the state with momentum −k is also occupied so
that both contributions to transport properties will compensate each other [1,
Chap. 1.3]. Four typical cases are schematically displayed in Fig. 1.3, which
we now discuss.

The energy bands can be separated completely from each other due to the
influence of the periodic potential, i.e., there can be an energy gap between
bands; see Fig. 1.3a,b. If the chemical potential lies between two such bands
all bands are either completely filled (“valence bands”) or empty (“conduction
bands”). The energy needed to take an electron away from the system is
μ− = EF, and the energy needed to add an extra electron is μ+ = EF +Δ
such that

Δ = μ+ − μ− (1.11)
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Fig. 1.3. Idealistic sketch of the density of states and band fillings for insulator,
semiconductor, semimetal, and metal according to band theory; occupied energy
levels at zero temperature are filled in.

is the definition for the energy necessary for a one-electron excitation.
The material is an insulator since there are no mobile charge carriers

available at temperature T = 0. This situation holds both for wide-gap insu-
lators (e.g., noble element crystals, diamond) and for intrinsic semiconductors
(e.g., silicon); see Fig. 1.3a,b. In the latter case, however, the energy gap is
only of the order of 0.1 . . . 1 eV such that there is a considerable number of
thermally activated carriers at room temperatures which give rise to a finite
conductivity at T = 300 K. As discussed in Sect. 1.1, (1.6), their specific re-
sistivity increases exponentially with decreasing temperature such that their
insulating nature becomes apparent.

If the Fermi energy comes to lie in a band (conduction band) the state
is metallic and the chemical potentials are equal, μ+ = μ− ≡ μ ≡ EF. As
sketched schematically in Fig. 1.3d, the density of free charge carriers at zero
temperature can be high as in alkali metals like sodium (Na) and potas-
sium (K). They have one conduction electron per lattice unit cell and the
conduction band is half-filled since each k state is two-fold spin-degenerate.
A system with an odd number of electrons per unit cell cannot be a band in-
sulator. The carrier number can also be very low as in semimetals like arsenic
(As), antimony (Sb), and bismuth (Bi), where there are an even number of
electrons per unit cell. The small but finite overlap of the two bands means
there is no band gap. A small density of holes in the “valence band” and
electrons in the “conduction band” provide charge carriers for electrical con-
ductivity even at low temperatures; see Fig. 1.3c.

These considerations lead to the following definition of a band insulator.

For a Bloch–Wilson or band insulator the interaction between electrons and
the periodic ion potential gives rise to an energy gap between the lowest
conduction band and the highest valence band. Consequently, there are no
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free carriers available for the transport of charge. A band insulator is possible
only for an even number of valence electrons per lattice unit cell.

Fig. 1.4. Specific resistivity of
ytterbium as a function of tem-
perature at various pressures (af-
ter [19]).

Owing to the small overlap between the conduction and the valence band
in semimetals, these materials are suitable for the realization of a metal–band
insulator transition. For example, semimetallic ytterbium (Yb) can be trans-
muted into a semiconductor at a pressure pc ≈ 10 kbar. Early experimental
results are displayed in Fig. 1.4. The behavior of bismuth (Bi) under pressure
shows similar signatures for a metal–band insulator transition, in particular,
the measured Fermi surface vanishes with increasing pressure [19, 20]. Fur-
ther examples are briefly reviewed in [21]. At first sight it is puzzling that
the increase in the pressure opens a gap. One would naively expect that an
increase in pressure also increases the overlap of wave functions such that the
bandwidth increases. In contrast, the pressure increases the mixing of the 4f
and 5d shells, which finally leads to the opening of a hybridization gap in
these isostructural band crossing transitions.

The metal–band insulator transition shown in ytterbium also provides
an instructive illustration for the concept of a quantum phase transition as
discussed in the preceding section; see Fig. 1.1. Figure 1.4 shows that the
zero-temperature gap is robust, i.e., it does not vanish when the temperature
is increased. Nevertheless, the isostructural semimetallic and semiconducting
phases can be identified clearly only on lowering the temperature because the
signatures of the gap are smeared out for kBT = O(Δ(p)). For the semimetal-
lic state the resistivity decreases because scattering by thermal fluctuations
is reduced. This reduction is overcome by the exponential vanishing of the
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charge carriers in the semiconducting state such that the resistivity increases
on lowering the temperature; see (1.6). At room temperature (kBT ≈ 25 meV)
we observe a broad crossover near the critical pressure of 10 kbar since the
zero-temperature gap is small, of the order of thermal energies. In a perfect
ytterbium crystal and in the absence of ordering there would be a sharp
quantum phase transition at zero temperature as a function of the pressure
between the metallic and insulating phase. At finite temperatures this results
in the observed crossover behavior due to the robust gap that opens at the
quantum phase transition at p = pc.

At very low temperature and close to the critical pressure another phe-
nomenon may in general occur since the electron–ion interaction no longer
dominates all other interactions. In fact, when the gap is small enough
electron–hole pairs may spontaneously form and bind into excitons since their
binding energy overcomes the single-electron gap. This “excitonic insulator”
forms in the regime of the band insulator and persists to a region for which
the single electron band theory would predict a metallic behavior [22]–[24].

The transition of a metallic phase into an exciton insulator is frequently
referred to as “the Mott transition” since it was first predicted by Mott [22];
see also [1, Chap. 4.2] and [23] for an early review on the theory. In our clas-
sification scheme it is a band–Mott transition since the driving force behind
the metal–insulator transition is the closing of the band gap, whereas the
actual metal–band insulator transition is modified by the electron–electron
interaction. In fact, the thermodynamic phase transition into an exciton in-
sulator occurs at a finite temperature where the excitons undergo a “Bose
condensation”. We emphasize that this transition is quite distinct from the
(genuine) Mott transition by (true) electron–electron interactions, which is
the sense in which throughout this book we use the term “Mott transition”.

Experimentally it is very difficult to prove the existence of the exciton
insulator. One route is the optical excitation of semiconductors to show that
the excitons actually Bose condense. See [24, 25] for an experimental and
theoretical introduction to exciton condensation in optically excited semi-
conductors. Unfortunately, one is probing highly excited states in this case
such that one has to cope with problems of finite life-times (e.g., thermal-
ization, various decay mechanisms) in the interpretation of the experimental
results.

The second route follows the ideas outlined above to find the exciton insu-
lator near a metal–band insulator transition. Recently, experimental evidence
for the existence of an exciton insulator in the thulium-selenium-tellurium
compound TmSe0.45Te0.55, has been provided [26]. In this system a pressure
increase gradually closes the one-electron gap but near the critical pressure
the resistivity drastically increases again. Hall effect measurements show that
the number of free carriers goes to zero in this phase, which suggests that
excitons have been formed.
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In the band–Mott transition the quantum metal–band insulator transition
at zero temperature is hidden behind the thermodynamic phase transition
into the exciton insulator. For the genuine Mott transition we will also find
that the quantum phase transition from the metal into the Mott–Hubbard
insulator is concealed by the thermodynamic phase transition into the Mott–
Heisenberg insulator, at least in higher dimensions (see Chap. 5). We may
even state that it is not an uncommon feature for real materials that zero-
temperature quantum phase transitions in their phase diagram are hidden
under an ordered phase. For example, we may speculate that in the high-
temperature superconductors the thermodynamic phase transition into the
superconducting state conceals a quantum phase transition that causes the
crossover from non-Fermi-liquid to Fermi-liquid behavior as a function of
doping in the normal state.

1.3.2 Peierls Insulators

In the previous section we focused on the influence of the static periodic ion
potential on the motion of independent electrons. This approach is not quite
correct even at zero temperature and in the absence of disorder and electron–
electron interactions, since the periodic ion array may (dynamically) respond
to the presence of the electrons. In fact, the electron–ion interaction can
induce static lattice deformations that result in a new potential of a different
periodicity. At low enough temperature the elastic energy necessary for the
deformation can be overcome by the gain in energy for the electrons (Peierls
effect). In turn, the formation of the new periodic potential will influence the
electron transport and can give rise to a metal-to-insulator transition. In the
Peierls insulator the symmetry of the original lattice is broken, which shows
that the Peierls transition provides an example for a thermodynamic phase
transition, where the static lattice deformation serves as the order parameter.

A simple example for this effect in electron systems coupled to a dis-
tortable lattice was independently given by Peierls [27, Chap. 5.3] and
Fröhlich [28]. Let us consider a chain of atoms at distance a at zero tem-
perature over which independent electrons with Fermi wave number kF can
move freely. If we adopt a mean-field picture a small static lattice defor-
mation Δ cos(2kFx) will cost the average elastic energy Eelastic ∼ Δ2. As
a result of this deformation, the electrons experience a periodic potential
U(x) ∼ Δ cos(2kFx), which opens a gap at k = ±kF. The one-electron en-
ergies at EF − ε below the gap are lowered to EF −

√
ε2 +Δ2. The shift

in the total electronic energy is essentially given by Eelectron ∼ Δ2 lnΔ, as
in BCS theory, such that the equilibrium deformation that results from the
minimization of Eelastic +Eelectron is always finite, Δ ∼ exp [−1/ (αD0(EF))]
at zero temperature, for arbitrarily small coupling α between the electrons
and the lattice. Both the lattice and the electrons form a charge-density wave
with wave number 2kF.
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The above argument treats the lattice deformations and the Peierls tran-
sition at a critical temperature kBTP ∼ Δ only within a (semi-)classical
mean-field approximation. In low dimensions, however, the fluctuations of
the order parameter at finite temperatures are so strong that a stable Peierls
distortion is prohibited in one and two dimensions. A real system, however,
is always three-dimensional, even if highly anisotropic, such that the results
of the mean-field calculation are at least qualitatively applicable. The exis-
tence of the Peierls gap for charge excitations is linked to the presence of
the charge-density wave, which vanishes at the Peierls transition tempera-
ture. Hence, the metal–Peierls insulator transition is the result of symmetry
breaking (thermodynamic phase transition). A derivation of the Peierls dis-
tortion in polyacetylene can be found in [29, Chap. 2]; for calculations beyond
the Hartree–Fock level, see [30].

As in the case of BCS superconductivity the existence of a gap in the
one-electron spectrum does not immediately imply that the system is an
insulator. If both the lattice deformation and the electron charge-density
wave could move freely, we would have a Fröhlich superconductor [28]. In
real materials, however, impurities and lattice defects fix the charge-density
waves in position space (“pinning”). In addition, if the average separation of
the electrons is comparable to the lattice spacing, the original diameter of the
Brillouin zone 2π/a can be an integer multiple of 2kF (“commensurate band
filling”) such that the charge-density wave is locked into a fixed superlattice
structure [27, Chap. 5.3]. For example, this is the case in polyacetylene [29,
Chap. 2]. In this simplest (CH)x polymer the conduction band of the carbon
π electrons would be half-filled (2kF = π/a) in the absence of the Peierls
distortion. Thus, it would be predicted to be a (wide-band) metal. Instead,
the polymer is a Peierls insulator with a new unit cell twice as big as the
original one. The electron charge-density wave is commensurate with the
new lattice structure of alternating short and long bonds. This effect has
been proven to persist even in the presence of short-range electron–electron
interactions [31].

Lattice deformations and changes in the crystal structure can also be
induced by the interaction of electrostatic (crystal) fields with localized elec-
trons. In crystals the angular momentum at the position of an atom is not
a good quantum number and corresponding atomic degeneracies are lifted
by electrical fields of the surrounding atoms (crystal field effect). In some
cases, typically for transition-metal atoms surrounded by oxygen octahedra,
the cubic lattice symmetry would formally lead to some remaining orbital
degeneracies. As in the case of the Peierls distortion it may be energetically
favorable at low temperatures to reduce the ideal symmetry of the oxygen
octahedra by a (static) deformation. This results in a splitting of electron
energy levels, a lowering of the occupied levels and thus to an energy gain
that outweighs the lattice deformation energy (Jahn–Teller effect [32]).
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The Jahn–Teller effect can result in a change in the lattice structure, e.g.,
from cubic to tetragonal, below a critical temperature TJT, which changes the
electronic band structure and thus the conductivity. In principle, we might
observe a thermodynamic transition of a metallic state into a “Jahn–Teller”
insulator. The Jahn–Teller distortion reduces the symmetry of the crystal
structure and vanishes above TJT. Since both Peierls and (conceivable) Jahn–
Teller insulators are the consequence of thermodynamic phase transitions, we
subsume them under the class of insulators due to the electrons’ interaction
with periodic lattice deformations.

Below we concentrate on Peierls insulators for which we give the following
definition.

For a Peierls insulator the interaction between electrons and the lattice results
in the formation of a static periodic lattice deformation and a (commensurate)
charge-density wave of the electrons.

The occurrence of the Peierls instability requires that the electronic
structure (Fermi surface) and the lattice structure merge in such a way
that a (small) lattice deformation results in only filled or empty bands.
This condition can most easily be met in one-dimensional chains, e.g., in
polymers [29, 33], or in other strongly anisotropic structures like in KCP
(K2Pt(CN)4Br0.30 · x H2O) [34] or in the blue bronze K0.3MoO3 [35]–[37].
Since many other effects may compete with the Peierls distortion in low
dimensions (localization effects due to disorder, influence of the electron–
electron interaction) the existence of a Peierls transitions does not immedi-
ately follow from an observed anomaly of the conductivity at the transition.
Instead, the expected unit-cell doubling has to be confirmed by X-ray and
neutron scattering experiments.

The almost classical example for an observed Peierls transition is the blue
bronze K0.3MoO3. It has a monoclinic face-centered crystal structure of ten
chemical units with the shortest distance between the molybdenum atoms
being in the b direction. The potassium atoms dope the conduction band of
the Mo atoms which results in a strong metallic conductivity at room tem-
perature mainly into the b direction [38, 39]. At 181 K a Peierls transition
occurs [38]–[40] and the electrical resistivity exponentially rises with decreas-
ing temperature. This behavior is shown in Fig. 1.5 which also displays the
Peierls transitions in the two tantalum compounds o-TaS3 and (TaSe4)2I.
Recent X-ray and neutron scattering experiments have clearly proven the ex-
istence of a commensurate charge-density wave and the corresponding lattice
deformations. They also allowed other possible mechanisms for the transition
to be ruled out [41]. Further details on the Peierls transition can be found in
the excellent review by Grüner [38].

In the Peierls effect the electron–ion interaction leads to a static distortion
of the whole lattice structure. In general, this interaction always leads to a
local distortion of the lattice around an electron, i.e., an electron is always
surrounded by lattice distortions (phonons). The resulting fermionic quasi-



1.3 Band, Peierls, and Anderson Insulators 21

Fig. 1.5. Metal–Peierls in-
sulator transition: electri-
cal conductivity as a func-
tion of inverse temperature
for o-TaS3, (TaSe4)2I, and
K0.3MoO3; the arrows indi-
cate the Peierls transition
found from the analysis of
the temperature gradient of
the resistivity (from [38]).

particle is called a “polaron” [4, Chap. 6]. In the case of a weak electron–
phonon coupling the range of the lattice deformation around the electron is
large compared to the lattice constant. The polaron behaves like an essentially
free electron with an increased effective mass (“large” or “Fröhlich polaron”).
If, on the contrary, the polaron diameter and the lattice constant are of the
same size (“small polaron”), the polaron need not always be free but can trap
itself. Hence, a quantum phase transition between a metal and a “polaron
insulator” is conceivable.

The idea of a quantum phase transition of a metal into a “polaron in-
sulator” as a function of the carrier concentration dates back to Landau
and Fröhlich [42]. At a large polaron density the polaron clouds will overlap
and trapping becomes unlikely. At low carrier densities, however, the small
polarons could be localized in non-overlapping regions of the lattice. Exper-
imentally the self-trapping of optically excited excitons in metal halides has
been confirmed [43]; for a recent review, see [44, Chap. 6]. Variational ap-
proaches provide an intuitive understanding of the trapping mechanism [44,
Chap. 4] but it turns out to be very difficult to find a rigorous proof that this
localization effect is indeed contained in standard electron–phonon models.
For example, it has been shown [45] that Galilean invariance of the electrons’
kinetic energy operator cannot be broken by the interaction with optical
phonons. Furthermore [46], acoustic phonons with dispersion ω(k) ∼ |k|ν
that are coupled to electrons with the potential V (k) = α|k|−λ lead to ex-
tended electron wave functions in d dimensions independent of the coupling
strength α if (d + 2 − 2λ)/ν > 2. Finally, a rigorous theorem states that
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in three dimensions a localized electron state becomes asymptotically de-
generate with the exact ground state only in the limit of infinitely strong
electron–phonon interactions (α → ∞, ν = 0, λ = 1) [47]. It is not surpris-
ing that only a few exact statements on the polaron problem are available
because the description of a (heavy) particle moving in a bath of bosonic ex-
citations addresses the fundamental problem of dissipation and quasi-particle
damping in many-particle physics; for a recent treatment, see [48].

The polaronic localization effect is particularly pronounced in low dimen-
sions [46] since there the lattice may easily be deformed. Strictly speaking,
a long-range order of the atoms cannot exist in one and two dimensions for
T > 0 because the translational symmetry as a continuous symmetry cannot
be broken spontaneously (Mermin–Wagner theorem [49]). All real materials
are three dimensional, even if highly anisotropic, and no convincing experi-
mental evidence for the existence of a “polaron insulator” has been provided
thus far. One reason for this lies in the fact that at low electron densities and
in low dimensions other interaction effects compete and also lead to particle
localization. A celebrated example is the Anderson localization due to the
presence of disorder, which we will discuss next.

1.3.3 Anderson Insulators

The interaction of free, independent electrons with randomly distributed lat-
tice defects can also lead to an insulating state. Several decades ago Ander-
son recognized [50] that disorder may lead to particle localization. Ander-
son localization is indeed most easily understood to result from the coher-
ent (back-)scattering of electron waves in a random potential [51]. A true
disorder-induced metal-to-insulator transition may appear in materials with
a strongly perturbed lattice structure (structural disorder) or in materials
with strong impurity scattering (substitutional or energetic disorder) [52].
Thus we may model the disorder either by a spatially random distribution of
impurities of the same scattering strength (Edwards model [53]) or by a one-
electron potential on a regular lattice for which the scattering strength ran-
domly varies from site to site (Anderson model [50]). Since we have to sample
many realizations of the disorder to obtain macroscopic physical quantities
there should be no principle difference between the two forms of disorder, i.e.,
we assume that both models of disorder are in the same universality class in
the vicinity of the metal–insulator transition.

The Anderson localization of electron waves is a quantum-mechanical co-
herence (or “memory”) effect. The usual derivation of the classical Boltzmann
transport theory for free, independent electrons in impure systems heavily
relies on the Markov property: the result of the nth scattering process de-
pends only on the conditions immediately before it, i.e., only on the result of
the (n−1)th scattering process [54]. This assumption is not truly justified in
quantum mechanics since the electron waves stay coherent under elastic scat-
tering such that multiple scatterings and interference effects are possible and
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become important. A full description of this effect requires the calculation of
the conductivity from a quantum-mechanical two-electron correlation func-
tion [4, Chap. 7]. The single-electron density of states tells us only whether
there are states available close to the Fermi energy; it does not discriminate
between localized and extended states. This information is contained in the
two-electron correlation function.

Localization effects are entirely dominant in one dimension: all but a fi-
nite number of one-electron states are strictly localized in a generic impure
system [55], i.e., a wave function with maximum amplitude at site r0 ex-
ponentially decays for large distances with an energy-dependent localization
length ξ(E),

|ψ(r, r0;E)|2 ∼ exp (−|r − r0|/ξ(E)) ; |r − r0| � ξ(E) . (1.12)

Practically all states within a one-dimensional band are thus localized. This
observation leads to experimental consequences only for samples whose linear
size and inelastic scattering length due to electron–phonon interaction are
large compared to the localization length ξ(E). Otherwise, inelastic scattering
processes dominate the transport properties. The theoretically postulated
localization effect in one dimension [56] has been verified experimentally [57].

Banyai [58] and Mott [59] were the first to point out that in higher di-
mensions the disorder potential might not be strong enough to localize all
states. In the presence of disorder the electrons in the lower-band tail of the
resulting density of states are bound to deep impurity potentials and thus are
localized. This argument naturally extends to the (anti-)bound (hole) states
in the upper-band tail. Between two “mobility edges” [59] for electrons (Ee

m)
and holes (Eh

m) we find extended states, which contribute to the electron
transport at ω → 0 if EF lies in this region. Of course, these states are also
influenced by the impurities even though their scattering strength is not large
enough to render these states localized.

An idealized scenario for the position of the mobility edges as a function of
the strength of the impurity potential δ is shown in Fig. 1.6. For a given elec-
tron concentration (fixed Fermi energy EF) we may induce a metal–Anderson
insulator transition by a change of δ. A transition upon doping provides an-
other route to the Anderson insulator. We may keep the impurity scattering
strength fixed and tune the Fermi energy, which allows us to move it through
a mobility edge. Finally, one may try to tune the effective bandwidth with
the help of an external magnetic field [60] or an external electrical AC field
(dynamic localization) [61].

The Anderson transition is evidently a quantum phase transition: the
electrons’ kinetic energy prefers a delocalized metallic state, and the local
energetic disorder favors electron localization on those impurity sites that
have the lowest energy levels. In fact, quantum interference effects inherently
underlie the Anderson transition. The gap is defined as the energy separation
between the Fermi energy and the mobility edge beyond which excitations can
actually transport charge over macroscopic distances, ΔQPT = |Ee, h

m − EF|.
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Fig. 1.6. Increasing the strength δ of the disorder potential in the Anderson model
of disorder leads to a broadening of the density of states. The number of localized
states increases until the mobility edges for electrons and holes coincide for δc. In
the figure B denotes the bandwidth at zero disorder, and λ is the energy variable
(from [52, Chap. 9.9]).

The above considerations lead us to the following definition of an Ander-
son insulator.

For an Anderson insulator the disorder-induced localization of electrons leads
to the occurrence of mobility edges that separate localized and delocalized
states in a band. If the Fermi energy lies between a band edge and its cor-
responding mobility edge the single-electron states around the Fermi energy
are localized.

An extensive literature exists on the theory and experiments for the
metal–Anderson insulator transition; reviews are given in [62, 63, 64, 65,
66, 67, 68] An example for the typical behavior of the conductivity at the
Anderson transition is shown in Fig. 1.7. It shows that the phase transition
is continuous in contrast to Mott’s early ideas [69] (see also [1, Chap. 1.7])
of a jump discontinuity at the transition from a conducting to an insulating
state at a “minimal conductivity” σM [70]. A continuous transition allows the
application of concepts from the theory of critical phenomena, e.g., of scaling
theories [71] and field-theoretic renormalization group methods [72] whose re-
sults are qualitatively reproduced in microscopic calculations (self-consistent
Green function [73] and mode coupling theories [74]).
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Fig. 1.7. Electrical con-
ductivity of uncompen-
sated Si:P and Ge:Sb,
and compensated Ge:Sb,
scaled to Mott’s mini-
mal conductivity σM, as
a function of carrier con-
centration (from [62]).

According to these approaches, extended one-electron states should exist
only in dimensions larger than two (lower critical dimension dc = 2), which
suggests the use of ε = d− dc as the expansion parameter for field-theoretic
studies of the transition [72]. For all d > 2 the metal–Anderson insulator
transition should occur. The metallic conductivity as a function of the carrier
concentration vanishes at the transition according to a power law,

σDC/σM = (1 − n/nc)ν . (1.13)

In three dimensions, in the absence of magnetic scattering, microscopic theo-
ries [73, 74] predict an exponent ν = 1. This is also the result from non-linear
sigma-model studies [72] to one-loop order. However, these theories are ac-
tually expansions around two dimensions, i.e., ε = d − 2 is supposed to be
a small parameter. In fact, as found by Wegner [75], the result for the gap
exponent ν to four-loop order in the ε expansion is given by

ν =
1
ε
− 9

4
ζ(3)ε3 + . . . , (1.14)

where ζ(x) is the Riemann zeta function (ζ(3) ≈ 1.202). The large correction
indicates that the ε expansion generates an asymptotic series. This might
not be too surprising: on the one hand we expand around dc = 2 (ε = 0), for
which all states are localized and the Anderson transition is absent, and on
the other hand we try to obtain information on the exponent of the Anderson
transition for ε > 0.

Equation (1.14) shows that three dimensions are out the reach of the
ε expansion. In fact, if we naively used ε = 1 in (1.14) we would obtain a
negative result, and the exact Harris–Chayes criterion [76], ν ≥ 2/d, would
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already be violated for ε >∼ 0.586. A comparison between (1.14) and the results
form the numerical studies of the Anderson model on fractal geometries [77]
indicates that the asymptotic expansion (1.14) may be used for ε <∼ 0.3.
These numerical investigations find ν ≈ 1.3 in three dimensions, in slight
disagreement with the experimental results; see below.

Normal metals do not display an Anderson metal-to-insulator transition
since their bandwidth is large compared to the fluctuations of the lattice po-
tential. Then the mobility edges are very close to the band edges (see Fig. 1.6)
and the Fermi energy is far from the mobility edges. In addition, Coulomb
effects are not decisive in normal metals (see Sect. 1.4.1). Nevertheless, all
the extended states are also influenced by the (weak) disorder. Effects due
to coherent backscattering are naturally most pronounced at low tempera-
ture. Not only are thermal excitations from localized to delocalized states
strongly reduced but also the inelastic, coherence destroying scattering pro-
cesses (electron–phonon scattering) are frozen out to a large degree. Thus
the inelastic mean free path becomes much longer than the elastic scatter-
ing length at low temperature, enabling the coherent backscattering effects
to be seen. The effects of disorder in metals (“weak localization”) are ex-
perimentally observed and theoretically well understood. For example, the
pronounced dependence of the conductivity on very weak external magnetic
fields could be explained as the consequence of weak localization [51].

In contrast to weak localization the effects of strong disorder and, in par-
ticular, the Anderson transition itself appear to be strongly modified by the
Coulomb interaction between the charge carriers and the charged impurities,
and among themselves. For example, an additional (Coulomb) gap may open
at the Fermi energy which reduces the (activated) transport in the insulating
phase [78]–[80]. Its precise form is a matter of current debate; see [80] for
a review. In many respects the insulating phase displays the features of a
“Coulomb glass” [81, 82]. Thus, it appears natural that the Coulomb inter-
action also considerably influences the nature of the Anderson transition.

For doped uncompensated semiconductors [62], such as phosphorus-doped
silicon (Si:P) or selenium-doped germanium (Ge:Se), the conduction takes
place in the (half-filled) phosphorus impurity band. According to Fig. 1.7
these systems display an exponent of ν ≈ 0.5. In uncompensated semicon-
ductors the donor atoms (P, Se) not only provide the conduction electrons
but also serve as random scattering centers. The (long-ranged) Coulomb in-
teraction between the positively charged donors and “their” electrons and/or
the spin-exchange scattering between the electrons themselves obviously play
an important role, at least in uncompensated materials.

The idea behind compensation is to weaken the Coulomb interaction by
adding equal amounts of further donors (P or Sb, respectively) and accep-
tors (B). Although the number of carriers in the phosphorus band remains
unchanged the number of impurity levels increases such that the carrier con-
centration and Coulomb correlations in the impurity band are reduced. In
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addition, the acceptors act as new scattering centers, which further favors
disorder over interaction effects. Screening of the Coulomb attraction between
a phosphorus ion and an electron by the additional donor and acceptor ions
may also play a role in the subtle balance between disorder and Coulomb
interactions. The net effect appears to be a reduction in the Coulomb in-
teractions in the P (or Sb) impurity band such that an exponent ν = 1 is
recovered upon compensation [62]. It is difficult to reconcile the theoreti-
cal value for the Anderson model from numerical studies, νAnd. model ≈ 1.3,
with the experimental value, νimpurity = 0.5 . . . 1. Coulomb effects apparently
play an important role in experiments, and only first steps have been made
towards a theory of the “Anderson–Mott transition” [64, 65, 83].

There are, however, alternative ideas on how to solve the “conductiv-
ity exponent puzzle”. The clue may also lie in the “proper” analysis of the
data close to the transition. It is not that straightforward to determine the
value of the exponent experimentally since the critical region cannot easily
be specified [84]. The same data that lead to ν = 0.5 in Fig. 1.7 can be used
to extract ν ≈ 1.3 [84] but this analysis has been questioned [85]. So, the
precise value of the critical exponent for the Anderson transition is a matter
of current debate, not only from a theoretical but also from an experimental
point of view.

In amorphous materials like hydrogenated amorphous silicon (a-Si:H) the
carrier concentrations are comparably high but the structural disorder is
equally strong in its effect such that these amorphous systems are under-
stood as (dominantly) Anderson insulators [66]. At large carrier concentra-
tion, however, the influence of the Coulomb interaction is certainly important
as well [79] and disorder and Coulomb effects may act together in the carrier
localization in these materials. In addition, the influence of self-compensation
in a-Si:H makes it difficult to observe the Anderson transition in amorphous
materials. The interplay between phonons, Coulomb interactions, and disor-
der make the calculation of transport properties in these materials a fasci-
nating but very difficult problem [66, 79, 80].

In the next two sections we focus on the case of pure electron–electron
interactions as the driving mechanism behind a metal–insulator transition.

1.4 Mott Insulators: Basic Theoretical Concepts

In this section we introduce some basic theoretical concepts used to dis-
cuss the role of electron–electron interactions in the solid state. In metals its
influence on low-energy properties is successfully incorporated in Landau’s
Fermi-liquid theory which, however, has to break down at the metal–insulator
transition. To assess the strength of the electron–electron interaction relative
to the electrons’ kinetic energy we address the pair correlation function and
the local magnetic moment. This quantity allows us to elucidate the principle
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difference between Slater insulators (self-consistently stabilized band-type in-
sulators) and Mott insulators (correlated electron systems). We propose to
classify further Mott insulators as Mott–Hubbard or Mott–Heisenberg in-
sulators. As signature of electron correlations local moments exist in the
metallic and in both insulating phases. In the Mott–Heisenberg insulator the
pre-formed moments are additionally long-range ordered.

1.4.1 Electron–Electron Interaction in Metals

Thus far we have considered electrons that did not interact and thus moved
independently of each other. Given the long-ranged and strong Coulomb in-
teraction this seems to be a rather drastic and therefore unrealistic assump-
tion. Nevertheless, many experiments can be explained qualitatively and even
semi-quantitatively with the assumption of independent electrons, e.g., the
de-Haas–van-Alphen effect and many other experiments on the Fermi surface
in metals [5, Chap. 14].

The explanation for the seemingly marginal consequences of the electron–
electron interaction in metals rests on two observations.

(i) In systems with itinerant electrons the Coulomb interaction between the
charge carriers is very effectively screened. The screening length lies in
the range of the inverse Fermi wave number k−1

F , i.e., it is only several
Ångströms long [4, Chap. 5].

(ii) In the presence of a Fermi surface the scattering rate between electrons
near the Fermi surface with energy EF + ω vanishes proportional to ω2

since the Pauli principle strongly reduces the number of scattering chan-
nels that are compatible with energy (and momentum) conservation [5,
Chap. 17].

The second point is the basis for Landau’s Fermi-liquid theory [86, 87]. If a
Fermi surface exists for the interacting Fermi system as it did for the non-
interacting case (Fermi gas), the excitations near the Fermi surface are long-
living fermions (“Landau quasi-particles”) in a one-to-one correspondence to
the electron and hole excitations of the Fermi gas. Thus the energetically
low-lying one-electron excitations of the Fermi gas and the Fermi liquid can
be mapped completely onto each other. Since the Fermi energy in metals
is almost always very much larger than typical thermal energies, only low-
energy excitations are relevant for the thermodynamics and electrical trans-
port properties. The residual interaction between Landau quasi-particles can
effectively be described in terms of a few Landau parameters. Consequently,
physical properties are only quantitatively modified in a Fermi liquid as com-
pared to a Fermi gas, e.g., the effective mass of the charge carriers depends on
the Landau parameters. However, there is no qualitative difference between
a Fermi gas and a Fermi liquid, e.g., both describe metallic states.

Under which conditions a Fermi surface exists remains an open problem
within the solely phenomenological Fermi-liquid theory. Microscopic calcu-
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lations show that it does exist, if the perturbation theory in the electron–
electron interaction converges (Luttinger theorem [88]). Naturally, pertur-
bation theory itself does not allow for statements about the convergence of
the series expansion, and we can argue only on physical grounds that the
Fermi-liquid picture provides a self-consistent description of the influence of
electron–electron interactions in metals: (i) the electrons are highly mobile in
the crystal, thus (ii) their mutual interaction is well screened. Consequently,
(iii) we may apply Fermi-liquid theory for their description, which implies
(iv) that the (residual, screened) electron–electron interaction does not qual-
itatively change the picture, which was the starting point of our analysis.

Clearly, this circle of argument has to break down at the metal–Mott
insulator transition. Thus, the problem of the Mott transition is intimately
related to the question of the stability of Fermi-liquid theory.

1.4.2 Exchange and Correlations

We have just seen that dynamic self-screening of itinerant electrons plays an
important role in metals. This does not, however, mean that the interaction
effects could generally be neglected, or merely subsumed into an effective
single-electron description. In general, the repulsive electron–electron inter-
action tends to keep the electrons apart from each other. This localization
tendency is in conflict with the electrons’ kinetic energy that tries to spread
out the electrons over the whole crystal. To assess the “true” strength of the
electron–electron interactions as compared to their kinetic energy, we need
to define a significant measure for their relative strength.

To keep a transparent notation we consider s electrons with spin σ =↑, ↓
and electron density n (n is the ratio of the number of electrons to the number
of ions, n = Ne/NI). In second quantization [89, Chap. 1] we denote the Fermi
creation and annihilation operators for σ electrons in position space as ψ̂+

σ (r)
and ψ̂σ(r), respectively, and n̂σ(r) = ψ̂+

σ (r)ψ̂σ(r), n̂(r) =
∑

σ n̂σ(r) are the
corresponding particle density operators; see also Sect. 2.3.1. The average
potential energy for the Coulomb interaction between these electrons is given
by [4]

〈V̂ 〉 =
∑
σ,σ′

∫
dr dr′ e2

|r − r′| 〈ψ̂
+
σ (r)ψ̂+

σ′ (r′)ψ̂σ′ (r′)ψ̂σ(r)〉 , (1.15)

where 〈. . .〉 denotes a thermal average over the quantum-mechanical states.
From (1.15) we conclude that we need to know the probability distribution
to find a σ′ electron at r′ when there already is a σ electron at r if we want
to determine the strength of the electron–electron interaction.

This information is contained in the pair correlation function [4],

gσ,σ′(r, r′) = 〈ψ̂+
σ (r)ψ̂+

σ′(r′)ψ̂σ′(r′)ψ̂σ(r)〉 − 〈n̂σ(r)〉〈n̂σ′ (r′)〉 . (1.16)
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This quantity differs from the expectation value we need for the evalu-
ation of (1.15) by the subtraction of a product of two-fermion expecta-
tion values. The reason for this is two-fold: first, we expect the pair cor-
relation function gσ,σ′(r, r′) to vanish at large electron separation, i.e., we
have gσ,σ′(r, r′) → 0 for |r − r′| → ∞ (provided no anomalous expecta-
tion values for Cooper pairs occur). Second, if the probability of finding a
σ electron at r is independent of the σ′ electron at r′, the pair correlation
function as defined in (1.16) will indeed vanish. Hence, gσ,σ′(r, r′) measures
the correlations in the system.

There are two different contributions to the pair correlation function,
namely the effect of the particle statistics (Pauli exclusion principle) for elec-
trons of the same spin species, and “true” electron correlations induced by the
electron–electron interaction. We discuss these two contributions separately.

Exchange. For fermions the Pauli principle applies and guarantees that two
electrons of the same spin cannot occupy the same orbital. Hence, the pair
correlation function for electrons with like spin is different from zero even if
no electron–electron interaction was present. For example [90, Chap. 19], in
the three-dimensional homogeneous Fermi-gas ground state we have

gσ,σ(r, r′) = −
[(

3n
2

)
sinx− x cosx

x3

]2

(Fermi gas) (1.17a)

with x = kF|r − r′|. The Pauli principle itself thus reduces the probability
to find a σ electron in the vicinity of another σ electron on the scale of the
reciprocal Fermi wave number 1/kF (“Pauli hole” or “exchange hole”), an
effect totally independent of the presence of electron–electron interactions
and thus due solely to the Fermi statistics of the electrons. For electrons
with different spin quantum numbers there is no exclusion principle and we
instead find

gσ,−σ(r, r′) = 0 (Fermi gas), (1.17b)

i.e., ↑ and ↓ spins are entirely uncorrelated in the Fermi gas.
To illustrate the consequences of the exchange hole we consider the

Coulomb interaction as a perturbative effect on the Fermi gas. Electrons
with like spin are already kept apart from each other by the Pauli principle,
and this in turn reduces their mutual Coulomb interaction. To lowest order
in perturbation theory the electron wave functions remain unchanged such
that the electron–electron interaction among σ electrons is reduced compared
to the interaction between σ and −σ electrons. The corresponding (lowest-
order) “energy gain” is called “exchange interaction” [5, Chap. 17]. In atoms
the exchange interaction is responsible for the parallel orientation of the elec-
tron spins in open shells (Hund’s first rule [5, Chap. 17]); in solid-state physics
this energy contribution is invoked to explain ferromagnetism in transition
metals (Stoner theory). Slater’s views on the metal–insulator transition are
also based on a mechanism driven essentially by the exchange interaction.
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Correlations. For electrons with different spin quantum numbers the pair cor-
relation function identically vanishes for all theories in which the eigenstates
can be written as product states of ↑ and ↓ electrons, as is clear from (1.16).
This was the second reason for subtracting there the product over the two-
fermion terms. This not only applies to the case of non-interacting electrons
but also to all mean-field theories in which the σ electrons move in the ef-
fective field of the −σ electrons as in Stoner and Slater theory; see Sect. 3.1.
Within such a description the electrons perform an uncorrelated motion.

The correlation function gσ,−σ(r, r′) between electrons of different spin
accounts for the contributions beyond the exchange effect, i.e., it contains the
true many-body effects. As we pointed out above, the Fermi statistics of the
electrons gives rise to “exchange” between electrons of the same spin, which is
signaled by a non-vanishing pair correlation function for equal spins. Unfortu-
nately, this effect is sometimes misleadingly interpreted as the result of “cor-
relations” instead of “exchange”. We refer to systems with a non-vanishing
pair correlation function between ↑ and ↓ electrons as “correlated electron
systems”. Naturally, the interaction also changes the correlation function be-
tween electrons of the same spin species. If the pair correlation functions for
electrons of the same spin and electrons of opposite spin are comparable in
size, the system is termed “strongly correlated”. In general, a σ electron will
not only be surrounded by an exchange hole but also by a “correlation hole”
since the repulsive electron–electron interaction will also prevent electrons
of different spin to come close to each other. In contrast to Slater’s views
Mott emphasizes the significance of correlations for the understanding of the
metal–insulator transition.

1.4.3 Magnetic Moments

The pair correlation function contains the full information on the static elec-
tron spin and density structure factors. Unfortunately, it is not easily accessi-
ble either experimentally or theoretically. Hence we look for a less complete,
i.e., a more local probe of our systems’ properties. Thus we restrict ourselves
to the terms r = r′ in the pair correlation function gσ,σ′(r, r′). To be specific
we treat our spin-1/2 electrons as moving on a lattice with sites R.

If we use natural units and the z axis as the quantization axis we define
the (instantaneous) local magnetic moment in the z direction as

[Mz(R)]2 = 〈Ŝz(R)Ŝz(R)〉 , (1.18)

where Ŝz(R) = (n̂↑(R)− n̂↓(R)) /2. The other components of the local elec-
tron spin operator Ŝ(R) are Ŝ+(R) = Ŝx(R) + iŜy(R) = ψ̂+

↑ (R)ψ̂↓(R) and
Ŝ−(R) = Ŝx(R)− iŜy(R) = ψ̂+

↓ (R)ψ̂↑(R). The three componentsMx,y,z(R)
are equivalent due to spin rotational invariance. If this symmetry is broken
we assume that the magnetization vector is parallel to the z axis.

We propose to decompose the instantaneous magnetic moment into three
positive definite parts,
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[Mz(R)]2 = [Mz(R)]2FG + [Mz(R)]2LRO + [Mz(R)]2C , (1.19a)

[Mz(R)]2FG =
1
8
〈n̂(R)〉 (2− 〈n̂(R)〉) , (1.19b)

[Mz(R)]2LRO =
1
2
〈Ŝz(R)〉2 , (1.19c)

[Mz(R)]2C = −1
2
g↑,↓(R,R) . (1.19d)

The first term, the Fermi-gas contribution, is a consequence of the Pauli
principle, and is independent of electron–electron interactions. This contri-
bution can be ignored in our further discussions of local moments due to
interactions, since it reflects the particle statistics only. The second term is
non-zero only if the spin rotational symmetry is broken, e.g., as a result of
ferromagnetism or antiferromagnetism. We denote this term as the contribu-
tion due to long-range order. The last term is the correlation contribution to
the moment.

The relative local moment,

[Mz(R)]2rel = [Mz(R)]2−[Mz(R)]2FG = [Mz(R)]2LRO+[Mz(R)]2C , (1.20)

arises inherently because of the electron–electron interaction. In effective
single-electron approaches, e.g., Slater and Stoner theory, the correlation con-
tribution to the relative moments is absent, and it is the importance of this
term that is emphasized in Mott’s view.

The local moments |Mz(R)| as defined in (1.18) behave as free spins
only when probed at short time scales or, equivalently, high energy scales.
For example, the static spin susceptibility follows a Curie law with a Curie
constant proportional to [Mz(R)]2 only if the temperature is large compared
to all other energy scales. The common experimental situation is different
since we are often probing our system at low temperatures and over time
scales that are very large compared to electronic time scales. For example,
in a NMR experiment for the Knight shift in metals [5, Chap. 31] we probe
the long-time behavior of the time-dependent moment–moment correlation
function,

Cz
MM(R, t) = 〈Ŝz(R, t)Ŝz(R)〉 =

∫ ∞

−∞
dω e−iωtCz

MM(R, ω) , (1.21)

where Â(t) = exp(iĤt)Â exp(−iĤt) defines a Heisenberg operator. The local
moment of (1.18) is obtained in the limit of an instantaneous measurement,

[Mz(R)]2 = Cz
MM(R, t = 0) =

∫ ∞

−∞
dω Cz

MM(R, ω) . (1.22)

The correlation function Cz
MM(R, t) itself describes how a given local moment

decays as a function of time due to its interaction with the medium. For
example, in a Fermi gas a local moment formed by an ↑ electron decays on
a time scale 1/EF since the electrons are itinerant. This time scale is very
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short compared to those of an NMR experiment such that in practical terms
we effectively measure the low-frequency component, Cz

MM(R, ω → 0). For a
Fermi gas, this quantity is much smaller than the local magnetic moment,
as can be seen from the rather small Knight shift and Pauli susceptibility of
metals. For a further discussion of the notion of local moments, see [91].

From this analysis we see that the relative local moments of (1.20) may
not show up in low-energy properties in the metallic phase but they are
nevertheless present at finite frequencies for all non-zero interaction strengths
to fulfill the frequency sum-rule (1.22). A proper description of the metal–
insulator transition where the low-energy (Fermi-liquid) picture breaks down
must necessarily include the effects of local moments.

The notions of this subsection will be very helpful for the definition and
distinction between Slater and Mott insulators. We introduce these theoret-
ical concepts in the next two subsections.

1.4.4 Slater Insulator

Slater based his view of the insulating behavior due to electron–electron in-
teractions on the features of band and Peierls insulators [92]. For a band
insulator (see Sect. 1.3.1) the energy gap between the valence and conduc-
tion band is responsible for the lack of mobile charge carriers and thus for
the vanishing DC conductivity. On the other hand the example of the Peierls
insulators (see Sect. 1.3.2) shows that the band structure can be changed by
the formation of a superlattice structure due to electron–lattice interactions.
In close analogy to the Peierls mechanism interacting electrons may also gen-
erate a periodic modulation of their spatial charge and/or spin distribution
– i.e., charge- and/or spin-density waves – which in this case is stabilized by
the electron–electron interaction instead of the electron–lattice interaction.

The basic principle behind an antiferromagnetic Slater insulator can be
explained most easily for s electrons on a bipartite lattice [92]. This is a lat-
tice that could be separated into two interpenetrating sublattices (A and B)
such that the nearest neighbor of any site are members of the opposite sub-
lattice, e.g., simple cubic lattices in all dimensions. In addition, we assume
for simplicity that the lattice is half filled such that there is one electron per
site on average. Since ↑ and ↓ electrons mutually repel, the ↑ and ↓ elec-
trons preferably arrange themselves on alternating lattice sites to minimize
their interaction. Hence they form a spin-density wave whose wave vector Q
is commensurate with the lattice. This spin-density wave is self-stabilizing
since the ↑ electrons on the A sites experience an increased repulsion by the
↓ electrons on the B sites and thus preferably occupy the A sites. The same
holds vice versa for the ↓ electrons on the B sites, and the self-consistent sta-
bilization effect occurs. Since the electrons tend to avoid each other we have
a gain in potential energy as compared to a translationally invariant state.
This gain is balanced by a loss in kinetic energy because of the restricted
electron motion.
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In the corresponding band structure picture the lattice unit cell is doubled
and the first Brillouin zone is cut in half. At the boundaries of the new
(magnetic) Brillouin zone the bands split because of the Q-periodic potential
and the energy of the occupied levels is lowered. At half band-filling the band
splitting causes a gap for charge excitations and the system is an insulator.
An analogous situation is provided by an attractive local electron–electron
interaction for which a commensurate charge-density wave is formed, which
also leads to an insulating ground state.

Slater’s theory can be formally obtained from a Hartree–Fock calculation
for interacting electrons; see Sect. 3.1. Then we find that the (relative) mag-
netic moments form at the Hartree–Fock Néel temperature THF

N , which, for
not too small interactions, is proportional to the interaction strength. Since
correlations are absent in a Hartree–Fock description the moments order at
the very same temperature they are formed. On a bipartite lattice and for
hopping only between A and B sites a gap for charge excitations opens at
the same temperature: a thermodynamic phase transition into an “insulator”
occurs at the THF

N . Of course, as explained in Sect. 1.2, the conductivity does
not instantly vanish at the transition but the temperature gradient of the
resistivity becomes negative indicating the presence of a gap.

For general lattice types (e.g., “frustrated” hopping between sites of the
same sublattice; non-bipartite lattices) the transition to the ordered state
need not imply completely filled (sub-)bands. This leaves room for antiferro-
magnetic metallic states within Slater’s (Hartree–Fock) theory.

We will argue below that this (self-consistent) band picture is too sim-
ple to describe real Mott–Heisenberg insulators. The insulating state is the
consequence of electron exchange only in an over-simplified description. An
understanding of real Mott insulators requires a theory for correlated elec-
trons.

1.4.5 Mott Insulator

Mott himself describes a Mott insulator as a material that would be a metal
if no moments were formed, and emphasizes that this notion “. . . depends on
the existence of moments and not on whether or not they are ordered” [1,
Chap. 4.8]. This is reflected, for example, in the fact that “for an antiferro-
magnetic insulator the most important property is that the magnitude of the
Hubbard gap is not greatly affected when the temperature goes through the
Néel point TN” [1, Chap. 4.9].

Brandow [93, p. 662], however, equates Mott insulators and magnetic
insulators. This definition appears to be too restrictive since Mott’s decisive
criterion is the existence of pre-formed local moments regardless of whether
or not they are ordered. The moments appear since the electrons try to avoid
each other to minimize their Coulomb repulsion (formation of a correlation
hole); and the electrons may but need not localize on different sublattices as
in Slater’s view.
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These consideration lead us to the following definition of a Mott insulator.

For a Mott insulator the electron–electron interaction leads to the occurrence
of (relative) local moments. The gap in the excitation spectrum for charge
excitations may arise either from the long-range order of the pre-formed mo-
ments (Mott–Heisenberg insulator) or by a quantum phase transition induced
by charge and/or spin correlations (Mott–Hubbard insulator).

The notion of pre-formed moments even above the ordering temperature is
very important not only for Mott insulators but for all systems with inter-
acting itinerant electrons, for example in the description of itinerant ferro-
magnets [94].

1.4.6 Mott–Hubbard Insulator

Mott [93, 95] gave the following physically instructive example for a metal–
insulator transition (see also [1, Chap. 4.3]) which is formalized in the Hub-
bard model (see Sect. 2.1) and also, more precisely, in the Harris–Lange model
(see Sect. 6.2).

We consider the arrangement of hydrogen atoms with Bohr radius aB on
a d-dimensional cubic lattice with lattice constant a. The protons provide
the L lattice sites for N = L electrons (half filling). To set up the potential
energy part of our Hamiltonian we make the (rather drastic) assumption
that the effective electron–electron interaction will be local. The intra-atomic
energy, ionization energy minus electron affinity, is called the “Hubbard” U ,

U = E(H → H+)−
∣∣E(H → H−)

∣∣ = E(H−) + E(H+)− 2E(H) . (1.23)

In this picture it is tacitly assumed that the electrons dominantly sit on and
not between the lattice sites. In reality, hydrogen and halides form molecules
of two atoms (H2, F2, Cl2, I2) with very high binding energies [O(10eV)].
For hydrogen it has not become clear even at very high pressures whether
metallic behavior has really been observed [96].

We further assume that electrons may hop between neighboring atoms.
This “tight-binding” approximation for independent electrons [5, Chap. 10]
(tunneling between nearest neighbors on a cubic lattice) results in a cosine
dispersion relation

ε(k) = −2t
d∑

l=1

cos(kla) (1.24)

with a bandwidthW = 2Zt, where Z = 2d is the number of nearest neighbors
and t > 0 is the tunnel amplitude which depends on a/aB. It has positive
sign to guarantee the proper low-density limit (quadratic dispersion relation
around k = 0).

At large distances between the H atoms, a� aB, the overlap between the
atomic wave functions is small, which implies W � U . In the ground state
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Fig. 1.8. Electrons (coherently) move (a) as double occupancies in the upper and
(b) as holes in the lower Hubbard band when the number of double occupancies
and holes is approximately conserved at strong coupling; the Hubbard bands are
charge bands.

every lattice site will be singly occupied since we are at half band-filling. The
situation is illustrated in Fig. 1.8. The energy μ+(N) = E0(N + 1)− E0(N)
necessary to add another electron is given by μ+(N = L) = U −W1/2 since
charge excitations with energy U are mobile such that they form a band
of width W1 = W1(U/W ); see Fig. 1.8a. This band is the “upper Hubbard
band”, which is generally not a one-electron band. Instead, it describes the
spectrum of charge excitations for an extra electron added to the ground state
of the half-filled electron system. The energy required to remove an electron,
μ−(N) = E0(N)−E0(N − 1), is given by μ−(N = L) = +W2(U/W )/2. The
corresponding spectrum for the removal of a charge from the half-filled ground
state constitutes the “lower Hubbard band”; see Fig. 1.8b. At half band-
filling and for (W1 +W2)/2 � U we expect that the chemical potential μ(N)
is not continuous, but a gap for charge excitations occurs, Δμ(N = L) =
(μ+ − μ−)(N = L) ≈ U − (W1 +W2)/2 > 0. Since we find an energy gap
for charge excitations at half band-filling, if (W1 +W2)/2 ≈ W � U , the
system is an insulator. As we outlined in Sect. 1.1 a gap for a single charge
excitation implies a vanishing DC conductivity if electron pairing is absent.

In a Gedanken experiment we may now reduce the distance between the
hydrogen atoms, which increases the overlap in their atomic wave functions
and corresponds to an enhancement of the screening and the electrons’ ten-
dency to delocalize. The combined bandwidth of the upper and lower Hub-
bard band W1 +W2 increases accordingly: the two bands finally overlap for
a ≈ aB, and the gap for charge excitation vanishes. As outlined in Sect. 1.4.1
the band theory of Sect. 1.3.1 should qualitatively apply for W � U , which
predicts a single, half-filled band. Low-energy excitations hardly change the
charge distribution in this situation and thus are gapless. For W � U the
system is a paramagnetic metal.

For intermediate values, around Uc ≈ W , we expect a metal–insulator
transition. This transition appears to be a metal–band insulator transition
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since the upper and lower Hubbard band begin to “overlap”. However, these
bands do not represent single-electron states; the transition is at heart a
consequence of electron correlations as we shall see in the rest of the book,
and not merely the result of a simple band crossing.

These considerations lead us to the following definition of a Mott–Hub-
bard insulator.

For a Mott–Hubbard insulator the electron–electron interaction leads to the
formation of a gap in the spectrum for single charge excitations. The corre-
lations force a quantum phase transition from a correlated metal to a para-
magnetic Mott–Hubbard insulator, in which the local magnetic moments do
not display long-range order.

As we pointed out before, we will observe drastic changes in the resis-
tivity even at finite temperatures when we go through the quantum phase
transition value for our external parameters (e.g., pressure) that control the
relative strength of the electrons’ kinetic and potential energy, U/W . For
temperatures small compared to the single-electron gap, kBT � Δμ, we may
then speak of a “Mott–Hubbard insulator” in practical terms even at finite
temperatures.

1.4.7 Mott–Heisenberg Insulator

In our above discussion of the Mott–Hubbard insulator we did not consider
the possibility of an ordering of magnetic moments. Thus, the concept of
the Mott–Hubbard insulator has to be supplemented by that of the Mott–
Heisenberg insulator for which the insulating state displays long-range order.

What we totally ignored in the previous subsection was the exchange in-
teraction between localized spins. Even for U �W the tunneling of electrons
to neighboring sites is allowed (“virtual” hopping processes). Formal pertur-
bation theory in second order around the half-filled ground state with all
electrons localized provides an antiferromagnetic coupling J ∼ t2/U between
the spin-1/2 electrons on neighboring lattice sites (“itinerant exchange”) [97].
We further clarify the connection between models for itinerant electrons
(Hubbard model) and models of magnetic insulators (Heisenberg model) in
Sect. 2.5.

For large interactions, U � W , and half band-filling the energy scales
for charge excitations (Δμ ≈ U −W ) and spin excitations (J ∼ t2/U) are
well separated. We are in the Mott–Hubbard insulating regime since the
gap Δμ ≈ U −W due to the quantum phase transition at Uc ≈ W is finite.
The spin energy scale, however, cannot be ignored for temperatures around
or below that of the corresponding exchange interaction. The local magnetic
moments in the Mott–Hubbard insulator may long-range order at the temper-
ature kBTN = O(ZJ) � Δμ. The system goes over from the Mott–Hubbard
insulator into the (antiferromagnetic) Mott–Heisenberg insulator in a ther-
modynamic phase transition at T = TN. According to Mott [1] the size of
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the local moments does not change much in the transition through the Néel
temperature.

For small interactions, below the quantum phase transition at Uc ≈ W ,
the Mott–Hubbard gap is absent but correlations for all U > 0 lead to pre-
formed magnetic moments. Again, these moments may long-range order at
the Néel temperature, and we observe a thermodynamic phase transition
from a paramagnetic (correlated) metallic state into the (antiferromagnetic)
Mott–Heisenberg insulating state. Again, the magnitude of the local moments
does not change (much) at the Néel temperature. We will further address this
issue for U → 0 in Sect. 3.1.

These considerations lead us to the following definition of the Mott–
Heisenberg insulator.

The Mott–Heisenberg insulating state is the result of a thermodynamic phase
transition in which the pre-formed local (magnetic) moments (antiferromag-
netically) order below the critical (Néel) temperature.

Above the Néel temperature the Mott–Heisenberg insulator goes into a para-
magnetic phase, which can either be a correlated metal or the Mott–Hubbard
insulator.

We emphasize here that the term “Slater insulator” is often synonymously
used for “Mott–Heisenberg insulator” in the sense of the above definition.
In Slater’s picture not only the long-range order but also the local mag-
netic moments are absent above the Néel temperature. In contrast, the mo-
ments are already present in the Mott–Heisenberg insulating state and re-
main in the paramagnetic metallic phase above the transition temperature.
Since pre-formed moments, the important signature of electron correlations,
order at the metal–insulator transition we introduced the concept of the
“Mott–Heisenberg insulator” to provide a clear distinction between the ideas
of Slater (self-consistent single-electron theory) and Mott (many-electron cor-
relations).

1.5 Mott Insulators: Some Experimental Observations

In the last section of this chapter we list some experimentally observed types
of Mott insulators, namely Wigner and Verwey insulators, multi-band Mott–
Hubbard insulators, and charge-transfer insulators. At the end of this chapter
we recall the necessity of full many-body theories for these and other corre-
lated electron systems.

1.5.1 Wigner Insulator

More than 50 years ago Wigner [98] pointed out that free electrons in a
homogeneously positively charged background (homogeneous electron gas or
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Fig. 1.9. Magnetic
field versus temperature
phase diagram for a two-
dimensional electron gas in
GaAs/AlGaAs heterostruc-
tures; the system is a
correlated electron liquid
above the dotted curves,
below it is a Wigner lattice
(from [105]).

“jellium” model [4, Chap. 5]) may localize at low densities. In three dimen-
sions the average kinetic energy per particle of completely delocalized elec-
trons scales like 〈T̂ 〉d=3/Ne ∼ n

2/3
e for low electron densities ne = Ne/V

and thus goes faster to zero than the average potential energy of an elec-
tron’s Coulomb interaction with another electron at the average particle
distance n−1/3

e , 〈V̂ 〉/Ne ∼ n
1/3
e . At low densities the Coulomb interaction

should dominate the kinetic energy and the electrons should localize into the
“Wigner lattice” at zero temperature. A variational estimate for the Wigner
transition [99] gives a critical ratio rs = aW/aB of the Wigner lattice con-
stant aW to the Bohr radius aB of rs(d = 3) ≈ 67 in three dimensions and
of rs(d = 2) ≈ 33 in two dimensions. An exactly solvable one-dimensional
model for Wigner crystallization can be found in [100]. Experimentally, a
Wigner crystal is formed by electrons on a liquid Helium surface [101].

It is fairly obvious that the Wigner crystal is a charge-density wave state.
Since it is pinned by impurities it is an insulator. The Wigner lattice is the
state with minimum potential energy, and the kinetic energy results only in
the electrons’ zero-point motion around the lattice sites. The Wigner lattice
breaks the continuous translational symmetry of the underlying Hamiltonian.
Hence there will be a critical temperature for the melting of the Wigner lattice
into a “Wigner liquid” which, since the electrons are mobile again, will be
metallic. Thus we should observe a thermodynamic phase transition to occur
from the Wigner insulator into a conducting state.

In order to demonstrate experimentally the existence of such a transi-
tion we have to investigate low-dimensional systems. Localization effects are
stronger in lower dimensions since the average kinetic energy vanishes more
rapidly as a function of density. For example, for a two-dimensional electron
gas at low electron density we find 〈T̂ 〉d=2/Ne ∼ ne, where in three dimen-
sions we had 〈T̂ 〉d=3/Ne ∼ n2/3

e . Hence, the Coulomb interaction is effectively
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stronger in low dimensions because of the restricted phase space. We may
further reduce the effective dimension in a two-dimensional electron gas by
applying a strong magnetic field, which restricts the motion of the electrons
to the lowest Landau level such that we may hope to observe the Wigner in-
sulator experimentally. A two-dimensional electron gas can be realized in het-
erostructures made out of gallium-arsenide and aluminum-gallium-arsenide
(GaAs/AlGaAs).

The first evidence for a Wigner crystal in high magnetic fields was pro-
duced by Andrei et al. [102], although their results were regarded as insuffi-
cient in the beginning [103]. Now its existence has been confirmed by various
methods, such as measurements of the conductivity [104] and of time-resolved
photoluminescence [105]; for a recent review, see [106]. Near fractional filling
factors the problem of its observation is the proximity of the Wigner lattice
to a correlated quantum liquid, the fractional quantum Hall state. The whole
phase diagram of the two-dimensional electron gas in a strong magnetic field
is shown in Fig. 1.9, which unifies the results of various measurements on the
two-dimensional electron gas in GaAs/AlGaAs heterostructures in a strong
magnetic field in [104, 105]. Detailed variational and Monte-Carlo calculations
for the two-dimensional quantum Hall gas give values for rs(d = 2) between
15 and 22, depending on the filling of the lowest Landau level [107], in good
agreement with the experimentally observed critical electron densities [105].

1.5.2 Verwey Insulator

Similar to the Wigner insulator an electronic charge-density wave forms at
the Verwey transition. The difference to the Wigner crystal lies in the much
higher electron concentration such that the wave length of the charge-density
wave is of the order of the lattice constant, and frequently commensurate with
the underlying ion lattice.

A transition into an electronic charge-density wave was first observed by
Verwey for magnetite (Fe3O4) at a temperature TV ≈ 120 K [109]. Magnetite
has a spinel structure in which the oxygen ions occupy a face-centered cu-
bic lattice with respect to which the spinel A and B sites are defined. The
former are always occupied by Fe3+ ions. The spinel B sites are arranged
in (011) sheets. A band structure calculation would predict a quarter-filled
conduction band. Below the Verwey temperature one instead observes a com-
mensurate charge-density wave whose wave vector is perpendicular to the
(011) planes. These planes of spinel B sites are alternately dominantly occu-
pied with Fe2+ and Fe3+ ions. The electrons are ferromagnetically ordered
in the planes with an additional antiferromagnetic coupling (and ordering)
between the iron ions on the A and B sites (ferrimagnetism [5, Chap. 33]).
Early experimental results are displayed in Fig. 1.10. A review on more re-
cent work on magnetite, in particular the doping dependence of the transport
properties, i.e., the softening and the final destruction of the charge-density
wave, can be found in [110]; see also [36, 37].
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Fig. 1.10. Conductivity of
magnetite (Fe3O4) as a func-
tion of the reciprocal tem-
perature (after [108]).

The Coulomb interaction between the electrons in magnetite drives the
metal ferromagnetic at a Curie temperature of TC ≈ 850 K, far above the Ver-
wey temperature TV ≈ 120 K. Since the electrons responsible for the electrical
transport are (almost) fully ferromagnetically polarized at TV we may de-
scribe the Verwey transition in magnetite in terms of spinless fermions [111].
Since the magnetic moments are aligned we need only to address the ordering
of the charge degrees of freedom in (ferromagnetic) sheets due to the repul-
sive Coulomb interaction between the charges. We will study this model in
some more detail in Sect. 5.4.5.

From a theoretical point of view the Wigner and Verwey insulators are
very closely related concepts, only the wave length of the charge-density wave
and the degree of electron localization differ. Whereas the underlying lattice
structure plays little role for the Wigner insulator, it becomes important for
the Verwey insulator where the charge-density wave is commensurate with
the lattice structure.

1.5.3 Multi-Band Mott Insulator

Mott’s considerations [1, Chap. 4.3], as sketched in Sect. 1.4, started from a
single band of s electrons with variable distance between their orbitals. As
explained in Sect. 1.4.1 the s electrons in most real materials under ambient
conditions always form broad bands and their mutual Coulomb interaction
is well screened. Hence, correlation effects in s bands are frequently almost
negligible. Correlations are much more important for the d electrons of the
transition metals (e.g., vanadium (V), iron (Fe), nickel (Ni), and copper (Cu))
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because their bandwidth is substantially smaller than that of s bands in
alkali metals under ambient conditions; see [112, 113, 114] for comprehensive
reviews. However, the identification of the Hubbard parameter U is far more
difficult than in Mott’s (Gedanken) example, as we now discuss.

First of all, there are other interactions not included in a description
based on a single Hubbard U since the d levels are degenerate: (i) Hund’s
rule couplings already present in the atom tend to maximize the total spin;
(ii) crystal field effects tend to lift the (nominal) five-fold degeneracy of the
atomic d levels. In general, these effects are not negligible.

Second, the local Hubbard U is considerably smaller than the estimate
according to (1.23) would predict. In Sect. 1.4 we derived the Hubbard U from
the difference between the ionization energy and the electron affinity. There,
the calculation of the Hubbard U involves processes where we transfer an
electron to infinity (ionization) or add another electron from infinity (electron
affinity). In real d band materials, however, we may just deposit electrons on
an energetically close s level, e.g.,

U = E(3dn−14s2)− E(3dn4s1)− |E(3dn+14s0)− E(3dn4s1)|

= E(3dn−14s2) + E(3dn+14s0)− 2E(3dn4s1) . (1.25)

This mechanism considerably reduces the Hubbard U from its value for a
single atom in the gas phase. In the solid state the creation of a local charge
disproportion is thus partially screened by surrounding electrons.

An estimate of the screening effect for transition metals shows that
U ≈ 2 eV is at most half the bandwidth W [112, Chap. 9.3]. Although the
bandwidth W is much smaller in transition metals than in alkali metals the
Coulomb interaction is too well screened to give rise to an insulating ground
state. Although pure transition metals are metallic, their pronounced mag-
netic response already indicates that electron correlations play an important
role in these metals.

To reduce the screening effect by electrons in other than the 3d bands
we have to “chemically bind” the 4s electrons that are in wide bands in
the transition metals. This can be achieved by oxidation; for recent reviews,
see [36, 37]. In the band structure picture this can be understood as a hy-
bridization of the 2p levels of the oxygen atoms with the 4s bands of the
transition-metal atoms. The mainly oxygen-like bonding bands lie below the
Fermi energy and are occupied, whereas the mostly 4s-like antibonding bands
are shifted above the Fermi energy and are unoccupied. Thus, the 4s bands
are much less effective in screening the repulsion of the 3d electrons, and most
of the transition-metal oxides are indeed insulators rather than metals. This
qualitative picture has been verified experimentally for many transition-metal
oxides such as manganese oxide (MnO) and nickel oxide (NiO), but calcium
oxide (CaO) and titanium oxide (TiO) are still metallic.

For a more quantitative understanding we address the results of a band
structure calculation [115], which are shown in Fig. 1.11. In the band picture



1.5 Mott Insulators: Some Experimental Observations 43

Fig. 1.11. Band structure of the antibonding 4s levels (Γ1 symmetry in the cubic
NaCl structure) and the 3d levels (eg and t2g with symmetry Γ12 and Γ25′ , respec-
tively) in transition-metal mono-oxides in the [100] direction, calculated within a
APW band-structure method with interaction corrections; the oxygen bands that
are well below the Fermi energy are not shown (from [115]).

all oxides would be metallic since the 3d bands would be partially filled, so
that this prediction of band structure theory must not be trusted in detail.
Nevertheless, the results are useful to estimate the importance of screening.
For CaO and TiO the antibonding 4s bands (Γ1 symmetry in the NaCl struc-
ture) and 3d bands (Γ12 and Γ25 symmetry) are predicted to overlap strongly
and cross the Fermi energy. Thus, the band structure calculation indicates
that the Hubbard interaction is screened well enough in CaO and TiO to keep
the metallic behavior even in the presence of electron correlations. In con-
trast, for the transition-metal oxides from manganese (Mn) through copper
(Cu) the 4s bands are split off the 3d bands. Thus, the Coulomb interaction
in the (narrow) 3d bands becomes very important, and these transition-metal
oxides are indeed found to be (Mott) insulators. The experimentally observed
insulating ground state, which contrasts the predictions of band structure cal-
culations, is a strong indication for the importance of correlation effects in
these materials.

The bandwidth and the Coulomb interaction are each of the order of
several electron volts. Since the experimentally changeable energy scales are of
the order of a tenth of an electron volt, it is difficult to realize experimentally a
metal–Mott insulator transition in transition-metal oxides. Hence we have to
focus on oxides that already are at the brink of a metal–insulator transition.
To find appropriate candidates we may again study the results of the band
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structure calculation as shown in Fig. 1.11. According to our reasoning above
we would predict that vanadium oxides are at the boundary between metallic
and insulating behavior since the 4s bands barely cross the 3d bands. This
has been confirmed experimentally since both vanadium dioxide (VO2) and
vanadium sesquioxide (V2O3) undergo in practical terms a transition from
a metallic to an insulating state at transition temperatures of T ≈ 340K
and T ≈ 150K, respectively, which is accompanied by changes in volume
and lattice structure. Hence, the oxides of vanadium, and its neighbors in the
periodic table titanium and chromium, provide generic examples for materials
with observable metal–Mott insulator transitions [1, Chap. 6].

Perhaps the most celebrated example for a material that displays a metal–
Mott insulator transition is vanadium sesquioxide (V2O3), which crystalizes
in a corundum structure with a V2 pair per unit cell. As a result of crys-
tal field splitting there are four 3d states per pair at the Fermi energy [116]
that form two degenerate bands of eg symmetry. The other two electrons of
the V 3+ pair form a quasi-molecular bond of ag symmetry. Although this
filled band is inert as far as transport is concerned, it can be polarized and
contributes to the local magnetic moment. This view is confirmed by opti-
cal experiments [117]. Both band structure calculations [118] and a strong-
coupling approach [119]–[121] to this material show that electrons in two
partially filled bands participate in the metal–insulator transition. Thus we
characterize the insulating state as a “multi-band Mott insulator”.

By the application of pressure or by doping with titanium (Ti) we can
slightly reduce the size of the lattice constant such that the bandwidth in
V2O3 can be increased and the metallic phase is preferred. Analogously, we
may add chromium (Cr) to increase the lattice constant, which reduces the
bandwidth and stabilizes the insulating state. The apparent equivalence be-
tween doping and external pressure, as indicated in the phase diagram of
(doped) V2O3 in Fig. 1.12, must be taken with care. Recent measurements
on V2O3 [123] confirm that the doping with Ti or Cr not only changes the lat-
tice constant, but also the carrier (and impurity) concentration in the bands
since Ti and Cr are in different oxidation states compared to V. Further re-
cent experiments on the photoemission spectrum and the optical conductivity
of V2O3 are reported in [124] and [125], respectively.

The measurements that lead to the phase diagram of Fig. 1.12 confirm
Mott’s view on the stability of the local moment across the Néel tempera-
ture. The local magnetic moment of V2O3 has been determined experimen-
tally [126] to be about 1.3 Bohr magnetons per vanadium in the antiferro-
magnetic state and thus to be about 10% larger than in the metallic state
(1.2 Bohr magnetons). The magnetic moment of the metal is much larger
than that of a free Fermi gas [126]. The metal is a strongly correlated elec-
tron system, and the antiferromagnetic phase is identified as Mott–Heisenberg
insulator. The complex lattice structure and band degeneracy mean that the
spin order is far from a simple Néel structure [127]. The most natural way
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Fig. 1.12. Phase diagram of vanadium sesquioxide (V2O3) as a function of pressure
and temperature. AFI: antiferromagnetic insulator. I: paramagnetic insulator. The
open and closed symbols indicate the size of hysteresis effects upon approaching
the transitions from above and below, respectively (after [122]).

to explain this spin structure is via the assumption that there is an addi-
tional orbital ordering in the occupation of the eg orbitals [120]. A detailed
description of V2O3 requires a theory of correlated electrons for degenerate
bands.

Despite these complications the phase diagram of V2O3 in Fig. 1.12 is
generic for Mott insulators inasmuch as it displays the features of both a
quantum and a thermodynamic phase transition; see Sect. 1.2. The zero tem-
perature quantum phase transition between the metal and the Mott–Hubbard
insulator around a Cr concentration of 0.02 is hidden behind the ordered
Mott–Heisenberg phase, which dominates at low temperatures. For temper-
atures T >∼ 380 K, well above the Néel temperature TN < 180 K, there is a
continuous crossover between the Mott–Hubbard insulator and the metal as
outlined in the quantum phase transition scenario. For TN < T <∼ Tc ≈ 380 K,
however, there is a line of first-order transitions between metal and insulator
that cannot be explained within the subsystem of interacting electrons alone.
As observed the transition from the insulating to the metallic state is not
isostructural but accompanied by a decrease in volume [19, 122]. Hence the
lattice degrees of freedom in effect transmute the Mott–Hubbard quantum
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phase transition to a thermodynamic phase transition for TN < T ≤ Tc,
where the lattice distortion plays the role of the order parameter [128]. This
effect is not surprising in real materials. As we pointed out in Sect. 1.1 all
other interactions of the electrons may and will modify the nature of the Mott
transition. In the case of V2O3 the crossover region defined by the electronic
quantum phase transition is dominated by the electron–lattice interaction.

The importance of electron correlations can also be seen in the physi-
cal properties of vanadium-underdoped vanadium sesquioxide, V2−yO3 [129].
As a function of defect concentration y and temperature this highly corre-
lated electron system displays phase transitions from a metallic state into an
antiferromagnetic insulator and into an antiferromagnetic metal. The com-
plex physical properties of the transition-metal compounds can be under-
stood only in terms of correlated electron theory for electrons in degenerate
bands [119, 120, 121].

1.5.4 Charge-Transfer Insulator

The band structure scheme shown in Fig. 1.11 does not take into account
the Coulomb splitting of the 3d bands into upper and lower Hubbard bands
(Mott gap), which causes the insulating behavior of transition-metal oxides
beyond VO. According to our arguments presented in the last subsection this
splitting increases from V to Ni. In effect, the oxygen p bands that are not
shown in the figure could energetically come to lie between the two Hubbard
bands, an effect not incorporated in standard band structure calculations. In
this case the energy for a charge excitation is no longer determined by the
Hubbard U but instead by the “charge-transfer” energy Δ [114, 130]. The
transport of an electron from a (strongly correlated) transition-metal d level
to another transition-metal atom requires the Hubbard energy

U = E(dn+1) + E(dn−1)− 2E(dn) , (1.26)

whereas we have to afford the charge-transfer energy

Δ = E(dn−1)− E(dn) + E(pn′+1)− E(pn′
) (1.27)

to shift an electron to an oxygen p level. If U > Δ holds, the insulator should
no longer be denoted a (multi-band) Mott–Hubbard insulator, but rather a
charge-transfer insulator since the energy gap for charge excitations is now
determined by the charge-transfer energy Δ and no longer by the on-site
interaction U .

To test these ideas one may analyze the Néel temperature of various
transition-metal oxides. If t is the tunnelling matrix element between the
transition metal and their neighboring oxygen atoms, one obtains an effec-
tive hopping teff = t2/Δ between the transition-metal atoms, which generates
an itinerant exchange J = t2eff/U . In addition, this exchange is supplemented
by the “super-exchange” via the oxygen atoms [97], which is proportional
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Fig. 1.13. Left figure: pressure dependence of the Néel temperature, the Mößbauer
hyperfine field (local magnetic moment), and the isomer shift of NiI2 at T = 300K.
Right figure: pressure dependence of the resistance of NiI2 at room temperature.
The resistance saturates at a small value above the critical pressure of pc ≈ 19 GPa.
Inset: resistance as a function of temperature (a) below pc (insulating behavior),
(b) above pc (metallic behavior) (from [135]).

to JS ∼ t2eff/Δ. Both processes are fourth order in the tunnel matrix ele-
ment t between the transition-metal and oxygen atoms. Since the Néel tem-
perature of the transition-metal oxides is proportional to Jtotal = J + JS one
can draw (semi-)quantitative conclusions on the contribution of the superex-
change mechanism in various transition-metal oxides which in turn allows
to estimate the relative size of U/Δ [114, 130]. It is found that the simple
transition-metal oxides beyond iron oxide (FeO) are charge-transfer insula-
tors. In the past it has been questioned that NiO is a Mott insulator [93, 131]
but the size of the gap and the magnitude of the local moments [132, 133] call
for a correlated electron description. An overview on the classification of the
transition metals and their chalcogenides and halides can be found in [130],
transition-metal pyrites are reviewed in [134].

An example for a metal–charge-transfer insulator transition is provided
by Nickel iodine. Under pr essure the antiferromagnetic insulator NiI2 can
be transformed into a paramagnetic metal [135], a quantum phase transi-
tion takes place. The corresponding experimental findings are displayed in
Fig. 1.13. According to the interpretation of Pasternak et al. [135] the charge-
transfer gap between the iodine p levels, and the upper Hubbard band of the
nickel d levels closes at the transition. This results in a strong hybridization
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between the p and d levels such that the Hubbard U is reduced and the
material becomes metallic and paramagnetic.

1.5.5 Whither Theory?

Band theory properly describes effects of the electron–ion interaction such as
the formation of the lattice. Furthermore, it provides valuable indications for
which materials electron–electron interactions become important such that a
naive band structure will no longer be appropriate. Naturally, the question
arises how to go beyond that approach since many materials of interest are
correlated electron systems with pronounced local moments and pair corre-
lations.

One way, followed by Slater and others, is to include electron–electron in-
teractions on the level of effective single-electron theories. This approach to
explaining insulators due to electron–electron interactions is popular for two
reasons. First, it combines the two successful concepts of band and Peierls
theory: the formation of an (antiferromagnetic) long-range order is invoked to
explain the insulating behavior of the ground state. In fact, as we have repeat-
edly argued in this chapter, thermodynamic phase transitions may indeed
be the reason for a metal–(Mott–Heisenberg) insulator transition. Second,
Slater’s theory can relatively easily be implemented in existing models for
the many-electron problem since it reduces to a self-consistent single-electron
theory.

The attractive conceptual simplicity of Slater’s approach sharply con-
trasts the mathematical complexity of theories for Mott insulators. The ex-
periments, however, clearly indicate that the metal–Mott insulator transition
in its various forms can only be understood as correlation effect. Hence, non-
perturbative many-body techniques have to be developed and tested against
exactly solvable models and limits to make progress in this direction. In this
book we will discuss modern models and methods for our present-day under-
standing of the Mott transition.

Not only the correlation-induced metal–Mott insulator transition requires
a deeper understanding of interacting electron systems. The magnetism of
transition metals and their oxides, the excitation spectrum of quasi one-
dimensional electronic systems like polymers, the high-temperature super-
conductors, and the heavy fermion materials illustrate that strong correla-
tion between electrons is a frequently encountered fundamental physical phe-
nomenon for which a deeper understanding is clearly desirable. The “standard
model” for theoretical studies of electron correlations is the Hubbard model,
which we derive and scrutinize in the following chapters.
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In the first section of this chapter we start from the general non-relativistic
Hamilton operator of solid-state physics to derive the Hamilton operator
for the purely electronic problem. There, the electrons are moving in the
static, perfectly periodic lattice potential of the ions. This approximation
is not crucial to the Mott transition since it is driven by electron–electron
interactions.

In the second section we treat the electronic Hamiltonian within band
structure theory. We begin with an independent electron approximation in
which the electron–electron interaction is totally ignored. Although crude,
this is a reasonable lowest-order approximation since the electron–ion inter-
action is responsible for the lattice formation. Next, we include the (clas-
sical) interaction of an electron with the surrounding charge distribution
(Hartree theory). Finally, we discuss the local density approximation to
density-functional theory in which effects of exchange and correlations are
included. In principle, band structure theories are “ab initio” since they cope
with the fully electronic problem. However, the interacting electron problem
is always replaced by an effective single-electron problem.

In the third section we derive the Hubbard model from the electronic
Hamiltonian using Hubbard’s two basic assumptions that only a single band
has to be taken into account and that the interaction is purely local. Although
the Hubbard model appears to be a caricature of the electronic problem it
still contains the full complexity of the many-body problem and thus serves
as a minimum model for interacting lattice electrons.

In the fourth section we emphasize the importance of the Hubbard model
as key ingredient of most realistic models for real correlated electron (fermion)
materials: polymers, transition metals and their oxides, fullerenes, high-
temperature superconductors, heavy fermion materials, and liquid Helium.
In all cases, however, at least one of Hubbard’s basic assumptions is not ful-
filled such that the Hubbard model itself presumably is too simple to describe
a real physical system.

In the last section we discuss some qualitative properties of the Hubbard
model. We specify its explicit and implicit parameters, classify common model
variants, and present its global symmetries. We address its exactly solvable
limits and show that the half-filled Hubbard model should indeed undergo a
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metal–Mott insulator transition as a function of the interaction strength. Fi-
nally, we collect some exact statements on magnetism in the Hubbard model
and its derivatives.

2.1 Electronic Many-Particle Problem

In this first section we set up the general Hamilton operator of solid-state
physics and gradually approximate it to derive the Hamiltonian for the purely
electronic problem. Since the Mott transition is due to electron correlations
we may indeed restrict ourselves to the problem of interacting electrons mov-
ing in a static, perfectly periodic lattice potential.

2.1.1 Hamilton Operator of Solid-State Physics

The only relevant elementary interaction in solid-state physics is the electro-
magnetic interaction between charged particles. For simplicity we start from
a non-relativistic many-particle description of the solid state. This is a good
approximation for materials with atomic numbers that are not too high and
for which relativistic effects for the outer electrons may be disregarded. Some
of these may later be taken into account by using relativistic correction terms
as in the Pauli equation.

In a non-relativistic description the NN nuclei of the constituents with
atomic numbers Zn and masses Mn at positions Rn (n = 1, . . . , NN) have
a kinetic energy TN and a electrostatic interaction between different nu-
clei VN−N. Corresponding terms for the electrons (Te, Ve−e) at positions ri

(i = 1, . . . , Ne) and the interaction between electrons and nuclei Ve−N con-
stitute the general nonrelativistic Hamilton operator of solid-state physics.
In the absence of external fields and with p ≡ −i∂/(∂r), P ≡ −i∂/(∂R) we
may write

HSS =
NN∑
n=1

P 2
n

2Mn︸ ︷︷ ︸
TN: motion of nuclei

+
e2

2

NN∑
n	=m=1

ZnZm

|Rn −Rm|︸ ︷︷ ︸
VN−N: interaction between nuclei

+
Ne∑
i=1

p2
i

2m︸ ︷︷ ︸
Te: motion of electrons

+
e2

2

Ne∑
i	=j=1

1
|ri − rj |︸ ︷︷ ︸

Ve−e: interaction between electrons

−e2
NN∑
n=1

Ne∑
i=1

Zn

|Rn − ri|
.︸ ︷︷ ︸

Ve−N: interaction between electrons and nuclei

(2.1)
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The Hamilton operator HSS defines a quantum-mechanical many-particle
problem.

The solution of the Schrödinger equation to the Hamilton operator HSS is
technically completely impossible such that we have to resort to approxima-
tions to make further progress. The maximum energy scale in the problem is
the binding energy of electrons in inner shells, which is of the order of sev-
eral 104 electron volts. However, we are interested in the behavior of the solid
state at room temperatures or even at temperatures as low as several Kelvin
or even milli-Kelvin, i.e., on an energy scale O(10−2 . . . 10−4 eV) and below.
If we were to examine directly the full Hamiltonian in (2.1) we would have to
design an analytical approximation scheme that required a precision of 10−6

to 10−8. Such an approach would then cover such different phenomena as the
formation of atoms, their condensation into the solid state, various magnetic
ordering phenomena, and superconductivity.

We are far remote from such a universal theory. Hence we have to con-
centrate on single aspects of the problem. Since the Mott transition is purely
electronic in its origin we may almost entirely eliminate the influence of the
nuclei on the electronic problem, as we now discuss.

2.1.2 Hamilton Operator of the Electronic Problem

In solid-state physics we are interested in the condensed state whose binding
energy is about O(1 . . . 10 eV) per atom. For electrons whose binding energy
to its nucleus is (much) larger than this energy scale we may use the re-
sults for single, isolated atoms to describe the formation of atoms or ions.
Only the electron orbitals of the shells that are not completely filled will
be substantially changed from their atomic structure during solidification.
For condensed states it is thus sufficient to focus on the “valence electrons”
with a binding energy of up to O(10 eV) and study their interaction with
themselves, with the ions, and the ion–ion interaction. We recall here that
an individual atom alone poses a very complicated, and in fact unsolvable,
many-particle problem. Hence, the reduction from the atomic energy scale
of several ten keV down to the condensation energy scale of O(1 . . . 10 eV)
implies a first step of approximation. However, core electrons do not play a
role in the metal–Mott insulator transition, and we may further ignore them
for our purposes.

The second step in the reduction of the energy scale, the formation of the
crystal, is yet another, in its generality, unsolved problem. This does not come
as a surprise in view of the innumerable variety of crystalline and amorphous
structures in nature. In practice, we usually experimentally determine a crys-
tal structure and then verify its stability, e.g., in band structure calculations.
Often the overall chemical composition and knowledge about inorganic chem-
istry suffice for an educated guess on the ideal crystal structure. After the
condensation we have reduced the energy scale for the global stability of the
crystal to below about 1 eV per atom. As we will see below the electron volt
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also remains as the relevant energy scale for our studies of Mott insulators.
In the context of the Mott transition the crystal structure is not unimportant
but we may treat it as given for our analysis.

At temperatures well below the condensation energy scale it is further
justified for Mott insulators to separate the motion of the electrons from the
dynamics of the ions since the ion masses are much larger than the electron
mass (adiabatic or Born–Oppenheimer approximation [136, Chap. 22]). As
discussed in Sect. 1.4, the motion of the ions (phonons) does not play a
role for the description of (pure) Mott insulators. Since we will not consider
disorder effects we assume as a third step in our basic approximations that
the immobile ions form an ideal lattice (Bravais lattice with a basis [136,
Chaps. 4,7]). In this way we are left with a purely “electronic” problem of
interacting electrons in a periodic potential,

Helectronic = Te + Ve−I + Ve−e , (2.2)

where Ve−I is an (effective) perfectly periodic lattice potential which results
from the replacement of nuclei by ions in the condensed state. This also
implies that Helectronic describes only “outer-shell” electrons which are not
participating in the ion formation.

The electronic Hamiltonian in (2.2) describes the motion of electrons in
the electrostatic field of the ions in the presence of electron–electron inter-
actions. It is still an (unsolvable) quantum-mechanical many-body problem
due to the electrons’ mutual interaction. In principle, there are two distinct
approaches for making further progress. On one hand we may design effective
single-electron theories to derive a band structure. On the other hand we may
further simplify the Hamiltonian for the electronic many-body problem down
to model systems like the Hubbard model. These serve as standard models
to develop and test new many-body techniques. We will further elaborate on
these two approaches in the next two sections.

2.2 Band Structure Calculations

In band structure calculations the electron–electron interaction is approxi-
mated in such a way that the resulting problem becomes an effective single-
electron problem. In this section we discuss three common schemes, namely
(i) the independent electron approximation in which the electron–electron in-
teraction is completely disregarded, (ii) the Hartree approximation in which
only the interaction of an electron with the average electron density is taken
into account, and (iii) the local density approximation to density-functional
theory which provides the basis of modern band structure calculations. Fi-
nally, we briefly comment on possible improvements of the local density ap-
proximation. Density-function(al) theory and the local density approximation
for lattice models such as the Hubbard model will be discussed in more detail
in Sect. 3.2.
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2.2.1 Independent Electrons

The seemingly crudest approximation we can make is to ignore totally the
electron–electron interaction. This is not unreasonable since the electron–
ion interaction and the delocalization of electrons are the main source of the
lattice cohesion. Hence it is actually advisable to study independent electrons
in the field of the ions first, HIE = Te + Ve−I. This approach also offers a
practical advantage: at least in principle we can exactly solve the problem of
independent electrons in a periodic potential to arbitrary accuracy since we
are left with a single-electron problem.

The solution of the independent electron problem will provide us with a
new set of electronic wave functions. Instead of working with plane waves
in which Te is diagonal we can then work with a basis which already in-
cludes the electron–ion interaction. This is important because the ions’ non-
retarded, barely screened Coulomb potential is rather singular both in its
time and in its space dependence. In the new basis we can reanalyze the
original problem Helectronic, which allows us to verify that the electron–ion
interaction indeed dominates the electron–electron interaction. If this had not
been so and the electron–electron interaction had been found to dominate the
electron–ion interaction, the crystal would not have formed.

Hence, as a first approximation we completely drop the electron–electron
interaction in the electronic problem and arrive at the Hamilton operator for
independent electrons used in elementary band structure calculations,

HIE = Te + Ve−I =
Ne∑
i=1

HIE(ri) . (2.3)

We may numerically diagonalize HIE for a given crystal structure with fixed
ion positions Rn [136, Chap. 11] where Ve−I represents an appropriate ionic
potential. According to Bloch’s theorem we may classify the single-electron
wave functions (Bloch electrons) φIE

k,b(r) by their Bloch momentum k from the
first Brillouin zone and their band index b. In our non-relativistic description
the one-electron dispersion relation εIE(k, b) is two-fold spin-degenerate (σ =↑
, ↓). Thus we may write the Schrödinger equation as

HIE(r)φIE
k,b,σ(r) = εIE(k, b)φIE

k,b,σ(r) . (2.4)

If electronic interaction effects were negligible, the band structure would be
given by εIE(k, b). In the independent electron approximation we have re-
duced our interacting electron problem to a Fermi-gas model. In the ground
state all single-electron levels up to the Fermi energy EF are occupied.

2.2.2 Hartree Theory

To go beyond this elementary band structure calculation we should first in-
clude in the interaction those terms that can still be treated in the framework
of a single-electron theory. If the electrons were classical objects we would
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only have to include the interaction of an electron at r with the charge den-
sity n(r′) formed by the other electrons. The corresponding “Hartree terms”
describe this density–density interaction of a classical charge distribution.
For example, crystal field effects are included in this approach.

In general, even the simplest quantum-mechanical many-body effect, the
Fock term that reflects the exchange interaction, cannot be exactly treated
in a lattice calculation. The inclusion of the non-local Fock term would result
in substantial and often insurmountable numerical efforts. Furthermore, the
exchange and the correlation contributions to the energy levels are of the
same order of magnitude in (strongly) correlated electron systems. Since we
do not want to prefer exchange over correlation effects we include solely the
Hartree terms in our band structure calculation [137].

The Hartree band structure Hamilton operator thus becomes

H0 = Te + Ve−I + V H
e−e , (2.5a)

V H
e−e(r) = e2

∫
dr′ n(r

′)
|r − r′| . (2.5b)

Here, n(r + R) = n(r) is the local density, which has to be determined
self-consistently (R is a lattice vector). We assume that the system is para-
magnetic and does not form a charge- or spin-density wave since we do not
want to investigate broken symmetry states at this point.

The one-electron wave functions φk,b,σ(r) obey the Schrödinger equation

H0(r)φk,b,σ(r) = ε(k, b)φk,b,σ(r) , (2.6a)

which has to be fulfilled together with the self-consistency relation between
the orbitals and the local density

n(r) =
∑

ε(k,b)≤EF,σ

|φk,b,σ(r)|2 . (2.6b)

The latter equation is correct only for zero temperature. This is always a good
approximation since the Fermi energy is usually large compared to typical
experimental energy scales, e.g., the temperature.

2.2.3 Local Density Approximation

We have seen that it is possible to include partly the electron–electron in-
teraction into a single-electron theory. The question arises whether an ef-
fective single-electron theory can be formulated which exactly reproduces
the physical properties of the full many-body problem. In fact, Hohenberg
and Kohn [138] showed that one can formulate a single-electron Hamiltonian
whose ground-state energy, electron density, and Fermi energy agree with the
corresponding quantities of the interacting electron problem Helectronic; for
a review, see [139]–[143]. In this density-functional theory the Hartree term
in the interaction is supplied by the exchange-correlation potential vxc(r),
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which can be written as a functional derivative of the density functional
Exc[ne] (n(r) always denotes electron density ne at r).

Unfortunately, the exact density functional is hardly ever available since it
requires detailed information on the exact ground-state energy as a function
of the density. Hence, it is usually necessary to formulate an approxima-
tion to the exact density functional. The most popular is the “local den-
sity approximation” (LDA) [139]–[143]. Due to the Coulomb repulsion be-
tween electrons there should be a reduced probability for finding an electron
next to another electron. In the framework of a linear response theory [144,
Chap. 5] this probability density should be reduced up to an average screening
length Rs ∼ k−1

F ∼ n−1/3
e in a metallic ground state to reduce the Coulomb

interaction between the electrons,ΔVC ∼ 1/Rs ∼ n1/3
e . Explicitly, the density

functional in the local density approximation becomes

ELDA
xc [ne] =

∫
dr n(r)eLDA

xc (n(r)) , (2.7a)

vLDA
xc (r) =

δELDA
xc [ne]
δn(r)

, (2.7b)

where the exchange energy eLDA
xc depends only on the local electron den-

sity n(r). According to the screening argument above, the dominant contri-
bution to the exchange-correlation energy should be eXα

xc (n(r)) ∼ (n(r))1/3,
as first proposed by Slater (“Xα exchange”) [145]. We see that the contribu-
tion vLDA

xc (r) simulates both the exchange hole between electrons of the same
spin species and also the correlation hole between electrons of different spin
species.

The form of eLDA
xc (n(r)) actually used in practical calculations slightly

differs from the Xα form of Slater [139, 142, 143]. In the case of a homoge-
neously smeared ionic background (“homogeneous electron gas” or “jellium
model”) one can actually calculate the ground-state energy as a function of
the density within a high-density expansion. Other forms for the Coulomb
screening in the homogeneous electron gas can be found in [144, Chap. 5].
The corresponding expressions then provide the basis for the LDA exchange
energy εLDA

xc (n(r)). However, the dominant term is still of the Xα form.
With these approximations for the form of the density functional the LDA

Schrödinger equation becomes

HLDA(r)φLDA
k,b,σ(r)= εLDA(k, b)φLDA

k,b,σ(r)

HLDA(r)=
[
HIE(r) + e2

∫
dr′ n(r

′)
|r − r′|︸ ︷︷ ︸

Hartree term

+
δELDA

xc [ne]
δn(r)︸ ︷︷ ︸
vLDA
xc (r)

]
. (2.8)

Again the local density and the exchange-correlation potential have to be
determined self-consistently; see (2.6b) and (2.7).
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At a first glance the assumptions behind the LDA seem to be rather dras-
tic because in real systems the ion charges are fixed to the lattice points
and do not provide a homogeneously charged background. To assess the
quality and the limitations of the LDA we need to know the exact form
of Exc[ne]. It can actually be derived from the exact (dynamic) pair corre-
lation function, (1.16); see, e.g., [139, Chap. 3]. In fact, the pair correlation
function varies strongly in the vicinity of an ion and is not smooth as in
the jellium model. Hence, this local correlation function is poorly approxi-
mated by the LDA. However, only the integrated form of the pair correlation
function gσ,σ′(r, r′) enters the calculation of the exchange energy εxc(n(r)),
which turns out to be a rather smooth function of n(r). Hence, bulk quan-
tities such as the binding energy are not too sensitive to the details of the
LDA assumptions. This indicates that the LDA has a broader range of ap-
plications for ground-state properties than could be expected in the begin-
ning [139, 142, 143].

Density-functional theory (and with it the LDA) only describes an equiv-
alent one-electron substitute system with the same ground-state energy and
electron density as its corresponding many-electron system. Although we may
expect that ground-state properties are reasonably well described by local
density approximation, we have to keep in mind that correlation and exchange
are true many-body effects in an interacting electron system. Consequently,
wave functions and excitation energies (band structures) may be used only if
the prerequisites of Landau Fermi-liquid theory are fulfilled [139, 143, 146];
see Sect. 1.4. Typically, delocalized electron states are well reproduced by the
LDA. For these we may start with a mean-field description of the electron–
electron interaction; see the discussion in Sect. 1.4. Hence we expect the LDA
to give a quantitative description of metals.

The comparison between calculated and measured binding energies and
lattice constants of metals shows that an excellent agreement is obtained for
alkali metals, with errors of a few percent. Within the LDA the errors in
the binding energies for transition metals are of the order of about 1 eV per
atom [140]–[143] which is about 10% to 20% of the experimental value. In
this case we have to allow for a local electron density that also depends on
the electron spin (local spin-density approximation, LSDA). This freedom in
the description of the local electron density is important for the calculation of
the band structure of all magnetic metals. The inclusion of magnetic effects
in the framework of the LSDA yields a considerable reduction of the errors
in the magnetic moments and in the bulk modulus but further increases the
discrepancies in the binding energies. This behavior is attributed to deficien-
cies in the description of the inner atomic electron shells [141] and not to the
LSDA itself.

2.2.4 Improvements to the Local Density Approximation

The LDA results for insulators are far less satisfactory in general. For ex-
ample, the LDA predicts an energy gap for optical excitations of 0.3 eV for
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NiO [147] whereas the experimental value is about 4.3 eV [148]. Insulators
display “localized” electron states which are not well described by the LDA
based on the homogeneous electron gas model. We shall comment further on
this problem in Sect. 3.2.

As a first step to describe better the electrons’ localized nature, we should
correct for the electron self-interaction that is present in the LDA [149]. Var-
ious ideas to improve on the LDA in this respect are discussed in [143]. One
possibility is to formulate the SIC-LSDA in which “self-interaction correc-
tions” (SIC) to Exc[ne] are formulated as [150]

ESIC−LSDA
xc [ne] = ELSDA

xc [ne]−
∑

εi≤EF

[
e2

2

∫
dr′dr

ni(r)ni(r′)
|r − r′|

+
∫

dr ni(r)eLSDA
xc (ni(r), 0)

]
. (2.9)

As a result of the correction terms the unphysical interaction of the electron
with itself is subtracted from the Hartree term and the corresponding parts
of the exchange-correlation term of the LSDA. The one-electron states may
now localize such that we used a general one-electron index i instead of the
band index (k, b, σ) for our notation. In the Schrödinger equation of the SIC-
LSDA the local potential depends on the state i itself. The “proper” choice
for the basis at the beginning of the self-consistency process thus becomes
decisive for its final result since the SIC contributions are present for localized
states only whereas they vanish for Bloch waves [150]. The SIC-LSDA gives
a reasonable agreement with the measured band gaps and local moments in
the transition-metal oxides. However, the SIC-LSDA tends to overestimate
the local moments since the electrons truly localize in this description [150],
as we shall further discuss in Sect. 3.2.

An alternative approach to “localized” electron states in insulators is
the combination of the LDA and quantum-chemical cluster calculations. The
purely electronic parameters for such a cluster calculation can be taken from
the one-electron wave functions of a LDA band structure calculation [151].
The intra-atomic interaction parameters, however, are fitted to experiment,
i.e., an additional local electron repulsion is explicitly incorporated to describe
properly the insulating states in transition-metal oxides. This idea is further
worked out in the “LDA + U” calculations proposed in [152].

The approaches discussed thus far include the Coulomb interaction be-
tween electrons only via some plausible ad hoc assumptions. The quality of
these approximations on interacting electron systems can hardly be judged
since the experimental situation is very complex, i.e., the measured quanti-
ties depend on many input parameters at the same time [139, 143]. In this
complicated situation we prefer to study theoretical “standard models” with
few changeable parameters to assess the quality of various approximation
schemes. The Hubbard model serves as such a testing ground for many-body
techniques; we will derive it in the next section.
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2.3 Derivation of the Hubbard Model

In this section we derive the Hubbard model from the electronic Hamilto-
nian Helectronic, (2.2), after we have introduced the notation of second quan-
tization, which is appropriate for interacting many-particle systems.

2.3.1 Second Quantization

For quantum many-particle problems it is convenient to work in the formalism
of second quantization, in which the proper symmetry of the many-electron
wave functions is included from the beginning in terms of commutation rules
for the electron creation and annihilation operators [153, Chap. 1]. The cre-
ation and annihilation operators for an electron in the orbital φk,b,σ(r) are
denoted by ĉ+k,b,σ and ĉk,b,σ, respectively. They obey anti-commutation rela-
tions for fermions ([Â, B̂]+ = ÂB̂ + B̂Â):[

ĉ+k,b,σ, ĉ
+
k′,b′,σ′

]
+

= 0 , (2.10a)[
ĉk,b,σ, ĉk′,b′,σ′

]
+

= 0 , (2.10b)[
ĉ+k,b,σ, ĉk′,b′,σ′

]
+

= δk,k′δb,b′δσ,σ′ . (2.10c)

For electrons in narrow bands it is useful to work with the creation oper-
ators for Wannier electrons. They are related to the creation operators for
Bloch electrons ĉ+k,b,σ by Fourier transformation with respect to the crystal
momentum k from the (first) Brillouin zone (L = NN is the number of lattice
sites):

ĉ+R,b,σ =

√
1
L

∑
k

exp (−ikR) ĉ+k,b,σ . (2.11)

ĉ+R,b,σ creates an electron with the Wannier wave function

ΦR,b,σ(r) =

√
1
L

∑
k

exp (−ikR)φk,b,σ(r) . (2.12)

For narrow bands [136, Chap. 10] the Wannier orbitals are almost identi-
cal with atomic orbitals. Hence the Wannier orbitals properly describe well-
localized states, ΦR,b,σ(r) ≈ 0, if |R−r| � a holds (a is the lattice constant).
Despite possible hybridizations between atomic orbitals in the solid state the
assignment of an atomic-level notation to bands is frequently justified, i.e.,
we may classify a band according to its corresponding atomic level, e.g., as
“4s band”.

The field operator for a σ electron (σ =↑, ↓) at position r,

ψ̂+
σ (r) =

∑
k,b

φ∗k,b,σ(r)ĉ+k,b,σ =
∑
R,b

Φ∗R,b,σ(r)ĉ+R,b,σ , (2.13)
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creates a σ electron at the point r in real space. With these definitions the
electronic Hamilton operator Ĥ0 of the Hartree band structure calculation in
second quantization becomes [153, Chap. 1]

Ĥ0 =
∑

σ

∫
dr ψ̂+

σ (r)H0(r)ψ̂σ(r)

=
∑

σ

∑
k1,b1
k2,b2

ĉ+k1,b1,σ ĉk2,b2,σ

∫
dr φ∗k1,b1,σ(r)H0(r)φk2,b2,σ(r) (2.14)

=
∑
k,b,σ

ε(k, b)n̂k,b,σ ,

where we used the Schrödinger equation (2.6a) and the orthonormality of the
wave functions φk,b,σ(r) in the last step. n̂k,b,σ = ĉ+k,b,σ ĉk,b,σ is the occupation
number operator for electrons in the state (k, b, σ).

With the matrix elements for the electron transfer between two lattice
sites

t(R−R′, b) =
1
L

∑
k

exp (ik (R−R′)) ε(k, b) (2.15)

we may write Ĥ0 as

Ĥ0 =
∑

R1,R2,b,σ

t(R1 −R2, b)ĉ+R1,b,σ ĉR2,b,σ . (2.16)

With the help of the matrix elements for the Coulomb interaction

V
(
(R1, b1, σ);(R2, b2, σ

′)
∣∣(R3, b3, σ

′); (R4, b4, σ)
)

(2.17)

= e2
∫

drdr′ Φ
∗
R1,b1,σ(r)Φ∗R2,b2,σ′(r′)ΦR3,b3,σ′(r′)ΦR4,b4,σ(r)

|r − r′|
we may write the electron–electron interaction in second quantization:

V̂=V̂e−e − V̂ H
e−e

=
1
2

∑
σ,σ′

∑
R1,R2,R3,R4

b1,b2,b3,b4

V
(
(R1, b1, σ); (R2, b2, σ

′)
∣∣(R3, b3, σ

′); (R4, b4, σ)
)

×
[
ĉ+R1,b1,σ ĉ

+
R2,b2,σ′ ĉR3,b3,σ′ ĉR4,b4,σ

− 〈ĉ+R1,b1,σ ĉR4,b4,σ〉ĉ+R2,b2,σ′ ĉR3,b3,σ′ (2.18)

− ĉ+R1,b1,σ ĉR4,b4,σ〈ĉ+R2,b2,σ′ ĉR3,b3,σ′〉

+ 〈ĉ+R1,b1,σ ĉR4,b4,σ〉〈ĉ+R2,b2,σ′ ĉR3,b3,σ′〉
]
,
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which we had to correct for the Hartree terms already included in Ĥ0.
Note that there are no Hartree corrections for (R1, b1, σ) = (R2, b2, σ

′) and
(R3, b3, σ

′) = (R4, b4, σ). Although the kinetic energy operator is diagonal in
the band index we must, at least in principle, include all inter-band interac-
tions in the potential energy operator.

2.3.2 Hubbard Model

The derivation below follows [154]–[156]. An early review on the Hubbard
model is provided by Cyrot [157]; see Long [158] for a more recent overview.

The position of the bands in terms of energy relative to each other is
determined by t(0, b) = (1/L)

∑
k ε(k, b). This quantity contains not only

effects of the electron–ion interactions but also the influence of crystal fields
of the ligands via the Hartree contributions. According to the Hartree band
structure calculations we should find only few partly filled bands at the Fermi
energy, t(0, b) ≈ EF. Bands far above or below the Fermi energy will be
only slightly modified by the electron–electron interaction V̂ since for them
V
(
(R1, b1, σ); (R2, b2, σ

′)
∣∣(R3, b3, σ

′); (R4, b4, σ)
)/(
EF − t(0, b)

)
should be a

small parameter. This assumption relies on the fact that the electron–ion
interaction dominates the electron–electron interaction; see Sect. 2.2. In the
ideal case there is only one band at EF and all other bands are energetically
far from the Fermi energy. This is Hubbard’s first assumption [155].

Hubbard’s second assumption is that only the maximal term in V̂ is taken
into account. This term stems from the intra-atomic Coulomb interaction. If
we have to take into account only a single band at the Fermi energy the
intra-atomic contribution (“Hubbard U”) reads

U = V
(
(R, σ); (R, σ′)

∣∣(R, σ′); (R, σ))
= e2

∫
drdr′ |ΦR,σ(r)|2 |ΦR,σ′(r′)|2

|r − r′| , (2.19)

which is the same on all lattice sites. The Hartree orbitals of Sect. 2.2.2,
which are the basis for our considerations, are calculated for a translationally
and spin-rotationally invariant system. Thus we may use 〈ĉ+R,σ ĉR,σ〉 = n/2
as further simplification.

If we neglect all Coulomb matrix elements in V̂ except for the on-site
term, according to Hubbard’s second assumption we obtain the Hamilton
operator for the Hubbard model,

Ĥ=
∑

R1,R2,σ

t(R1 −R2)ĉ+R1,σ ĉR2,σ + U
∑
R

(n̂R,↑ − n/2) (n̂R,↓ − n/2) .

(2.20a)

Often the zero energy is set to the “center of gravity” of the band in the
absence of electron–electron interactions, i.e., t(0)−Un = 0, and the constant
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energy term Un2/4 is dropped from the considerations. This frequently-used
alternative formulation of the Hubbard Hamiltonian reads

Ĥ =
∑

R1 	=R2,σ

t(R1 −R2)ĉ+R1,σ ĉR2,σ + U
∑
R

n̂R,↑n̂R,↓

= T̂ + UD̂ , (2.20b)

where we introduced the operator for the number of double occupancies D̂ =∑
R n̂R,↑n̂R,↓.
The Hubbard model in its above form, (2.20b), was independently intro-

duced and used by Gutzwiller [159] and Kanamori [160] at about the same
time to study the possibility for ferromagnetism in transition metals. We
briefly mention the results of Kanamori’s T -matrix method in Sect. 2.5.5,
and more extensively discuss Gutzwiller’s variational approach in Sect. 3.4.

Even before the Hubbard model was “officially” introduced by Hubbard,
Gutzwiller, and Kanamori the importance of the local interaction terms had
been recognized. For example, it is implicitly contained in Mott’s discussion
on the origin of the gap in Nickel-oxide (NiO) [161]. In fact, the controversy
between “itinerant” versus “local” electron properties has a long tradition in
the discussion for the appropriate description of solid-state magnetism [162].
Also the explanation of the itinerant exchange and super-exchange mech-
anism in magnetic insulators by Anderson [154] is based on the Hubbard
Hamiltonian that was explicitly formulated only years later.

2.4 Hubbard Model and Real Materials

In this section we briefly show that the approximations that lead to the Hub-
bard model are too drastic to allow for the description of real materials. We
indicate those minimal extensions necessary for a qualitatively correct de-
scription of polymers, transition metals and their oxides, fullerenes (C60),
high-temperature superconductors, heavy fermion substances, and liquid He-
lium. The importance of the Hubbard model itself lies in the fact that it is
the conceptually simplest and thus the standard model of correlated electron
systems.

2.4.1 Polymers

Models with a variable local interaction U and long-range Coulomb inter-
actions were introduced and used a long time ago in physical chemistry by
Pariser, Parr, Pople, and others for the description of the electron–electron in-
teraction in polymers (PPP model) [163]. However, in the original PPP model
the kinetic energy term of the Hubbard model is absent.

For polymers Hubbard’s first assumption is justified. As an example we
consider the simplest conceivable polymer, trans-polyacetylene (CH)x [164].
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Three of the four carbon 2s1p3 orbitals are sp2 hybridized and form σ bonds to
nearest-neighbor carbon atoms and a hydrogen atom. The remaining pz elec-
trons form molecular π orbitals along the chain, i.e., a one-dimensional half-
filled band. Polymers thus are important examples for (one-dimensional) cor-
related electron systems. Since an (almost ideal) one-dimensional system suf-
fers a Peierls distortion in the ground state the Hubbard model must be
extended to the Peierls–Hubbard model which allows for the coupling be-
tween electrons and lattice distortions [165]. Electron correlations are found
to strengthen the Peierls distortion of the ground state [166, 167] and strongly
influence the excitation spectrum of polymers.

A more serious defect of the Hubbard model is the neglect of all long-range
Coulomb interactions such that Hubbard’s second assumption is not justified
in polymers. Excitons as observed in these materials [164] are an indication
that long-range Coulomb interactions are crucial to describe polymers prop-
erly. Unfortunately, it is not so easy to estimate the size of the terms that
have been neglected in the Hubbard model. The choice of the one-electron
Hamiltonian is decisive for an estimate of the size of the correction terms. For
example, the inclusion of the Hartree contributions in Ĥ0 reduces the values
for the nearest-neighbor interaction as compared to the value obtained from
standard tight-binding orbitals; for a discussion, see [168] and [169].

Hubbard [155] used weakly overlapping hydrogen wave functions to obtain
the following estimates for the interaction matrix elements (τ is a nearest-
neighbor vector):

U = V
(
(R, σ); (R, σ′)

∣∣(R, σ′); (R, σ)) ≈ 20eV , (2.21a)

V = V
(
(R, σ); (R + τ , σ′)

∣∣(R + τ , σ′); (R, σ)
)
≈ 6eV , (2.21b)

X = V
(
(R, σ); (R, σ′)

∣∣(R + τ , σ′); (R, σ)
)
≈ 0.5eV , (2.21c)

W = V
(
(R, σ); (R, σ′)

∣∣(R + τ , σ′); (R + τ , σ)
)

= V
(
(R, σ); (R + τ , σ′)

∣∣(R, σ′); (R + τ , σ)
)
≈ 0.025eV , (2.21d)

all other matrix elements being exponentially small. For small bandwidths it
is thus seen that the Hubbard interaction dominates, but we also find that
the nearest-neighbor interaction is not negligibly small, especially because
we still have to take the number of nearest neighbors into account. Even if
the Hubbard X and W terms are small, the contribution of the V terms is
important [168, 169]. If the bandwidth is large compared to the Coulomb
interaction, we may safely neglect the Hubbard X and W terms but we have
to include the long-range parts of the Coulomb repulsion [163, 167, 170].

Any realistic model for polymers has to include a term for a local and
at least a nearest-neighbor interaction. This also applies for other quasi one-
dimensional conductors such as the charge-transfer salts or metal–halide com-
pounds; a review is given in [171].
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2.4.2 Transition Metals and Their Oxides

In the transition metals with their narrow d bands the Wannier orbitals
are well localized and the hopping and Coulomb matrix elements decay fast
with distance. Hence, Hubbard’s second assumption is well satisfied. Since
other, e.g., s bands are close in energy and the system thus has a large
polarizability, the intra-atomic Coulomb interaction between the d electrons
is strongly reduced. As a consequence of this effect of strong screening by
other band electrons the Hubbard Ud is reduced to a value of Ud ≈ 2–3 eV
and thus is only half as big as the bandwidth [172, 173]. Electron correlations
due to the Hubbard interaction do not play a decisive role in these metals.

In transition metals, however, Hubbard’s first assumption of a single band
is not justified. Hence we have to consider the many-band problem of (2.14).
In real materials with considerable bandwidths those interaction matrix ele-
ments are small that are non-diagonal in position space, like the HubbardW
and X terms. In addition, interaction terms which are non-diagonal in the
band index are also considerably smaller than their diagonal counterparts.
To a good approximation we may thus consider the band index b as a good
quantum number. This allows us to restrict ourselves to the two cases b1 = b4,
b2 = b3 (direct term Uσ,σ′

b,b′ ) and b1 = b3, b2 = b4 (exchange term Jσ,σ′
b,b′ , b �= b′).

The maximal terms in V̂ still result from the the intra-atomic Coulomb in-
teraction

Uσ,σ′
b,b′ = e2

∫
drdr′ |ΦR,b,σ(r)|2 |ΦR,b′,σ′(r′)|2

|r − r′| , (2.22a)

Jσ,σ′
b,b′ = e2

∫
drdr′ Φ

∗
R,b,σ(r)Φ∗R,b′,σ′(r′)ΦR,b,σ′(r′)ΦR,b′,σ(r)

|r − r′| . (2.22b)

The terms Jσ,σ′
b,b′ > 0 lift the spin degeneracy at the atom and maximize the

atomic spin (Hund’s first rule) [154]. In the crystal the Hund’s rule coupling
introduces strong correlations between the electrons in different bands and
ultimately leads to a (ferro-)magnetic metallic ground state. A brief review
on theories for magnetic metals can be found in [174, 175].

Hund’s rule coupling also plays an important role in transition-metal
oxides; see [176, 177] for a recent review. Vanadium-sesquioxide (V2O3,
Sect. 1.4), the most prominent example for a metal–Mott–Hubbard insulator
transition, displays a local moment both in its metallic and in its insulating
states. The peculiar spin correlations in the paramagnetic phases and the
antiferromagnetic insulator indicate that a realistic description of the mag-
netic (and conducting) properties of V2O3 requires a two-band model with a
ferromagnetic Hund’s rule coupling Jσ,σ′

b,b′ [178, 179, 180, 181].
In general, we need to include several bands in a realistic description of

transition-metal oxides, sulfides, and halides like Nickel-iodine (NiI2), and
their corresponding metal–Mott insulator transitions. All these materials are
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charge-transfer insulators; see Sect. 1.4. For this class of materials we should
formulate a theory based on a multi-band rather than a one-band Hubbard
model description.

2.4.3 Fullerenes

Fullerenes are a new class of materials based on carbon. The prototype is
C60, a soccer-ball shaped molecule made out of twenty carbon hexagons and
twelve pentagons. As in the case of polymers the backbone of the molecule is
stabilized by the σ bonds between the carbon atoms and there is an unbound
pz electron for every carbon [182]. This π electron cloud is polarizable and
allows the van-der-Waals interaction to condense the C60 balls into a stable
lattice (fcc structure at low temperatures).

In addition to their potential technological applications the fullerenes dis-
play fascinating electronic properties; in particular, the alkali-doped com-
pounds like K3C60 become superconducting at unusually high temperatures
(Tc

>∼ 30 K). From early on [183] it was suspected that electron correlations
on the C60 balls are important for an understanding of the material. This
point of view was supported by an analysis of spectroscopic data on solid
C60 [184]. In an elementary tight-binding (Hückel) band structure theory
the 60 π electrons per ball result in a closed-shell situation with a gap be-
tween the highest, five-fold orbitally degenerate occupied (hu) and the lowest,
three-fold degenerate unoccupied levels (t1u). In [184] it is argued that the
observed optical gap is considerably larger than the gap predicted from a
non-interacting electron approach. In fact, the intra-ball Hubbard repulsion
(U ≈ 1.6 eV) was estimated to be four times as large as the t1u bandwidth
(W ≈ 0.4 eV) as a result of inter-ball tunneling. Hence, solid C60 could be a
strongly correlated material.

To set up an appropriate Hamilton operator for solid C60 we follow [185]
and focus on the doped materials (e.g., K3C60) for notational simplicity.
Various conceptually similar Hamiltonians have been proposed in [183]–[186].
A single C60 molecule is the host for up to six electrons in the t1u band at
bare energy εt1u with a pairwise Hubbard interaction U :

Ĥ =
∑

R,α,σ

εt1u n̂R,α,σ +
∑

R,τ ,α,β,σ

tα,β ĉ
+
R+τ ,α,σ ĉR,β,σ

+U
∑

(α,σ)<(β,σ′)

n̂R,α,σn̂R,β,σ′ . (2.23)

In principle, long-range Coulomb terms should also be taken into account.
The essential difference from other multi-band models is the lack of the

Hund’s rule terms of (2.22b). Since the diameter of the balls is much larger
than an atomic size, Pauli principle (exchange) effects on the balls are much
weaker than in atoms. Nevertheless, a multi-band description is still manda-
tory, and a simple one-band Hubbard model approach is not sufficient.
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It is still a matter of ongoing debate whether a strong correlation view
is indeed necessary. Elaborate band structure calculations predict an optical
gap of the correct size [187], and NMR Knight shift measurements in the su-
perconducting state could consistently be explained within BCS theory [188].
It remains to be seen which viewpoint will prevail for the fullerenes.

2.4.4 High-Temperature Superconductors

High-temperature superconductors with their characteristic copper-oxide lay-
ers also belong to the class of correlated electron systems. Like in lanthanum
copper-oxide (LaCuO4) the undoped layers are antiferromagnetic insulators
with a high Néel temperature, a typical indication for strong electron corre-
lations [146, 189]. Therefore, we consider it rather likely that electron cor-
relations will play an important role in the microscopic mechanism of high-
temperature superconductivity.

The copper-oxide planes in the high-temperature superconductors cannot
be properly described by the Hubbard model. For these materials the charge-
transfer energy between the copper and oxygen levels is too small to allow for
a realistic description by a one-band model. In this case it seems advisable to
start from a three-band model of one copper and two oxygen levels per unit
cell [189] (“Emery model” or “Varma–Schmitt-Rink–Abrahams model”):

Ĥ = Ud

∑
R

d̂+R,↑d̂R,↑d̂
+
R,↓d̂R,↓ + εd

∑
R,σ

d̂+R,σd̂R,σ

+Up

∑
R′,α

p̂+R′,↑,αp̂R′,↑,αp̂
+
R′,↓,αp̂R′,↓,α + εp

∑
R′,σ,α

p̂+R′,σ,αp̂R′,σ,α

+V
∑

〈R,R′〉,σ,σ′,α

d̂+R,σd̂R,σp̂
+
R′,σ′,αp̂R′,σ′,α (2.24)

−tpd

∑
〈R,R′〉,σ,α

(
d̂+R,σp̂R′,σ,α + p̂+R′,σ,αd̂R,σ

)
−tpp

∑
〈R′,R′′〉,σ,α

p̂+R′,σ,αp̂R′′,σ,α .

In this model we have not only a Hubbard Ud between the copper d electrons
at energy εd on the lattice sites R of the square lattice but also a Hubbard Up

for the oxygen p electrons with energy levels εp on the lattice sites R′ (R′′) on
the lines between the square latticed points R in the α = x, y directions. In
addition, we allow for a nearest-neighbor interaction V between the copper
and oxygen electrons. The nearest-neighbor copper-oxygen and the oxygen-
oxygen orbitals, indicated by the notation 〈. . .〉, may hybridize with each
other via the matrix elements (tpd, tpp) which allow for electron transport.

Band structure calculations indicate that the Hubbard interaction on the
d sites with Ud ≈ 10 eV dominates over the interaction between the p elec-
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trons, Up ≈ 4 eV, and that Ud is at least of the order of or even larger than the
bandwidth [190]. Extensive Monte-Carlo calculations to the three-band Hub-
bard model essentially confirm the trends in the band structure parameters
where Up turns out to be a rather insensitive parameter [191]. These model
calculations confirm that a three-band model is indeed the minimum model
if we want to reproduce the results of the spectroscopic measurements [192].
At least on the energy scale of O(1 eV) a mapping to an effective one-band
model is not possible. It is conceivable, though, that the low-energy physics
of the superconductor itself could be well approximated by some effective
one-band theory [193, 194]. In general, however, a multi-band description is
required.

2.4.5 Heavy Fermion Materials

Further typical correlated electron systems are rare earth compounds such as
CeAl3 and actinide compounds such as UPt3. Their metallic low-temperature
state displays a linear specific heat coefficient that is a factor of 102 . . . 103

larger than in ordinary metals. This corresponds to a very high electronic
density of states at the Fermi level or a very large effective mass (“heavy
fermions”). Other physical properties further confirm the existence of strong
correlations in these materials; for a review, see [195, 196].

The physics of these materials is again dominated by the local repulsion
of electrons, this time the f electrons of the partly filled 4f or 5f shell are
strongly correlated. By a small but relevant hybridization of the f electrons
with the conduction band electrons the f electron levels are effectively shifted
to the Fermi energy. As a result of their dominantly localized nature this
contribution of the f electrons gives rise to an enormous effective mass of
the charge carriers at the Fermi energy. This cooperative effect appears only
at small temperatures. At high temperatures the f electrons behave like
localized, uncoupled electron spins in partly filled atomic shells.

The corresponding model that describes this situation is the “periodic
Anderson model” or “Varma–Yafet model” [197]:

ĤPAM =
∑
k,α

ε(k)ĉ+k,αĉk,α + εf
∑
R,α

n̂f
R,α +

U

2

∑
R

∑
α	=β

n̂f
R,αn̂

f
R,β

−
√

1
NfL

∑
k,R,α

Vk

[
exp (−ikR) ĉ+k,αf̂R,α + h.c.

]
. (2.25)

Here, ĉk,α denote the conduction band electrons with dispersion ε(k) and f̂R,α

describe the f electrons whose local interaction is modeled by a Hubbard
term. As a simplification we assumed that the Nf -fold orbital degeneracy
(α, β = 1, . . . , Nf ) will not be lifted by the hybridization Vk.

The model given in (2.25) is the generalization of the (Fano–)Anderson
model which describes a single impurity with a f electron in a host metal [198]
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and is also used for the description of “valence fluctuations”. Similar to the
Hubbard model both the periodic and the single-impurity Anderson models
reduce to two other frequently studied models in the limit of strong inter-
actions (U → ∞) [199]. These models are the Kondo and the Kondo lattice
model [200], which describe the interaction of magnetic spins with conduction
electrons. Further details on these correlated electron systems may be found
in [196]. Again, the Hubbard interaction is seen to be an important ingredient
in a model Hamilton operator for a real system. However, a two-band model
is minimally required for a realistic description of heavy fermion materials.

2.4.6 Liquid Helium

Owing to its two protons and one neutron in its nucleus, 3He (“Helium-3”) is a
fermion. Furthermore, the electron charge distribution is spherical symmetric
and hardly polarizable due to the closed 1s shell. Consequently, there is only a
weak van-der-Waals attraction between the atoms. In addition, 3He is a rather
light element such that the zero-point motion is large. For these reasons 3He
solidifies only under a pressure of about 34 bar at temperatures below 1 K.
3He thus is best characterized as a quantum liquid that displays additional,
most interesting suprafluid properties at temperatures below 1 mK; for a
review, see [201].

Normal fluid Helium-3 is among the few physical systems that almost en-
tirely fulfill the requirements of the Hubbard model. The particles experience
a strong Coulomb repulsion at small distances because of the shell electrons,
which results in an exchange and correlation hole in the pair correlation
function of the size of the atomic diameter. At low temperatures the average
particle distance is only slightly larger than the diameter of a single atom.
If we interpret the average particle distance as the radius of a Wigner–Seitz
cell we obtain a lattice gas model for this correlated Fermi system [202] in
which the fermions are restricted to a single band (Hubbard’s first assump-
tion). If we further ignore the effects of the attractive interaction beyond the
formation of the “lattice”, only the intra-cell repulsion, i.e., a purely local in-
teraction remains such that Hubbard’s second assumption also holds. Indeed
it could be shown [202] that the Hubbard model can successfully be applied
to liquid 3He as an “almost localized Fermi liquid”.

Analogously there are studies of the Hubbard model for bosons, which
might be applied to liquid, normal fluid 4He. Although we cannot argue that
the Hubbard model really describes normal fluid or suprafluid 4He we may use
it as a simple reference model for the comparison between various numerical
techniques [203] as well as for basic considerations on the transition between
the suprafluid and the (Mott) insulating state; see [204].

In the case of liquid Helium the problem with a Hubbard model descrip-
tion is the lack of an underlying fixed lattice structure. We may hope, how-
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ever, that this assumption might not be too drastic for global ground-state
properties like the compressibility or magnetic susceptibility.

2.4.7 Relevance of the Hubbard Model

As outlined above the Hubbard interaction is an important ingredient in
many models for real materials. We cannot expect, though, that the Hub-
bard model itself properly describes an experimental situation. On the other
hand the model principally contains all necessary terms to describe the basic
properties of correlated electron systems. The kinetic energy operator reflects
the electrons’ itinerant features (metallic conductivity) and the interaction
operator forces the electrons’ correlated motion (correlated metal) or even
their “localization” (insulator). Despite some of its unrealistic simplifications
the model should allow us to understand qualitatively the basic properties of
correlated Fermi systems, such as the metal–Mott insulator transition.

In this qualitative sense the Hubbard model serves as “the” standard
model of correlated electron systems, and has the same conceptional im-
portance for interacting electrons as the Ising model for classical statistical
mechanics. The low number of explicit and implicit parameters provides the
ideal condition for a thorough test of the power and quality of analytical
and numerical methods. In this book we choose the issue of the metal–Mott
insulator transition to critically examine the usefulness of the model and the
applicability of approximate methods.

2.5 Model Properties

In this section we first tabulate the explicit and implicit variables of the
Hubbard model. Next we classify various common variants of it. Then we
discuss its global symmetries and some of its basic properties, in particular
its potential to describe the Mott transition. At the end of this section we
collect some exact statements on magnetism in the Hubbard model and its
variants.

2.5.1 Model Parameters

To facilitate our discussion we repeat the Hamilton operator for the Hubbard
model that we derived in the third section:

Ĥ =
∑

R1 	=R2,σ

t(R1−R2)ĉ+R1,σ ĉR2,σ +U
∑
R

n̂R,↑n̂R,↓ = T̂ +UD̂ .(2.26)

In the following we use the bandwidth W of the one-electron band with
dispersion relation ε(k), (2.15), as our energy scale.

Explicit model parameters obviously are
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1. the interaction strength U/W ;
2. the dimension d (d = 1, 2, 3, . . .) and the lattice structure;
3. the hopping matrix elements t(R1 − R2) and the corresponding one-

electron dispersion relation ε(k). On the derivation of the Hubbard model
we employed well-localized Wannier orbitals such that we should have

t(R1 −R2) =

{
−t , if R1 −R2 = τ

0 , otherwise
(2.27)

for the standard Hubbard model, where τ denotes all vectors to the
nearest neighbors on the lattice.

In addition we have implicit parameters in the problem, namely:

1. the density of σ electrons (σ =↑, ↓), nσ = Nσ/L, where L = NN denotes
the number of sites (nuclei or ions) and N ≡ Ne = N↑ +N↓ is the total
number of electrons;

2. the temperature kBT/W .

The convention t > 0 in (2.27) guarantees that the dispersion relation displays
a minimum at the Γ point for almost all lattice types. In addition, we will be
interested in repulsive interactions and thus assume U ≥ 0, if not specified
otherwise.

The model defined in this manner will be called “the” or the “standard”
Hubbard model in the following.

2.5.2 Model Variants

Frequently the operators in the Hubbard model are modified and/or new
interactions are added. These changes are made to describe more realistic
situations or, in most cases, to find exactly solvable models. A model will
still be assigned to the class of Hubbard models in this book if it is a one-
band model whose interaction term includes a dominant local part, i.e., the
Hubbard interaction UD̂. This does not imply that the physics described by
these models has to be identical or only similar to the standard Hubbard
model even though this is often hoped for. Multi-band models, which are used
to study the high-temperature superconductors (Emery model [189]) or heavy
fermion materials (periodic Anderson model [196]), will not be subsumed
under the class of Hubbard-type models even though the Hubbard interaction
is a central part of these models.

The variations on the Hubbard model can be cast into three categories.

1. “Modified” Hubbard models with non-zero hopping matrix elements be-
yond nearest-neighbor distances. Here, the electron transfer is no longer
determined by (2.27). Examples are the one-dimensional 1/r and the
1/ sinh r Hubbard model which are discussed in Sect. 4.2 and 4.3, respec-
tively.
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2. “Simplified” Hubbard models in which one electron species is localized,
e.g., t↓ ≡ 0. The main representative of this category is the Falicov–
Kimball model [205] which is briefly discussed in Sect. 5.4.

3. “Extended” Hubbard models in which further interaction terms have
been added to the standard Hubbard model. Results for the Hubbard
model with additional nearest-neighbor interactions and bond-charge in-
teractions can be found in Sects. 6.1 and 6.2.

These three basic categories cover a multitude of model variants whose con-
struction allows for exact statements or even exact solutions. Examples are
models where the number of double occupancies is conserved, see Sect. 6.2,
and models for which the kinetic and potential energy operators commute,
see Sect. 6.3.

2.5.3 Symmetries

For the one-dimensional Hubbard model infinitely many conserved quantities
exist, which proves its integrability [206]. Even 25 years after the Bethe-
ansatz solution new symmetries could still be found [207]. We discuss one-
dimensional (modified) Hubbard models in more detail in Chap. 4.

In higher dimensions the model is not integrable and only a few global
symmetries are known to exist for the Hubbard model in dimensions d > 1.
To carry out our symmetry considerations it is convenient in some cases to
supply the Hamilton operator with an additional term which sets the chemical
potential to zero at half band-filling. We thus prefer to study the Hubbard
model in the form

Ĥ ′ = Ĥ − UN̂/2 + UL/4 (2.28)

= T̂ + U
∑
R

(
n̂R,↑ −

1
2

)(
n̂R,↓ −

1
2

)
,

instead of Ĥ in (2.26).

Spin-Rotational Invariance. Ĥ ′ is invariant against global spin rotations
whose generators form the SU(2) spin algebra,

Ŝz =
∑
R

[n̂R,↑ − n̂R,↓] /2 , (2.29a)

Ŝ+ =
∑
R

ĉ+R,↑ĉR,↓ , (2.29b)

Ŝ− =
∑
R

ĉ+R,↓ĉR,↑ =
(
Ŝ+

)+

, (2.29c)

where Ŝ+ = Ŝx + iŜy and Ŝ− = Ŝx − iŜy hold. The magnitude of the total
spin Ŝ and its z component Ŝz are good quantum numbers.
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Charge-Rotational Invariance. On bipartite lattices with symmetric hopping
matrix elements t(R1,R2) = t(R2,R1) between only A and B lattice sites
(non-frustrated hopping) the Hamilton operator Ĥ ′ displays another global
SU(2) symmetry. The generators of the charge SU(2) are defined as

Ĉz =
∑
R

[n̂R,↑ + n̂R,↓ − 1] /2 , (2.30a)

Ĉ+ =
∑
R

(−1)Rĉ+R,↑ĉ
+
R,↓ , (2.30b)

Ĉ− =
∑
R

(−1)RĉR,↓ĉR,↑ =
(
Ĉ+

)+

, (2.30c)

where we have set (−1)R = +1 on the A lattice sites and (−1)R = −1 on
the B lattice sites. These operators also commute with Ĥ ′ and the operators
for the spin SU(2) algebra. Ĉ+ and Ĉ− are raising and lowering operators
for Ĥ with eigenvalues U since they create and annihilate a double occupancy,
respectively. Altogether the Hubbard model Ĥ ′ is SO(4) = SU(2)×SU(2)/Z2

invariant since the eigenvalues of Ĉz and Ŝz are both integer or half odd-
integer at the same time [208]. Eßler, Korepin, and Schoutens [209] only
recently showed that the generators of the charge SU(2) can be used to
determine a complete set of 4L eigenstates for the one-dimensional Hubbard
model. Another application of the charge symmetry will be discussed later;
see Sect. 6.2.
Electron–Hole Transformations. Very helpful for the study of the Hubbard
model Ĥ are the electron–hole transformations T1 for all types of lattices
and T2, T3,σ for bipartite lattices. T1 is defined as

T1 : ĉ+R,σ �→ ĉR,σ ; ĉR,σ �→ ĉ+R,σ σ =↑, ↓ (2.31)

and transforms all electrons into holes and vice versa. When we apply the
transformation to the Hubbard Hamilton operator in subspaces with fixed
electron numbers we can deduce [210, 211] that

Ĥ(N↑, N↓, U, t) ≡ Ĥ(L−N↑, L−N↓, U,−t)− U(L−N↑ −N↓) . (2.32)

On bipartite lattices we may freely choose the sign of the hopping ampli-
tude t. Under the transformation T2

T2 : ĉ+R,σ �→ (−1)Rĉ+R,σ ; ĉR,σ �→ (−1)RĉR,σ σ =↑, ↓ (2.33)

the kinetic energy operator changes its sign if the electrons tunnel between
only A and B lattice sites (“non-frustrated hopping”) which is indeed the
case for the standard Hubbard model. The potential energy operator stays
invariant. On bipartite lattices with non-frustrated hopping we thus find [210,
211]

Ĥ(N↑, N↓, U, t) ≡ Ĥ(N↑, N↓, U,−t) (2.34)

such that the sign of t may be chosen at will.



72 2. Hubbard Model

Another simplification results from the electron–hole transformation that
acts only on one spin species,

T3,σ : ĉ+R,σ �→ (−1)RĉR,σ ; ĉR,σ �→ (−1)Rĉ+R,σ . (2.35)

The kinetic energy operator stays invariant and the operator for the potential
energy changes its sign. Including the constants we find

Ĥ(N↑, N↓, U) ≡ Ĥ(L−N↑, N↓,−U) + UN↓
≡ Ĥ(N↑, L−N↓,−U) + UN↑ . (2.36)

These symmetries allow us to restrict ourselves to the subspace of less than
half band-filling (N↑ +N↓ ≤ L) and a non-negative z component of the spin
(Sz = [N↑ −N↓] /2 ≥ 0) for the Hubbard model on bipartite lattices [211].

As an application we can easily show that the band is half-filled at all
temperatures for the chemical potential μ(N = L) = U/2. We have

〈N̂〉(μ, T ) =
1
β

∂

∂μ
Tr
[
exp

(
−β(Ĥ − μN̂)

)]
=

1
β

∂

∂μ
Tr
[
exp

(
−β

(
Ĥ + U(L− N̂)− μ(2L− N̂)

))]
= 2L+

1
β

∂

∂μ
Tr
[
exp

(
−β

(
Ĥ − (U − μ)N̂

))]
= 2L− 〈N̂〉(U − μ, T ) , (2.37)

where we used both transformations T3,σ in the second step and the definition
in the last step of the derivation. Obviously, μ = U/2 forces 〈N̂〉(U/2, T ) = L
at all temperatures. An insulator is characterized by a finite range of μ values
around μ = U/2, for which 〈N̂〉(μ, T = 0) = L holds (gap criterion). At finite
temperatures 〈N̂〉(μ, T ) = L is fulfilled only for μ = U/2 since the jump in
the chemical potential is smeared out by thermal excitations.

2.5.4 Basic Properties of the Hubbard Model

The Hubbard model can be treated exactly in some limiting cases, which we
will now discuss.

Fermi-Gas Limit. First of all, a complete solution is possible for vanishing
interactions, U = 0. The remaining kinetic energy operator, Ĥ(U = 0) = T̂ ,
is diagonal in momentum space and the model describes a free Fermi gas
whose properties are well understood; see [136, Chap. 2]. In particular, the
free Fermi gas is an (ideal) metal.

Atomic Limit. The model is also easily solved in the atomic limit, t = 0,
since Ĥ(t = 0) = UD̂ is now diagonal in position space [155]. A lattice site
can be occupied with two (double occupancy), one (single occupancy with
spin σ), and zero electrons (hole). For N ≤ L only single occupancies and
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holes are present in the ground state whereas for N > L only double and
single occupancies occur. Excited states can be classified according to the
number of double occupancies and the calculation of the free energy density
in the grand canonical ensemble in the presence of an external magnetic
field H0 is readily performed with the result (β = 1/(kBT ), gμB ≡ 1)

fatom(U, T, μ,H0) = −T ln
(
1 + eβ(μ−H0) + eβ(μ+H0) + eβ(2μ−U)

)
.

(2.38a)

From that one can verify that the average density of doubly occupied sites,
d = 〈D̂〉/L, obeys

e−βU =
d(1 − n− d)

(n↑ − d)(n↓ − d)
. (2.38b)

This is a law of mass action between doubly occupied sites and holes on one
hand and singly occupied sites on the other hand, which is controlled by the
ratio of the interaction strength to the temperature. The ground state and
all excited states are highly degenerate with respect to the spin and charge
degrees of freedom since neither the position of a hole or double occupancy
nor the position of a singly occupied site in the lattice has any influence on
the spectrum. Since the lattice sites do not communicate with each other the
system is an insulator.

Infinite-U Limit. More interesting than the atomic limit is the limit of strong
interactions, U �W . We stress that the atomic limit and the limit of strong
interactions are different since in the former case there is no coupling be-
tween the lattice sites whereas in the limit U →∞ a finite coupling between
the lattice sites is kept. Electron–hole symmetry means we may concentrate
on less than or equal half band-filling. In lowest-order perturbation theory
around the limit of infinitely strong interactions (U = ∞) the dynamics is
restricted to the subspace of the lowest possible number of double occupan-
cies, i.e., to D = 0 for N ≤ L. The operator for projection onto this subspace
is the Gutzwiller projector (see also Sect. 3.4)

P̂D=0 =
∏
R

[
1− n̂R,↑n̂R,↓

]
. (2.39)

To lowest order in perturbation theory [212, Chap. 16] in the parameterW/U
and for n ≤ 1 we obtain in the subspace of no double occupancies

Ĥ(1) = P̂D=0T̂ P̂D=0 (2.40)

=
∑

R1 	=R2,σ

t(R1 −R2)(1− n̂R1,−σ)ĉ+R1,σ ĉR2,σ(1− n̂R2,−σ) .

The model (2.40) is termed the “T̂ model”, the “infinite-U Hubbard model”,
or the “Nagaoka problem”. For notational simplicity the projection operators
in (2.40) are often formally omitted.
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The exact solution of this model is impossible in general [157]. There are
two exceptions: (i) a chain in one dimension [213], and (ii) a single hole in ar-
bitrary dimensions, N = L−1 [214]. In case (i) the electrons cannot hop over
each other and the system is, as in the atomic limit, 2N -fold spin-degenerate.
Thus the spectrum is equivalent to a fully ferromagnetically polarized system
since the spin of an electron plays no role. In addition to the spin degeneracy
we thus obtain the free energy density of a free Fermi gas of holes at density
nh = 1−n. In case (ii) the system is fully ferromagnetically polarized, i.e., the
state with total spin S = N/2 (“Nagaoka state”) is a – possibly degenerate
– ground state of the system. Although a single hole bears no resemblance
to the thermodynamic limit the Nagaoka state seems to be surprisingly sta-
ble even for finite hole densities [215]. This example already indicates that
the hole motion described by the T̂ model depends on the position and the
polarization of the electron spins in a rather subtle manner.

For less than half band-filling, N < L, the model (2.40) should describe an
ideal metal since the holes are mobile charge carriers. However, a formal proof
does not exist in 1 < d < ∞ dimensions [216] since the motion of the holes
strongly influences the spin background. Nevertheless, a metallic ground state
is very plausible for all dimensions because delocalized holes minimize the
energy of the T̂ model. Obviously, the case of half band-filling is special since
holes are completely absent, which implies P̂D=0T̂ P̂D=0 ≡ 0. In this system
the chemical potential is discontinuous at N = L because the annihilation
of an electron requires a finite energy μ−(N = L) = W2/2 whereas the
creation of an electron requires the energy μ+(N = L) = U −W1/2 → ∞.
For n↑ + n↓ = n = 1 and U = ∞ we thus have an insulating ground state.

Large-U Limit. The 2L-fold degeneracy of the ground state for N = L is
lifted in second-order (degenerate) perturbation theory. For all electron den-
sities n < 1 we find [212]

Ĥ(2) = Ĥ(1) − 1
U
P̂D=0T̂ P̂D=1T̂ P̂D=0 (2.41)

where P̂D=1 projects onto the subspace with one double occupancy. For the
construction of higher-order terms in the perturbation expansion we have to
apply a more systematic approach [217, 218]. In the subspace of no double
occupancies we may equally write

Ĥ(2) = T̂ +
∑

R1 	=R2

2 |t(R1 −R2)|2
U

[
ŜR1 · ŜR2 −

1
4
n̂R1 n̂R2

]

−
∑

R1 	=R2 	=R3 	=R1

t(R1 −R2)t(R2 −R3)
U

(2.42)

×
∑
σ,σ′
λσ,σ′ ĉ+R1,σ ĉ

+
R2,−σ ĉR2,−σ′ ĉR3,σ′ ,
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where ŜR are Heisenberg spin operators for spin S = 1/2 (compare Sect. 1.4),
and we have set λσ,σ = +1, λσ,−σ = −1. If we restrict ourselves to the first
and second terms in (2.42) we obtain the “tJ model” which is frequently
used for the description of the copper-oxide planes in the high-temperature
superconductors [194]. Actually, this model was introduced by van Vleck a
long time ago (“minimum polarity model”) in order to describe itinerant
ferromagnetism [219].

Neither the first nor the third terms in (2.42) appear at half band-filling
since they do not lead to a final state without a double occupancy. For half
band-filling we thus find the effective Hamiltonian for strong correlations to
be given by (n↑ + n↓ = n = 1)

Ĥ(2)(n = 1) ≡ ĤHeis =
∑

R1 	=R2

2 |t(R1 −R2)|2
U

[
ŜR1 · ŜR2 −

1
4

]
. (2.43)

The Hubbard model at half band-filling and large interactions becomes equiv-
alent to the antiferromagnetic Heisenberg model with the exchange cou-
pling [154]:

J(R1 −R2) =
2 |t(R1 −R2)|2

U
> 0 . (2.44)

The Heisenberg model (2.43) is the “standard model” for the description of
magnetic insulators [136, Chap. 32]. Hence the Hubbard model at half band-
filling and strong interactions describes an antiferromagnetic insulator in all
dimensions.

Metal–Mott Insulator Transition. We have convinced ourselves that the Hub-
bard model at half band-filling describes a metal for U = 0 and an antifer-
romagnetic insulator for U � W . Thus we are confident that the model
is indeed capable of describing a Mott transition at a critical interaction
strength Uc. Of course, both the value of Uc and the nature of the tran-
sition remain undetermined by these general considerations. For arbitrary
dimension the value for Uc can be found only for rather special cases, e.g., at
(unphysically) strong magnetic fields [220].

Mott’s example in Sect. 1.4 described only the charge degrees of freedom
whereas the Hubbard model also contains an antiferromagnetic exchange in-
teraction. Hence, the predictions on the nature of the Mott transition based
on Mott’s example must not be taken too literally for the Hubbard model.
As we will see in Sect. 4.1, in one dimension the transition does not occur at
Uc ≈W , but the metallic phase is limited to U = 0 (Uc = 0+). Strictly speak-
ing the one-dimensional Hubbard model does not describe a Mott transition
because the metallic phase is not present in a finite range of interactions. We
present further details on the exact solution of the standard and some mod-
ified Hubbard models in Chap. 4. An explicit one-dimensional realization of
Mott’s example in the strict sense is discussed in Sect. 6.2.
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2.5.5 Magnetism

Although very few exact statements exist on the metal–Mott insulator tran-
sition in the Hubbard model there is more information available on its mag-
netic phase diagram. From early on one of the main objectives in Hubbard
model studies was the description of itinerant magnetism [159, 160]; see
also [174, 175]. Recent reviews for exact results on the magnetic phases of
the Hubbard model are provided by Lieb [221] and Tasaki [222].

For some models of classical statistical mechanics, such as the Ising spin
model, the phase diagram can be qualitatively determined from symmetry
considerations [223]. Quantum spin models such as the antiferromagnetic
Heisenberg model of (2.43) already pose a considerably more difficult task.
For example, on bipartite lattices the ground state for the antiferromagnetic
Ising model with nearest-neighbor interaction is a simple Néel state in all
dimensions such that the Ising model displays antiferromagnetic long-range
order even in one dimension. For the corresponding spin-1/2 Heisenberg chain
there is no long-range antiferromagnetic order. It could be proven only that
the ground state displays long-range order in two dimensions for S ≥ 1 [224]
but spin S = 1/2 remains an open problem at the moment in d = 2 dimen-
sions. Néel-type order has been proven to exist in d ≥ 3 for all S ≥ 1/2.

In the Hubbard model our quantum-mechanical objects are not local spins
but mobile electrons such that we have to expect that a qualitative but exact
analysis of the ground-state phase diagram as a function of the density and
interaction strength is even more difficult than for the Heisenberg model.
Nevertheless some exact statements can be found on magnetism in the Hub-
bard model; the most important results are listed below [221, 222]. As usual,
any type of magnetic order at finite temperatures is excluded in one and two
dimensions (Mermin–Wagner theorem [225]). Hence we focus on ground-state
properties for which this “no-go theorem” does not apply.

Absence of Ferromagnetism. It turns out that ferromagnetism is the excep-
tion rather than a generic feature of one-band models.

1. Lieb–Mattis theorem: the (possibly degenerate) ground state of a one-
dimensional system with nearest-neighbor hopping and arbitrary interac-
tions is a total spin singlet (S = 0) or a spin doublet (S = 1/2) for even
or odd electron number [226, 227]. This theorem shows that the func-
tional form of the hopping rather than that of the interaction is decisive
for ferromagnetism in one dimension.

2. Kanamori’s result: in the limit of small electron densities, n → 0, the
Hubbard model is paramagnetic for all U [160, 227] if the perturba-
tion theory in the electron density n converges. Kanamori’s result from
a T -matrix calculation is questionable for dimensions d ≤ 2 since the
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restricted phase space in low dimensions prohibits convergence in one
dimension1 and renders it doubtful in two dimensions.

3. Lieb’s ferrimagnetism: on bipartite lattices (e.g., the copper-oxide planes)
with LA A and LB B lattice sites and at half band-filling with N = L =
LA + LB electrons the ground state of the repulsive Hubbard model
has the total spin S = |LB − LA|/2 [228] whereas the Hubbard model
with attractive interaction displays superconducting correlations [229].
These results generally exclude ferromagnetism in the ground state at
half band-filling for all extended Hubbard models with real hopping am-
plitudes t(R1,R2) = t(R2,R1) between A and B lattice sites. At best
ferrimagnetism [136, Chap. 33] is realized for LB �= LA. For LA = LB the
total spin is zero but the theorem indicates the strong antiferromagnetic
correlations between the two sublattices.

Models with Ferromagnetic Ground States. The restrictions of the above the-
orems can be overcome in various ways as the following examples indicate.

1. Nagaoka theorem: the ground state for a single hole in the half-filled
band for U = ∞ is fully ferromagnetically polarized, S = Smax (Nagaoka
state) [214, 222, 230]. As already mentioned the Nagaoka state is sur-
prisingly stable at finite hole densities [215]. For example, a mesoscopic
number of holes Nh

<∼ L1/(2d) in d dimensions is not sufficient to desta-
bilize it in the thermodynamic limit [231]. Nevertheless, no proof exists
that a finite density of holes in the T̂ model still leads to the Nagaoka
state. It is conceivable that a partly ferromagnetically polarized state
exists in the Hubbard model for a small but finite hole density.

2. Mielke’s flat-band ferromagnetism: a ferromagnetic ground state does
exist in the Hubbard model for some electron density n > nc for special
lattices such as the Kagomé lattice [232]. In these “flat-band models” the
dispersion relation is such that ferromagnetic states are degenerate with
the Fermi sea at U = 0, and they become ground states for arbitrarily
small U > 0.

3. Müller-Hartmann’s split-band ferromagnetism in one dimension: a modi-
fied Hubbard model was recently constructed by Müller-Hartmann whose
low-density ground state should be ferromagnetic [233]. Here, the dis-
persion of the model has two degenerate minima such that the model
effectively reduces to a two-band (or two-chain) model.

4. Tasaki’s split-band ferromagnetism: a set of one-dimensional models
with additional next-nearest-neighbor hopping was constructed by Ta-
saki [222]. These models also belong to the class of “split-band models”,
i.e., as in Müller-Hartmann’s example the bare dispersion relation is split
into an upper and a lower band. At quarter filling and strong enough

1 Perturbation theory to finite order in U gives a Fermi liquid with a quasi-particle
peak in the spectral function. In the exact solution the system is a Luttinger
liquid with singularities at the two different velocities for spin and charge exci-
tations; see Sect. 4.4.1.
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interactions these models display ferromagnetism since the interaction
between ↑ and ↓ spins results in energetically costly electron transfers
between the two bands; they are absent for a ferromagnetic ground state
which then is a ferromagnetic insulator.
Tasaki’s ferromagnetism is apparently stable away from the quarter-filled
case [234]. Hubbard models with additional next-nearest-neighbor hop-
ping [235] are presently the best candidates for stable itinerant ferromag-
netism in one dimension; for a recent review, see [236].

5. Models for ferromagnetic insulators: Hubbard-type models in arbitrary
dimensions with a fully ferromagnetically polarized, insulating ground
state can be constructed by adding more terms to the electron hopping
and interaction [237]. The results may not necessarily be taken as proof
that ferromagnetism exists in realistic one-band Hubbard models; instead
they mark extreme parameter regions for extended Hubbard models; see
also Sect. 6.1.3.

The exact results cited above show that there are tendencies to both
ferromagnetic and antiferromagnetic order in the Hubbard model. In addi-
tion to these standard magnetic structures [136, Chap. 33] special forms of
magnetic order are conceivable, in particular for two dimensions, e.g., spi-
ral topologies [238, 239]. Correspondingly, the magnetic phase diagram of
the Hubbard model as a function of the interaction strength and the elec-
tron density could include a large variety of magnetic phases. Hartree–Fock
mean-field calculations and other approximate treatments of the Hubbard
model typically produce such a rich phase diagram. We will discuss the most
important approximation schemes on the Hubbard model in the next chapter.
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Despite its conceptional simplicity the Hubbard model provides a compli-
cated interacting many-electron problem which, in general, cannot be solved
exactly. Therefore, approximate methods are employed which are presumed to
give a qualitatively correct picture of the physics contained in the model. Here
we are interested in the metal–insulator transition and other phenomena be-
yond perturbation theory. Hence, we have to design feasible non-perturbative
approaches that also allow for the description of possible phase transitions.

Given the results of such an approach we have to face a new problem:
each approximate method for the Hubbard model introduces a second level
of approximation to reality. When we judge the quality of an (often un-
controlled) approximate method we have to distinguish between predictions
about the physics of the Hubbard model on one hand, and speculations about
the properties of real materials on the other hand.

To circumvent this new problem in this book we will investigate only
whether a chosen approximate treatment yields reasonable results for the
Hubbard model. Hence, we will not compare those results to experimental
data, as is frequently done to justify an approximation. For the same reason
we will not consider model calculations on metallic hydrogen or lithium, which
are conceivable experimental realizations of the bare Hubbard model.

We begin this chapter with an examination of effective single-electron
theories. In the first section we discuss the Hartree–Fock theory, the sim-
plest single-electron theory, which already gives Slater’s theory of the metal–
insulator transition, and Stoner’s theory of ferromagnetism. In the second
section we summarize the results of density-functional theory and the local
density approximation for the Hubbard model.

In the following three sections we examine approximate many-particle
techniques for the Hubbard model. The third section is concerned with the
results of the Green-function decoupling method, a many-particle method
that was used by Hubbard in his basic papers. In the fourth section we
investigate the properties of the Hubbard model with the help of Gutzwiller-
correlated variational wave functions. The fifth section is dedicated to the
Slave Boson approach. All these many-particle approaches predict metal–
Mott–Hubbard insulator transitions at half band-filling at a finite interaction
strength, in agreement with Mott’s basic concepts.

Florian Gebhard: The Mott Metal-Insulator Transition, STMP 137, 79–134 (2000)
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3.1 Hartree–Fock Theory

In this section we first introduce the method and some statements on the
Hubbard model that are exact within Hartree–Fock theory. The next two
subsections are concerned with Slater’s theory of the antiferromagnetic insu-
lator and Stoner’s theory of the ferromagnet. The resulting phase diagram
is displayed in the fourth subsection. Finally, we discuss the advantages and
problems as well as possible improvements to Hartree–Fock theory.

3.1.1 Method and Exact Statements

In Hartree–Fock theory the four-fermion term of the (Hubbard) interaction is
split into two-fermion terms by replacing a pair of a creation and an annihila-
tion operator by its expectation value. For the Hubbard model with repulsive
interaction we do not have to consider (anomalous) expectation values for two
creation or two annihilation operators. For the double occupancy operator in
the Hubbard interaction one then obtains

D̂ =
∑
R

n̂R,↑n̂R,↓ �→ D̂HF = D̂H + D̂F , (3.1a)

D̂H =
∑
R

[n̂R,↑〈n̂R,↓〉+ 〈n̂R,↑〉n̂R,↓ − 〈n̂R,↑〉〈n̂R,↓〉] , (3.1b)

D̂F = −
∑
R

[
Ŝ+

R〈Ŝ−R〉+ Ŝ−R〈Ŝ+
R〉 − 〈Ŝ+

R〉〈Ŝ−R〉
]
, (3.1c)

where 〈. . .〉 denotes the thermodynamic average over the eigenstates of the
single-electron Hartree–Fock Hamilton operator

ĤHF = T̂ + UD̂HF . (3.2)

Hence the approximation results in a single-electron problem which, however,
has to be solved self-consistently.

The classical or Hartree contribution D̂H is given by expectation values of
density operators on the same lattice site. The Fock contribution D̂F typically
contains non-diagonal expectation values in the space and/or spin indices. In
both terms we subtracted products of two averages to ensure that 〈D̂〉 =
〈D̂HF〉 holds within Hartree–Fock theory.

In general, the determination of the minimal free energy in the space of all
self-consistent solutions for all electron densities n and interaction strengthsU
is a mathematically unsolvable problem. Nevertheless there are some rigorous
results on the Hubbard model with nearest-neighbor hopping [240] that are
exact within Hartree–Fock theory defined by (3.1) and (3.2):

1. for U = ∞ (T̂ model, (2.40)) the ground state is fully ferromagnetically
polarized for all N ≤ L− 1;
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2. for n = N/L = 1 (half-filled band) and on bipartite lattices with non-
frustrated hopping the relation

〈n̂R,σ〉 =
1
2
(
1 +m(−1)Rλ↑,σ

)
, (3.3)

with λσ,σ = +1 and λσ,−σ = −1, holds. Here, m = |〈n̂R,↑〉 − 〈n̂R,↓〉| de-
notes the sublattice magnetization. (−1)R = ±1, depending on whether
R belongs to the A or B sublattice.

For a half-filled band this implies that we may choose the axis of quantization
such that the Fock contributions according to (3.1c) vanish due to the fact
that the spin in the z direction is conserved. Hence, the Hartree and Hartree–
Fock equations become identical and describe the Fermi gas for m = 0 or
a state with long-range antiferromagnetic Néel-type order for m > 0 (spin-
density wave). For exact statements for negative U , and other hopping matrix
elements t(R1,R2), see [240].

In all except the two cases listed above no exact statements are available
for the Hubbard model with nearest-neighbor hopping and repulsive interac-
tion. To keep the Hartree–Fock problem tractable one has to make further
assumptions for the expectation values in (3.1). Typically one assumes that
the translational and/or spin symmetry are broken in a simple manner.

3.1.2 Slater’s Theory of the Antiferromagnet

For a half-filled band the best Hartree–Fock state for the Hubbard model with
nearest-neighbor hopping on bipartite lattices has a finite sublattice mag-
netization m and thus antiferromagnetic long-range Néel-type order [240];
see (3.3). The number of ↑ and ↓ electrons is equal, n↑ = n↓ = n/2 = 1/2.
For this state the self-consistency problem can actually be solved for all band
fillings [241, 242]. We present the calculations in Appendix A.1.

On a d-dimensional simple cubic lattice the theory describes two bands in
the magnetic Brillouin zone in which the vectors k and k + Q from the first
Brillouin zone are identical, and Q = G/2 = (π, . . . , π)/a is half a reciprocal
lattice vector. The dispersion relation of the two bands is given by

E±(k) =
1
2

[
ε(k) + ε(k + Q)±

√
[ε(k)− ε(k + Q)]2 + (Um)2

]
, (3.4)

where m is the sublattice magnetization, which has to be determined self-
consistently; see Appendix A.1. These two bands are usually interpreted as
the upper and lower Hubbard bands.

The Hubbard model for bipartite lattices has a peculiar property if the
hopping is non-frustrated, i.e., restricted to hopping between lattice sites on
different sublattices. Then, the dispersion relation obeys the so-called “perfect
nesting” property,

ε(k) = −ε(k + Q) (3.5)
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for all k from the magnetic Brillouin zone. Equation (1.24) gives an example
for the simple cubic lattice. As a consequence, the Fermi energy for half-filling
is zero and the Fermi surface defined by the wave vectors ε(kF) = EF = 0
is identical to the surface of the magnetic Brillouin zone. Hence the Fermi
surface perfectly fits into the magnetic Brillouin zone. It is seen from (3.4)
that a band gap ΔμHF = Um opens for all U > 0 since m(U > 0) > 0 holds.

Equation (A.1.11) of Appendix A.1 shows that the band gap in Hartree–
Fock theory is exponentially small for small U/t,

ΔμHF(U � t, d = 1) ∼ exp
(
−2πt
U

)
, (3.6a)

ΔμHF(U � t, d = 2) ∼ exp

(
−
√
Ec

U

)
, (3.6b)

ΔμHF(U � t, d = 3) ∼ exp
(
− 1
UDσ,0(0)

)
. (3.6c)

The prefactors are independent of U and Ec = O(t) is a cut-off energy; see
also [243]. Dσ,0(0) denotes the density of states of one spin species at the
Fermi energy in the paramagnetic state. For systems with “perfect nesting”
we obtain a (thermodynamic) phase transition into an insulating state with
antiferromagnetic long-range order at UHF

c (n = 1) = 0+. For non-bipartite
lattices, e.g., for a face-centered cubic lattice, one obtains UHF

c (n = 1) > 0
instead. In the latter case, however, the validity of (3.3) is only an assumption.
The optimum Hartree–Fock ground state for a non-bipartite lattice like the
face-centered cubic lattice has yet to be determined.

For large interactions we find

ΔμHF(U � t) = U −O
(
t2/U

)
, (3.7)

independent of dimension and lattice structure. In Hartree–Fock theory the
electrons are fixed onto their respective sublattice sites for large interaction
strengths, and there is no bandwidth contribution to the gap that should be
present according to Mott’s general ideas. We expectΔμ ≈ U − (W1 +W2)/2
where W1,2 are the bandwidths of the upper and lower Hubbard bands for
the charge excitations; see Sect. 1.4.6. Charge excitations are not mobile for
large U/t within the Hartree–Fock description, WHF

1 = WHF
2 = 0, and only

the exchange interaction correction to the gap of order J ∼ t2/U lowers the
gap from its atomic limit value, Δμatom = U .

For less than half band-filling the Slater theory describes an antiferromag-
netic metal for all U <∞. For U = ∞ the bandwidth of both bands E±(k)
goes to zero. Hence we have USlater

c (n < 1) = ∞. In this limit, however, the
ground-state energy of the antiferromagnetic Hartree–Fock solution is larger
than the ground-state energy of the fully ferromagnetically polarized state;
see Sect. 3.1.1. Consequently, a metal–insulator transition does not take place
within the exact Hartree–Fock theory for n < 1 and large U/t. Instead, there
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will be a transition from an antiferromagnetic into a ferromagnetic metal at
a finite interaction strength; see Sect. 3.1.4.

A discussion of the thermodynamics can be found, e.g., in [242, 244]. Here,
the important point is that the Hartree–Fock theory describes a thermody-
namic phase transition from the antiferromagnetic into a paramagnetic state
at the critical (Néel) temperature TN. Even for small but finite interactions
the Hartree–Fock Néel temperature is proportional to U , kBTHF

N ∼ U . This
transition temperature is unrealistically high since U is a large energy scale,
of the order of electron volts. This wrong prediction had to be expected since
correlations are absent in the Hartree–Fock approach. Within this theory
local moments form and order at the same temperature THF

N . In reality, how-
ever, the Hartree–Fock value THF

N serves as an estimate for the temperature
below which (relative) moments are present. These (correlated) moments or-
der at the true Néel temperature TN (much) below THF

N . For example, for
U > W , the ordering temperature is of the order of the exchange interaction,
TN ∼ t2/U , and much smaller than THF

N ∼ U , the temperature above which
moments are thermally destroyed.

3.1.3 Stoner’s Theory of the Ferromagnet

Another kind of symmetry breaking in the Hartree–Fock equations corre-
sponds to Stoner’s model for ferromagnetism [245]. In this case the spin sym-
metry is broken but the system remains translationally invariant. Stoner’s
assumption for the expectation values reads

〈n̂R,↑〉 = n↑ ≥ n↓ = 〈n̂R,↓〉 . (3.8)

As already mentioned in Sect. 3.1.1 this assumption becomes exact within
the Hartree–Fock approximation for n < 1 in the limit U →∞ .

In Stoner’s theory the single-electron bands are simply shifted by a spin-
dependent but momentum-independent constant,

εσ(k) = ε(k) +
Un−σ

2
. (3.9)

The electron density n and the total magnetization m at temperature T = 0
are calculated from the self-consistency equations as

n↑ =
∫ EF(n,m)−U(n−m)/2

−W/2

dεDσ,0(ε) , (3.10a)

n↓ =
∫ EF(n,m)−U(n+m)/2

−W/2

dεDσ,0(ε) , (3.10b)

n = n↑ + n↓ , (3.10c)

m = n↑ − n↓ = R(m) . (3.10d)
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Equation (3.10c) defines the Fermi energy EF(n,m) and (3.10d) allows us
to determine the magnetization self-consistently. Dσ,0(ε) and E0

F denote the
density of states of one spin species and the Fermi energy for U = 0, respec-
tively.

If we are interested in the critical interaction strength for the transi-
tion from a paramagnetic into a ferromagnetic state, we just have to ex-
pand (3.10d) for small magnetization. The function on the right-hand side of
the last equation, R(m), is antisymmetric in m since EF(n,m) is symmet-
ric. Furthermore, the limiting value of R(m) is n when we let m go to n.
Hence, a solution with m > 0 will exists if the inclination of the curve R(m)
as a function of m near m = 0 is larger than unity, the inclination of the
left-hand side of (3.10d). The expansion of R(m) in lowest order in m gives
the criterion UDσ,0

(
EF(n,m = 0)−Un/2

)
≥ 1. We use (3.10c) and see that

EF(n,m = 0) − Un/2 = E0
F holds. Hence we find the “Stoner criterion for

ferromagnetism”

UDσ,0(E0
F) ≥ 1 . (3.11)

At UStoner
c = [Dσ,0(E0

F)]−1 there should be a transition from a paramagnetic
metal into a ferromagnetic metal. For the Hubbard model Stoner’s theory
does not predict a metal–insulator transition for n < 1 for any interaction
strength. For half-filling it describes a transition to a standard band insulator
at U =∞.

The ground-state energy is linear in U/t below the Stoner transition,

(EStoner
0 /L)(U ≤ [Dσ,0(E0

F)]−1) = EFermi sea +
Un2

4
, (3.12)

because the interaction term contains only the Hartree contribution Un2/4
of the paramagnetic Fermi gas. There are no correlation contributions, which
is typical for a Hartree–Fock calculation.

3.1.4 Simplified Hartree–Fock Phase Diagram

To determine a Hartree–Fock phase diagram for the Hubbard model it is not
sufficient to investigate independently phases with broken symmetries. In-
stead we have to analyze the stability of these phases relative to each other.
This can be achieved by a comparison of their respective ground-state or
free energies. Alternatively, we may calculate the magnetic susceptibility as
a function of momentum and frequency. Divergences in this quantity as a
function of the model parameters n and U/t indicate a transition to another
phase. The latter method offers the advantage that the analysis may be re-
stricted to a given phase for which the calculations can actually be carried
out. However, only the local stability of that phase is thereby tested. A state
with a globally lower energy may thus be missed.

Shortly after the Hubbard model was introduced Penn [246] carried out a
detailed Hartree–Fock calculation for a three-dimensional simple cubic lattice
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Fig. 3.1. Simplified phase diagram
of the Hubbard model for a three-
dimensional simple cubic lattice in
Hartree–Fock theory with param-
agnetic, ferromagnetic, and antifer-
romagnetic phases. Lines (dashed
lines) indicate second-order (first-
order) phase transitions. X axis:
half of the electron density, n/2.
Y axis: interaction strength U , nor-
malized to the hopping matrix ele-
ment t (from [246]).

involving ferromagnetic, antiferromagnetic, ferrimagnetic, and spiral states at
zero temperature. A simplified magnetic ground-state phase diagram without
ferrimagnetic and spiral phases is shown in Fig. 3.1. There is a qualitative
agreement between the phase diagram in Fig. 3.1 and the exact statements
about the Hartree–Fock phase diagram listed in Sect. 3.1.1. Antiferromag-
netism is stable near half band-filling, and there are ferromagnetic regions
beyond the Stoner value UStoner

c = [Dσ,0(E0
F)]−1 which become larger as U/t

increases. Finally, ferromagnetism is the only stable phase within Hartree–
Fock theory for all n < 1 for U/t = ∞.

Usually the ground-state energy is a differentiable function of U/t at tran-
sitions between the paramagnetic and a magnetically ordered phase. This is
no longer the case for transitions between phases with topologically different
magnetic structures. In analogy to the standard theory of phases transitions
as a function of temperature, the transitions in Fig. 3.1 between paramagnet
and ferromagnet or antiferromagnet are termed “second order” and the tran-
sition between ferromagnetic and antiferromagnetic order are of “first order”.
The latter transition can be identified only by a comparison of the ground-
state energies of the respective phases. As discussed above, the analysis of
the magnetic susceptibilities does not signal an instability in this case [246].

As well as the states considered so far we may include more complicated
spin structures such as ferrimagnetism or spiral states in our analysis. These
additional phases, however, do not substantially change the Hartree–Fock
phase diagram [246]. In addition, there are no rigorous statements on the
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real existence of these phases within Hartree–Fock theory. Hence we did not
include them in Fig. 3.1. Analytical [247] and numerical [248] studies show
that Hartree–Fock ground states with a rich magnetic structure like spin po-
larons and magnetic domain walls are conceivable, especially in two dimen-
sions. We may thus conclude that not even the Hartree–Fock phase diagram
of the Hubbard model has been fully resolved.

3.1.5 Advantages and Problems

Hartree–Fock theory offers several advantages.

(i) It obeys a variational principle. The free energy in Hartree–Fock theory
is always an upper bound for the exact free energy [249, 250].

(ii) It can be derived from a generating functional in the sense of Baym
and Kadanoff [251]. Hence, it is a “conserving approximation” which
automatically exactly fulfills all sum rules. Consequently, the Hartree–
Fock theory cannot yield unphysical results that violate any conservation
laws.

(iii) It is perturbatively controlled [252]. It can be formulated in the language
of Feynman diagrams for a perturbation expansion in U/t or n [253,
Chap. 4] which shows that the theory is exact up to and including the
order U/t, and n2, respectively.

The last advantage of the Hartree–Fock theory is also its biggest problem: all
correlations are missing. The theory does not allow perturbatively controlled
statements about the physical properties of the Hubbard model for appre-
ciable U/t or densities n since higher-order corrections in U/t or n have not
been taken into account. In particular, we find that

(i) for small interaction strengths there are no contributions in order U2/t
to the ground-state energy, for neither the antiferromagnetic nor the
ferromagnetic state;

(ii) for large interaction strengths the Hartree–Fock ground state is ferro-
magnetic for all 0 < n < 1. However, Kanamori [254] used a pertur-
bation expansion in the density n to show that the ground state of the
Hubbard model in dimensions d ≥ 3 is paramagnetic for small electron
densities for arbitrarily large U/t;

(iii) for n = 1 and U → ∞ the Hartree–Fock ground state for the Hubbard
model continuously transforms into the Néel state. This “classical” spin
state lacks all quantum-mechanical spin fluctuations which are typical
for the antiferromagnetic Heisenberg model. In addition, the upper and
lower Hubbard bands have zero bandwidth for large interactions at half-
filling. A true localization of the ↑ and ↓ electrons on their corresponding
sublattices is unphysical.

Hartree–Fock theory overestimates the tendencies to symmetry breaking
in the Hubbard model since correlations between the electrons are totally
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ignored. Consequently, only a symmetry breaking can reduce the interaction
energy, either by reducing the number of available pairs of ↑ and ↓ electrons
like in Stoner’s theory, or by fixing the electrons onto different sublattices
like in Slater’s theory. This typically results in a severe overestimation of the
Curie and Néel temperature by several orders of magnitude.

Hartree–Fock theory generally overestimates the importance of the mag-
netic degrees of freedom for the Hubbard model. Within Slater’s and Stoner’s
theories the spin degrees of freedom always dominate the charge degrees of
freedom. This can most clearly be seen for large U/t and half-filling where
the reduction of the energetically unfavorable charge fluctuations (double oc-
cupancies) is the result of only the broken spin symmetry in Hartree–Fock
theory. This scenario for the Hubbard model is unlikely for large interaction
strengths since the energy scale for charge fluctuations U is much larger than
the energy scale for spin fluctuations J ∼ t2/U . On the contrary, we expect to
observe the signatures of a metal–Mott–Hubbard insulator transition driven
by the charge degrees of freedom.

For small interaction strengths and/or low enough temperatures the spin
degrees of freedom will give rise to a thermodynamic phase transition into a
Mott–Heisenberg insulator with long-range order of the magnetic moments.
These moments persist above the Néel temperature TN in the correlated metal
or the Mott–Hubbard insulator, and are thermally destroyed at the (much
higher) Hartree–Fock Néel temperature THF

N ∼ U .
Hartree-Fock theory indicates the temperatures below which we need to

include local moments into our description of the Hubbard model. With the
help of this simple theory we can guess possible ordered phases and draw
a qualitative (magnetic) phase diagram of the Hubbard model. Hence we
can conjecture which thermodynamic phase transitions could cause a metal–
insulator transition. However, Hartree–Fock theory cannot provide a deeper
understanding of magnetic moments and the metal–Mott insulator transition,
which is actually dominated by electron–electron correlations.

3.1.6 Improvements

Any improvement in Hartree–Fock theory must aim at the inclusion of corre-
lation effects. In the following we will focus on half band-filling on bipartite
lattices with non-frustrated hopping where the optimum Hartree–Fock state
is known to be the antiferromagnetic spin-density wave.

Weak Interactions. For small interaction strengths we may use perturbation
theory to second order in U/t to derive systematically corrections to the
Hartree–Fock results [244, 255].

Both Slater’s and Stoner’s theories give the correct result for the ground-
state energy to lowest order in U/t but the antiferromagnetic state is smaller
in energy by exponential terms; see (3.12) and (A.1.14). This raises the ques-
tion whether Hartree–Fock theory can formally become exact for U → 0.
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The definite answer to this question is no [244, 256] because the energy dif-
ference between the antiferromagnetic Hartree–Fock state and the paramag-
netic Fermi gas is proportional to the square of the energy gap and is thus
of order (ΔμHF)2 ∼ U2. Hence it is inconsistent to consider only the Hartree
contributions to the ground-state energy. We have to include the diagram in
second order for a perturbatively consistent theory.

The second-order diagram leads to a finite correlation function between
different spins of order U . Consequently, the local magnetic moments due
to correlations are of order U as well and are much bigger than the (expo-
nentially small) contributions due to the long-range order. Local magnetic
moments are present in the Hubbard model for all U > 0, and they are
preserved above the Néel temperature, even though their long-range order
vanishes.

In effect, the second-order term not only yields correlation contributions to
the ground-state energy but also renormalizes all Hartree parameters like the
sublattice magnetization m and the size of the energy gap. In the framework
of a 1/d expansion [244] there is a uniform renormalization by a factor q < 1
(q ≈ 0.3 in d = 3); for the negative-U Hubbard model, see [257]. Evidence for
a renormalization of the Hartree parameters is also found in numerical studies
of the infinite-dimensional Hubbard model [258]. Apparently, in d > 2 the
sublattice magnetization stays finite. Statements on one and two dimensions
seem forbidding since the series expansion in 1/d might not converge there,
and the results may qualitatively change for low dimensions. In fact, there
is no magnetic long-range order in the one-dimensional Hubbard model, and
the presence of magnetic order in the two-dimensional Hubbard model at
zero temperature is still an unsettled issue.

Strong Interactions. In the limit of large interaction strengths it is natural
to set up a perturbation expansion in t/U . Unfortunately, at half band-filling
the degeneracy of the ground state is only lifted in second-order degener-
ate perturbation theory, and the lowest-order problem corresponds to the
Heisenberg model; see Sect. 2.5. In Hartree–Fock theory the antiferromag-
netic spin density for the Hubbard model smoothly evolves into the Néel
state as Hartree–Fock ground state of the Heisenberg model. Since the Néel
temperature for the Heisenberg model is known to be of the order of the
exchange coupling J ∼ t2/U , one can extend the Heisenberg model approach
to the Hubbard model to derive a good estimate for the Néel temperature at
all interaction strengths. This idea is carried out in [259].

The Néel state is the true ground state of the Heisenberg model in the
limit of infinite dimensions, or infinite length of the spin vector |Ŝ(R)| =√
S(S + 1). Therefore, Hartree–Fock theory provides a solid starting point

for a 1/d expansion in the limit of strong interactions. For example, the
ground-state energy and the phase diagram of the extended Hubbard model
at half band-filling for large (and small) interaction strengths can be derived
along these lines [244].
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Alternatively, we may include spin waves into our Hartree–Fock theory for
the Heisenberg model which represents the lowest-order corrections in 1/S.
For the Hubbard model this implies that we need to self-consistently include
all ring diagrams [253, Chap. 4]. A complete self-consistent calculation for
the Hubbard model can be performed only with considerable numerical ef-
fort [260]. Although the ring diagrams give the major correlation corrections
for the free electron gas at high densities [253, Chap. 4] this condition is not
fulfilled for the Hubbard model since the average electron distance is always
at least of the order of a lattice constant. Hence, the particular inclusion of
solely ring diagrams is justified only for small interaction strengths (second-
order perturbation theory in U/t) and spin-wave theory for strong interaction
at half band-filling.

Conserving Approximations. We have seen that the inclusion of certain
classes of diagrams (e.g., ring diagrams) may not give satisfactory, i.e., con-
trolled results for the parameter region of most interest to us, namely inter-
mediate interaction strengths U ≈W .

Hartree–Fock theory is the lowest-order conserving approximation in the
sense of Baym and Kadanoff [251]. Thus, it would be much more natural
to evaluate the next order conserving approximation. Unfortunately, this im-
plies the self-consistent evaluation of the so-called parquet diagrams, which
include ring and ladder diagrams as subclasses. The corresponding numerical
calculations pose an almost unsurmountable task such that there are no con-
clusive results available at the moment. Any simplification of the equations
necessarily makes them non-conserving and, more severely, may violate fun-
damental requirements like Fermi statistics or time reversal invariance which
is expressed in the “crossing symmetry” of the diagrams against exchange of
fermion lines. A brief account of conceptional and numerical problems in the
treatment of the parquet equations is given in [261]. We shall not comment
further on these approaches in this book.

3.2 Local Density Approximation

In this section we derive the lattice version of density-functional theory and
its corresponding local density approximation. Both approaches can be car-
ried through exactly for the one-dimensional Hubbard model, which allows
us to assess their potential for the description of the Mott transition. Fur-
thermore, we study the lattice generalization of Slater’s Xα approximation
to the exact exchange energy functional. We test the corresponding Xα lo-
cal density approximation and the Xα local spin-density approximation with
and without self-interaction corrections against the exact results for the one-
dimensional Hubbard model. We find that the ground-state energy density
and the Mott–Hubbard gap in the model are not very well reproduced by the
various local density approximations.
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3.2.1 Site Occupation Functional Theory

Density-functional theory and the local density approximation were originally
designed for the continuum. Consequently, we first have to formulate properly
these approaches on the lattice before we can assess their applicability for the
Hubbard model. There are several (non-equivalent) ways to derive the lattice
density-functional theory and the lattice local density approximation. A sys-
tematic way is the site occupation functional theory [262], which canonically
extends Levy’s ideas of constrained search [263], as we now discuss.

As is well known from elementary quantum mechanics [264, Chap. 18]
we can always find the ground-state energy as the minimum of the energy
functional

E [Ψ ] = 〈Ψ |Ĥ |Ψ〉 (3.13a)

in the Hilbert space of all normalized states |Ψ〉,
E0 = Min

|Ψ〉
{E [Ψ ]} . (3.13b)

For lattice electrons the Hamiltonian can be written as

Ĥ = Ĥ0 +
∑
R

V (R)n̂R , (3.14)

where Hamiltonian Ĥ0 describes the electrons’ kinetic energy and their mu-
tual interaction. The “external” electron–ion lattice potential couples to the
electron densities only. Consequently, it is possible in this case to split the
Ritz minimization procedure into two steps.

In the first step we determine the minimum of the energy functional in
the subspace of normalized states |Ψ {n(R)}〉 with the same local densi-
ties n(R) = 〈Ψ {n(R)} |n̂R|Ψ {n(R)}〉. The curly brackets indicate the func-
tion(al) dependence of the wave functions on the densities. Within the sub-
space of fixed local densities we determine the minimum energy of Ĥ0,

F [n(R)] = Min
|Ψ{n(R)}〉

{
〈Ψ {n(R)} |Ĥ0|Ψ {n(R)}〉

}
. (3.15a)

The density function(al) F [n(R)] depends on the properties of Ĥ0, not of Ĥ .
In the second step we vary the densities n(R) to optimize Ĥ . We use a

Lagrange multiplier λ to include the constraint of a fixed total number of
electrons,

N = Ln =
∑
R

n(R) . (3.15b)

The constraint implies that only L − 1 of the densities can be chosen freely.
Thus, we solve the L equations

δF [n(R)]
δn(R)

− λ+ V (R) = 0 (3.15c)
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to obtain the ground-state densities n0(R) compatible with (3.15b). Natu-
rally, λ is nothing but the (exact) chemical potential.

The exact ground-state energy becomes

E0 = F [n0(R)] +
∑
R

V (R)n0(R) . (3.15d)

The derivation shows that this approach allows only statements about the
ground-state energy and the local electron densities. Unfortunately, the varia-
tional problem (3.15) that determines the ground-state energy is by no means
simpler than the solution of the Schrödinger equation itself.

The essential idea behind the Hohenberg–Kohn–Sham theory [265] is the
following. The many-electron problem still contained in Ĥ0 is replaced by
a one-electron Hamiltonian H̃0, and the actual external potential V (R) is
replaced by an effective one-electron potential V eff(R), i.e., we analyze

H̃ = H̃0 +
∑
R

V eff(R)n̂R (3.16a)

and demand that Ĥ in (3.14) and H̃ in (3.16a) give the same ground-state
energy, Ẽ0 = E0, and densities, ñ0(R) = n0(R). Equation (3.16a) is known as
the assumption of “V representability”. If H̃0 is a two-electron Hamiltonian,
a one-body potential V eff(R) is not sufficient; see, e.g., [266].

For the new representation H̃ of the Hamiltonian Ĥ we find the corre-
sponding functional F̃ [n(R)], which is determined by H̃0. To guarantee that
the local densities are indeed the same we have to fulfill

δF̃ [n(R)]
δn(R)

− λeff + V eff(R) = 0 (3.16b)

for the densities ñ0(R) ≡ n0(R), which we determined by (3.15b) and (3.15c).
Hence, the effective external potential is obtained from

V eff(R) = V (R)− λ+ λeff +
δ
(
F − F̃

)
[n(R)]

δn(R)

∣∣∣∣∣
{n(R)}={n0(R)}

. (3.16c)

The advantages of this alternative approach become apparent if H̃ can be
treated (numerically) exactly and if a good approximation for the difference
(F − F̃ )[n(R)] can be found.

Since the ground-state densities n0(R) already fulfill (3.15b) we need
another equation to determine λeff which is not identical to λ, the exact
chemical potential. We may equally well state that a constant shift in V eff(R)
does not change the local densities, and we need another equation to calculate
this overall constant. Since H̃ in (3.16a) should give the same ground-state
energy as Ĥ in (3.16a), we demand that the exact ground-state energy obeys

E0 = F̃ [n0(R)] +
∑
R

V eff(R)n0(R) . (3.16d)

The equations (3.16) define the equivalent one-electron problem.
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For an application let us consider the one-dimensional Hubbard model.
The external potential is zero, V (R) ≡ 0, such that the local densities are
known to be the same on all lattice sites, 〈n̂R〉 = n. The effective lattice
potential becomes a site-independent constant which has to be determined
from (3.16d). The equation (3.16c) provides no further information but only
fixes λeff . The exact functional is just the ground-state energy of the Hubbard
model, F [n] = E0(U, n) (H̃0 ≡ T̂ describes the Fermi gas of free electrons) and
the approximate functional is its ground-state energy, F̃ [n] = EFermi gas

0 (n).
Therefore, we find

V eff(U, n) =
[
Eexact

0 (U, n)− EFermi gas
0 (n)

]
/(Ln) (3.17)

for the one-dimensional Hubbard model. Since the ground-state energy of the
Hubbard model is a continuous function of the electron density, the effective
potential V eff(U, n) is also a continuous function of n. The effective one-
electron problem (3.16a) together with (3.17) gives the same ground-state
energy and local densities as the one-dimensional Hubbard model.

The resulting band structure is the same as that of free fermions but
the dispersion is shifted upwards in energy by an interaction and density
dependent value. A “band gap”, defined as discontinuity in the one-electron
dispersion relation of H̃0 ≡ T̂ , does not exist. This had been obvious from
the beginning since the density-functional theory can substantially change
the band structure only if V eff(R) is site dependent.

Nevertheless, the exact density-functional theory does reproduce the
Mott–Hubbard gap of the half-filled one-dimensional Hubbard model. The
definitions (1.4a) and (1.5a) show that the (correlation) gap can be obtained
from the exact ground-state energy, which is exactly calculated in density-
functional theory. Of course, we put in this information “by hand” since we
forced our effective single-electron representation (3.16a) to yield the exact
ground-state energy. At half band-filling the derivative of Eexact

0 (U, n) and
thus of V eff(U, n) with respect to the density are discontinuous, i.e.,

∂V eff(U, n)
∂n

∣∣∣∣
n=1+

= Δμ(U) +
∂V eff(U, n)

∂n

∣∣∣∣
n=1−

. (3.18)

For a Mott insulator the density derivative of the effective potential has a
jump discontinuity.

Although the site occupation functional theory does not give two split
Hubbard bands, one might interpret the jump in the derivative of the effec-
tive potential in terms of a “band gap”. This is the essence of the “scissor
operator” approach [267] in which calculated “band gaps” are increased by
correlation contributions to fit the experimentally observed excitation gaps.

3.2.2 Site Occupation Local Density Approximation

To set up the site occupation local density approximation we have to in-
troduce the notion of the exchange-correlation potential. In analogy to the
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density-functional theory in the continuum we define the exchange-correlation
function(al) Exc[n(R)] as

Exc[n(R)] = F [n(R)]− T [n(R)]− EH[n(R)] (3.19a)

with F [n(R)] from (3.15a),

EH[n(R)] =
1
2

∑
R,R′

n(R)Ve−e(R −R′)n(R′) (3.19b)

as the Hartree interaction between the electron densities at R and R′, and
T [n(R)] as the kinetic energy functional for non-interacting electrons at given
local densities {n(R)}. The exchange-correlation potential then becomes

vxc(R) =
δExc[n(R)]
δn(R)

∣∣∣∣
{n(R)}={n0(R)}

. (3.20a)

The effective potential in local density approximation then reads

V eff
LDA, exact(R) = V (R) + vH(R) + vxc(R) , (3.20b)

where the Hartree potential is given by

vH(R) =
∑
R′
Ve−e(R−R′)n(R′) . (3.20c)

The equations (3.20) and (3.16a) with H̃0 ≡ T̂ define the effective single-
electron Hamilton operator for the exact site occupation local density ap-
proximation.

Obviously, the exact site occupation local density approximation does not
reproduce the exact ground-state energy of the interacting system. This is
evident from the fact that we did not make any difference between the La-
grange parameters λ and λeff which appeared in the exact Ritz variational
procedure and in the exact density-functional theory, respectively. One of the
basic problems of the local density approximation is the (incorrect) assump-
tion that these two quantities are equal.

To further illustrate this point we study the one-dimensional Hubbard
model. The local densities are constant, and both the site occupation func-
tional theory and its LDA give the exact densities for the Hubbard model. By
definition this is always the case for the site occupation functional theory; the
LDA, however, gives different results, in general. For an example, see [262].
For the Hubbard model the exact LDA potential becomes

V eff
LDA, exact(U, n) =

1
L

∂

∂n

[
Eexact

0 (U, n)− EFermi gas
0 (n)

]
. (3.21)

Again, the band structure is merely shifted upwards in energy by an interac-
tion and density-dependent function, i.e., no “band gap” occurs.

The expression (3.21) has to be compared to (3.17). The LDA poten-
tial (3.21) has a jump discontinuity at half band-filling, and its value for n = 1
is ambiguous. Hence, it is impossible to define properly a correlation gap for
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the LDA. Furthermore, if vxc(R) has a jump discontinuity, then V eff(R)
and ultimately ELDA,exact

0 (U, n) will be discontinuous functions of the parti-
cle density. This is definitely wrong for the Hubbard model. In general, we
do not expect such a behavior for a charge-neutral system with short-range
interactions. Another example for the breakdown of the exact site occupa-
tion LDA can be found in [262] where a Hubbard model with an external
charge-density wave potential is studied in detail.

The ultimate reason for this problem in the LDA approach becomes ap-
parent when we look at the very definition of the effective potential in (3.20).
Even if we use the exact exchange potential vexact

xc (R), we cannot calcu-
late the exact gap if we ignore possible discontinuities in the overall energy
shift λ − λeff . This illustrates the fundamental “problem of the unknown
derivative discontinuities” in vxc(R) within the LDA approach [268, 269, 270]
The example of the one-dimensional Hubbard model indicates that V eff(R)
and thus vxc(R) should be continuous functions of the electron density, and
only their density derivatives may display a jump discontinuity.

In real band structure calculations, e.g., for semiconductors or transition-
metal oxides, we have to correct for discrepancies between the predicted gaps
and those actually observed. To this end we might (i) treat the size of the
gap as a fit parameter [267], (ii) explicitly include an additional on-site in-
teraction which we treat within an antiferromagnetic Hartree–Fock theory
(“LSDA + U” calculations [271]), or (iii) consider many-body corrections
to the band structure gap using frequency and momentum dependent self-
energies [272]. We will not comment further on these approaches here.

3.2.3 Xα Local Density Approximation

One way out of the dilemma in the exact LDA is to use a smooth approximate
expression for vxc(R). The possibly simplest way is the lattice generalization
of Slater’s Xα exchange; see Sect. 2.2.3. The Xα local density approximation
is formulated as [270]

ELDA
xc (n(R); a) = −aU

∑
R

[n(R)]4/3 , (3.22)

where a is a free constant that is chosen to reproduce properly some limiting
cases, e.g., the filled band (a = 2−4/3).

This functional dependence is readily generalized to the local spin-density
approximation as [273]

ELSDA
xc (nσ(R); a, b) = ELDA

xc (n(R); a) +
∑

σ

Exc,σ(nσ(R); b) ,

Exc,σ(nσ(R); b) = − bU

24/3 − 2

∑
R

{
[2nσ(R)]4/3 − [n(R)]4/3

}
.

(3.23)
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Fig. 3.2. Ground-state energy
density for the one-dimensional
Hubbard model at half band-
filling as a function of the
interaction strength. The exact
result of Lieb and Wu [274]
and the results of the local
spin-density approximation
with (AF-LSD) and without
self-interaction corrections
(SIC-LSD) are displayed. Note
that the Y axis is scaled by 1/U
(from [273]).

In this case the constants a = 0.3840, b = 0.0705 are chosen such that the
total energy and the electron affinity of the free hydrogen atom are repro-
duced within the LSDA. As in Mott’s example we may effectively vary the
bandwidth W and keep U = 12.9 eV fixed.

To assess the quality of the lattice Xα exchange we again compare it with
the one-dimensional Hubbard model for which the ground-state properties
are known exactly. In particular, we are interested in the size of the Mott–
Hubbard gap, and we thus restrict ourselves to half-filled bands. The densities
are uniform, n(R) = 1 for half band-filling. In this case the LDA reduces to
the paramagnetic Hartree theory with, however, an incorrect prefactor for
the linear term in U/t since the exchange contribution (3.22) is also linear
in U . The Xα exchange does not give rise to correlation contributions. In
particular, the ground-state energy does not go to zero for large interactions.

The situation does not improve much when the local spin-density approx-
imation in the Xα form of (3.23) is used. The results for the ground-state
energy density are displayed in Fig. 3.2. The following discrepancies can be
observed.

(i) For small interaction strengths one finds [273, 275] ELSDA
0 (U/t → 0) =

−W/π + 0.116U while Eexact
0 (U/t → 0) = −W/π + U/4 holds. The

prefactor in front of the linear term is thus found to be much too small.
Like the LDA the LSDA cannot reproduce the Hartree term.

(ii) For large U/t the exact ground-state energy goes to zero: the LSDA
gives a diverging contribution which stems from the self-interaction of
the electron. This self-interaction problem of the LSDA for the hydrogen
atom has been known for some time [270, 276].

(iii) For all U/t there are unsystematic deviations from the exact ground-
state energy. The LSDA does not provide any bounds on the exact
ground-state energy.

(iv) A finite sublattice magnetization is predicted which is actually absent
in the one-dimensional Hubbard model.
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We thus see that the Xα LSDA is not a reliable approximation scheme for the
Hubbard model because it does not correctly reproduce any of the limits and
provides no reliable bounds. The form of the exchange correlation potential
in (3.23) is based on the Xα exchange for the free electron gas and is not
really suited for a lattice model. Any reasonable discretization must guarantee
that at least the Hartree contribution is correctly reproduced.

The principally wrong behavior for U/t → ∞ lies in the LSDA itself
and calls for a corresponding improvement. Such corrections are included
in the self-interaction corrected LSDA (SIC-LSDA) within which the self-
interactions of the electron are eliminated [277, 278]. For this reason the
SIC-LSDA is principally better suited for correlated electron systems than
the LSDA.

3.2.4 LSDA with Self-Interaction Corrections

The SIC-LSDA allows for a localization of electrons into orbitals on a given
site. Although some of the electrons remain delocalized in Bloch states, the
rest of the electrons occupy orbitals which are localized around a lattice site.
As shown in Fig. 3.2 and [273] the self-interaction corrections substantially
improve on the ground-state energy, but some discrepancies remain.

(i) For small interactions one finds ESIC−LSDA
0 (U/t→ 0) = −W/π+0.247U .

The prefactor of the linear term almost equals the exact Hartree contri-
bution U/4.

(ii) For large U/t the exact ground-state energy goes to zero like Eexact
0 =

−4(ln 2)t2/U ≈ −2.77t2/U and the SIC-LSDA and the antiferromag-
netic Hartree–Fock theory give the results ESIC−LSDA

0 = −2.35t2/U and
ESlater

0 = ENéel
0 = −2t2/U , respectively. The SIC-LSDA thus seems to

contain contributions of spin fluctuations at large U/t.
(iii) A finite sublattice magnetization is predicted which is actually absent

in the one-dimensional Hubbard model.
(iv) Electrons truly localize, an effect not present in the Hubbard model.
(v) For all U/t the SIC-LSDA deviates only little from the exact ground-

state energy but neither it nor the LSDA provide exact bounds for this
quantity.

It is seen that the SIC-LSDA energy comes close to the exact solution for
both weak and strong interactions. In this respect the SIC-LSDA solution can
be considered a better description of the Hubbard model in one dimension
than the bare LSDA. Since both methods do not provide exact bounds on
the ground-state energy it is nevertheless impossible to judge which of the
two methods is to be preferred for real systems.

The main problem of the LSDA and SIC-LSDA shows up in the energy
gap. The corresponding results are displayed in Fig. 3.3. The LSDA under-
estimates the size of the gap, especially for small interaction strengths. The
LSDA gap is vanishingly small below an interaction strength of the size of
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Fig. 3.3. Energy gap of the one-
dimensional Hubbard model at
half band-filling in the local den-
sity approximation as a func-
tion of the interaction strength.
The exact result of Lieb and
Wu [274] and the results of
the local spin-density approxi-
mation with (SIC) and without
(AF-LSD) self-interaction cor-
rections are shown (from [273]).

the bandwidth and only reaches a fraction of the exact gap Δμexact = U−W
for large U/W . The very presence of a gap is only a consequence of the bro-
ken translational invariance just like in the antiferromagnetic Hartree–Fock
theory. Correlation contributions are completely missing.

On the other hand, the SIC-LSDA gives an energy gap that is of the
right order of magnitude for large U/t, ΔμSIC−LSDA = O(U). Here the prob-
lem is that the charge excitations in the lower Hubbard band are completely
immobile (W2 = 0) but they delocalize too strongly in the upper Hubbard
band (W1 > W

exact
1 ) [273]. The bandwidths for the two Hubbard bands do

not fit; electron–hole symmetry is violated. An even more serious problem
than the behavior of the gap at large U/t is seen to occur at small interaction
strengths; see Fig. 3.3. Whereas the gap in the exact solution is exponentially
small for small U/W (see Sect. 4.1), the gap in the SIC-LSDA approxima-
tion strongly increases even for very small interaction strengths. Since the
numerical calculations become unstable for small values of U/t an extrapola-
tion of the behavior of the SIC-LSDA gap is indicated by dashes in Fig. 3.3.
The comparison of the local moment and the sublattice magnetization clearly
shows [275, 279] that some electrons localize in the SIC-LSDA approxima-
tion even at arbitrarily small U/W . Consequently, the energy gap and the
sublattice magnetization increase linearly as a function of U/W .

For small U/W this scenario is not very likely for the metal–insulator
transition in the Hubbard model in any dimension. The electrons will per-
form a correlated motion for U > 0 but we do not expect a true localization
in the sense that the energy gap linearly increases with U/t. The SIC-LSDA
overestimates the tendencies to electron localization in the Hubbard model.
We suppose that the SIC-LSDA also predicts an insulating state for densi-
ties n < 1. Further investigations are certainly desirable [275].

The SIC-LSDA extends the scenario for possible symmetry breakings only
by a rather “radical” form of breaking translational invariance, namely the
localization of some of the electrons. For large interaction strengths it elimi-
nates some pathologies of the LSDA and takes into account some localization
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tendencies in this limit. In this sense the SIC-LSDA may be regarded as a
step forward in the description of correlated electron systems with the help
of effective single-electron theories.

In the next three sections we discuss three approximate many-body ap-
proaches to the Hubbard model.

3.3 Green-Function Decoupling Method

In this section we discuss the results obtained from the Green-function decou-
pling scheme. We start with the derivation of the exact Green function in the
atomic limit. The spectral function displays peaks at the two atomic energy
levels for a single and a double occupancy. For finite hopping these levels
broaden into the lower and upper Hubbard bands. The atomic limit pro-
vides the starting point for the Hubbard approximations. In the Hubbard-I
solution the system is a paramagnetic insulator at half band-filling for all fi-
nite interaction strengths. The metal–insulator transition is shifted to a finite
value in the Hubbard-III solution. This calculation provided the historically
first example for a metal–Mott–Hubbard insulator transition. The Hubbard
approximations are plagued with various deficiencies, e.g., the metallic phase
is not a Fermi liquid. We discuss possible extensions and improvements at
the end of this section. Some technical details are deferred to Appendix A.2.

3.3.1 Atomic Limit and Hubbard Bands

In the atomic limit the Hubbard model reduces to

Ĥatom = U
∑
R

n̂R,↑n̂R,↓ − μ
∑
R

(n̂R,↑ + n̂R,↓) . (3.24)

We can exactly calculate the retarded one-electron Green function for this
case. According to the definition in Appendix A.2 it is given by

iGret
σ (R1,R2, t) = θ(t)

〈[
ĉR1,σ(t), ĉ+R2,σ

]
+

〉
, (3.25)

where X̂(t) = exp(iĤt)X̂ exp(−iĤt) is the Heisenberg operator, θ(t) is the
step function, and

[
Â, B̂

]
+

= ÂB̂ + B̂Â is the anticommutator.
The Green function is purely local in the atomic limit, Gret

σ (R1,R2, t) =
δR1,R2G

ret
σ (R1,R1, t). Since there are only four possible configurations per

site the expectation values for the Green function can readily be calculated.
In the absence of a magnetic field the four contributions can be combined to

iGret
σ (R,R, t) = θ(t)

{
e−i(U−μ)t〈n̂R,−σ〉+ eiμt〈1− n̂R,−σ〉

}
(3.26a)

whose Fourier transformed is given by

Gret
σ (R,R, ω) =

〈n̂R,−σ〉
ω − (U − μ) + iη

+
〈1− n̂R,−σ〉
ω + μ+ iη

. (3.26b)
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Here, η = 0+ is a positive infinitesimal. The advanced Green function is
the complex conjugate of the retarded one. According to (A.2.7a) the local
spectral function is given by

Aσ(R,R, ω) = 〈n̂R,−σ〉δ(ω − (U − μ)) + 〈1 − n̂R,−σ〉δ(ω + μ) . (3.27)

This result is readily understood: if we add a σ electron to the system at
site R, we either increase the energy by −μ if the site was empty (proba-
bility 〈1 − n̂R,−σ〉), or by (U − μ) if the site was occupied by a −σ electron
(probability 〈n̂R,−σ〉).

The two atomic levels are the precursors of the upper and lower Hubbard
bands. To see this we calculate the Green function in momentum space,

Gσ(k, ω) =
1
L

∑
R1,R2

e−ik(R1−R2)Gσ(R1,R2, ω) , (3.28a)

as

Gatom, ret
σ (k, ω) =

n−σ

ω − (U − μ) + iη
+

1− n−σ

ω + μ+ iη
. (3.28b)

The spectral function in momentum space, Aσ(k, ω), displays two poles at
ω = −μ and ω = U − μ, independent of k. According to Mott’s general
arguments these two energy levels should broaden into bands as soon as we
allow for hopping of electrons between the lattice sites. Hubbard’s Green-
function decoupling approach was the first to substantiate these ideas, and
the corresponding bands are called the upper and lower Hubbard bands,
respectively.

3.3.2 Hubbard-I Approximation

The Hubbard approximations can be derived from the equation-of-motions
approach to Green functions. This Green-function decoupling approach is
lengthy and is carried out in Appendix A.2 for the Hubbard-I approxima-
tion. Fortunately, the Hubbard approximations can easily be understood in
physical terms, as we now discuss.

Hubbard [280] used the atomic limit as the starting point to define a single
self-energy to describe the two atomic levels, i.e., he wrote (ω ≡ ω+iηsgn(ω))

Gatom
σ (k, ω) =

n−σ

ω − (U − μ) +
1− n−σ

ω + μ
(3.29a)

≡ 1
ω + μ−Σatom

σ (ω)
, (3.29b)

which defines the atomic self-energy as

Σatom
σ (ω) = Un−σ + U2 n−σ(1− n−σ)

ω + μ− U(1− n−σ)
. (3.30)

At ω = −μ+U(1− n−σ) this self-energy has a spurious singularity that has
no physical origin. It is the consequence of working with a single self-energy.
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As we will argue later in this section, an approach with separate self-energies
for the upper and lower Hubbard bands appears to be more natural since
they are free of spurious singularities.

The Hubbard-I approximation is readily formulated as

Hubbard-I: Σσ(ω) = Σatom
σ (ω) , (3.31a)

such that the lattice Green function becomes

Gσ(k, ω) =
1

ω − (ε(k)− μ)−Σatom
σ (ω)

. (3.31b)

In this approximation, the exact self-energy is replaced by the atomic self-
energy. The zeros of the Green function define the quasi-particle dispersions;
see Appendix A.2. They are not damped since the self-energy is purely real.

The Green function can be cast into the form

Gσ(k, ω) =
Z+

σ (k)
ω − E+

σ (k)
+

Z−σ (k)
ω − E−σ (k)

, (3.32a)

with the quasi-particle dispersion relations E±σ (k) ≡ E±σ (ε(k))

E±σ (k) =
1
2

[
ε(k) + U ±

√
(ε(k)− U)2 + 4Un−σε(k)

]
(3.32b)

for the upper and lower Hubbard bands. In contrast to the Hartree–Fock
solution, quasi-particle states at different momenta k do not have the same,
k-independent spectral weight. Instead, the bands are “dynamic” with the
spectral weights

Z±σ (k) ≡ Z±σ (ε(k)) = ±E
±
σ (k)− U(1− n−σ)
E+

σ (k)− E−σ (k)
. (3.32c)

In particular, the number of states available in the lower (upper) band does
not necessarily equal L/2. Instead, the number of levels per Hubbard band
is given by

(N±/L) =
∫ Wmax

±

Wmin
±

dεD±σ (ε) =
∫ W/2

−W/2

dεDσ,0(ε)Z±σ (ε) , (3.33)

where Dσ,0(ε) denotes the density of states for zero interaction. The total
number of states available in both Hubbard bands together equals L, as it
should.

3.3.3 Advantages and Problems

The Hubbard-I solution becomes exact in the following limits:

(i) for U = 0 since both dispersion relations E±σ (k) together reduce to the
bare dispersion relation ε(k);

(ii) in the atomic limit, ε(k) = 0, by construction.
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In addition, the Hubbard-I solution displays a variety of new, many-particle
features compared to the Hartree–Fock description.

(i) The upper and lower Hubbard bands are “dynamic” in the sense that
both the form of density of states Dσ(ε) and the number of available
states per band depend on the strength of the Hubbard interaction and
on the electron density. In single-electron theories one has the notion of a
rigid band that can successively be filled with electrons. The Hubbard-I
solution shows that this concept might no longer hold for quasi-particle
bands in interacting electron systems.

(ii) The upper and lower Hubbard bands retain a finite width even in the
limit U �W , in contrast to the results of Slater’s Hartree–Fock theory
or of the SIC-LSDA, which localize electrons on fixed lattice sites. For
strong interactions we find

E+
σ (k) = U + n−σε(k) +O

(
W 2/U

)
, (3.34a)

E−σ (k) = (1− n−σ)ε(k) +O
(
W 2/U

)
. (3.34b)

For large interactions the bandwidths for the upper and lower Hubbard
bands and thus given by W1 =Wn−σ and W2 =W (1− n−σ).

(iii) The onset of a magnetic order is not a necessary condition for the metal–
Mott insulator transition. Instead there can be a transition from a para-
magnetic metal to a paramagnetic insulator.

To elucidate the last point let us consider a system whose unperturbed den-
sity of states shall be constant, Dσ,0(ε) = 1/W for |ε| ≤ W/2. According
to (A.2.16b) the density of states of the two Hubbard bands remains con-
stant, D±σ (E) = 1/W . At half-filling, n↑ = n↓ = 1/2, the lower of the two
Hubbard bands,

E±(k, n = 1) =
1
2

[
ε(k) + U ±

√
ε(k)2 + U2

]
, (3.35)

is completely filled because n− = (Wmax
− − Wmin

− )/W = 1/2 holds. The
chemical potential to add another electron is then given by μ+(n = 1) =
Wmin

+ = (−W/2 + U +
√

(W/2)2 + U2 )/2. Removing an electron from the
filled lower Hubbard band requires the energy μ−(n = 1) =Wmax− = (W/2+
U−

√
(W/2)2 + U2 )/2. Thus the gap for one-electron excitations is calculated

to be

ΔμH.-I(n = 1) =
√

(W/2)2 + U2 −W/2 . (3.36)

Both Hubbard bands split for arbitrarily small interaction strength. For a
constant density of states the Hubbard-I approximation predicts a metal–
Mott insulator transition at UH.-I

c (n = 1) = 0+. As in the SIC-LSDA the gap
grows with a power law for small interaction strengths.

The Hubbard-I solution is a very rough approximation to the physics of
the Hubbard model. Except for the extreme cases U = 0 or W = 0 it is not
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exact for any other parameter value, and it is not a conserving approximation
either. This can been seen for both small and large interaction strengths.

For small interactions it does not reproduce the Hartree–Fock solution
since the quasi-particle energies go over into the Hartree–Fock expression
εHF
σ (k) = ε(k)+Un−σ for only those momenta for which |ε(k)| � U [281], as

can easily be seen from (3.32b). For those momenta which obey |ε(k)| � U
the Hubbard bands tend to their atomic limit, (3.34). This behavior is cer-
tainly not generic for the Hubbard model. It would imply that electrons with
small kinetic energy are so drastically influenced by the interaction that they
actually localize. In this respect the Hubbard-I approach resembles the SIC-
LSDA and explains the strong enhancement of the energy gap beyond the
metal–insulator transition at U = 0+. For a transition at U = 0 a power-law
behavior of the one-electron gap is not generic for the Hubbard model.

Turning to strong interactions we note that the Hubbard-I approximation
lacks all antiferromagnetic correlations. The whole magnetic behavior of the
electrons in the lower Hubbard band is very peculiar. Even for temperatures
U � kBT � W 2/U the magnetic susceptibility of the filled lower Hubbard
band does not reduce to a Curie-law behavior of a paramagnetic band insu-
lator [282]. Furthermore, ferromagnetism is impossible within the Hubbard-I
solution for a constant density of states Dσ,0(E). However, all statements on
the possibility of ferromagnetism strongly depend on the form of the chosen
density of states [280].

A fundamental flaw in the Hubbard-I approximation is the violation of
electron–hole symmetry, which has severe consequences. For a general density
of states Dσ,0(ε) the metal–insulator transition does not necessarily happen
at half-filling, nc = 1. This is very unlikely for the Hubbard model and cer-
tainly incorrect in one dimension and in infinite dimensions; see Chaps. 4
and 5. The violation of elementary symmetries and sum rules and the poor
description of magnetism in the Hubbard model lead to the conclusion that
we should abandon the Hubbard-I approximation as a tool for the study of
correlated electron systems, even if some features, such as the electron local-
ization, reappear in the SIC-LSDA. The basic concepts behind the Hubbard-I
approximation as discussed above became very popular since the method al-
lowed us to describe the metal–Mott insulator transition in a rather simple
“band structure picture” such that many properties of the Hubbard model
and of real correlated electron systems are discussed in the terminology of
the Hubbard approximations.

3.3.4 Improvements

Several of the major flaws in the Hubbard-I approximation can easily be
cured if we abandon Hubbard’s viewpoint that the atomic limit provides
a single self-energy for the case of a finite bandwidth. Instead, the atomic
levels broaden into two Hubbard bands such that we should rather work with
a two-by-two matrix for the self-energy. For the sake of simplicity we neglect
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interband effects, which is a good approximation for large U/W . Then we
are left with separate self-energies for the lower and the upper Hubbard band
as independently proposed by Logan and Nozières (private communication,
1995) [283].

Following Hubbard we start from the atomic Green function in momentum
space and write this quantity as

Gatom
σ (k, ω) =

n−σ

ω + μ−ΣUHB, atom
σ (ω)

+
1− n−σ

ω + μ−ΣLHBatom
σ (ω)

.

(3.37a)

This allows us to identify the respective self-energies for the upper and lower
Hubbard bands as

ΣUHB, atom
σ (ω) = U , ΣLHB, atom

σ (ω) = 0 . (3.37b)

We now use these two quantities to formulate an approximation for finite
hopping, ε(k) �= 0.

We know that the hopping of the electrons broadens the atomic levels into
bands. For strong interactions, we may certainly use the atomic self-energies.
As a reasonable approximation for large interactions we write

Gσ(k, ω) =
n−σ

ω − (ε(k)− μ)−ΣUHB, atom
σ (ω)

+
1− n−σ

ω − (ε(k)− μ)−ΣLHB, atom
σ (ω)

. (3.38)

Obviously, the theory becomes exact in the atomic limit and for U = 0.
Furthermore, we describe two Hubbard bands with the bandwidths W1 =
W2 = W . They merge at Uc = W , and our approximate Green-function
description in (3.38) contains a metal-to-insulator transition for half band-
filling (μ = U/2, n−σ = 1/2). The gap opens linearly; the exponent is ν = 1.
Electron–hole symmetry and other basic relations are naturally fulfilled in
this simple approximation.

3.3.5 Alloy-Analogy Approximation

In a subsequent paper [284] Hubbard extended the concepts and techniques
of the Hubbard-I approximation. The corresponding Green-function decou-
pling scheme is very lengthy, and we present only the most important physical
ideas, following Cyrot [285]. In his third paper on the Hubbard model [284]
Hubbard actually introduced two approximations. We first discuss the “scat-
tering corrections” to the Hubbard-I approximation (“alloy-analogy approx-
imation”, “Falicov–Kimball model”), and leave the “resonance broadening
corrections” which lead to the (full) Hubbard-III approximation to the next
subsection.

In the atomic limit the electrons do not move and either experience the
potential U or no interaction on their lattice site. An itinerant σ electron
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encounters a sequence of empty and occupied sites during its motion through
the system. The site occupancy itself dynamically changes by the motion of
the −σ electrons. Hubbard considered the simultaneous description of the
dynamics of both species as a too complex problem. Hence he started out
with the assumption that the −σ electrons are fixed, t−σ ≡ 0, and he consid-
ered the motion of the σ electrons. This is the Falicov–Kimball model [286];
see Sect. 5.4.4. Given this simplification we may still keep the assumption
as in the Hubbard-I approximation that the lattice sites are occupied or un-
occupied with probabilities 〈n̂R,−σ〉 and 〈1− n̂R,−σ〉, respectively. Since the
positions R of the −σ electrons are randomly distributed we have to deal
with an alloy problem (“alloy-analogy approximation”, AAA).

During the motion through the randomly positioned −σ electrons the
σ electron is frequently scattered, which results in a energy-dependent “scat-
tering correction” Δσ(ω) for the unperturbed energy levels at ω = −μ and
ω = U − μ. The equation (3.30) for the atomic self-energy is now supposed
to hold for energies ω −Δσ(ω),

AAA: Σσ(ω) = Σatom
σ (ω −Δσ(ω))

= Un−σ + U2 n−σ(1− n−σ)
ω −Δσ(ω) + μ− U(1− n−σ)

. (3.39a)

This self-energy then enters the lattice Green function via the Dyson equation

Gσ(k, ω) =
1

ω − (ε(k)− μ)−Σσ(ω)
. (3.39b)

The local Green function is found as the average over all momenta,

Gσ(ω) =
1
L

∑
k

1
ω − (ε(k)− μ)−Σσ(ω)

=
∫ W/2

−W/2

dεDσ,0(ε)
ω − (ε− μ)−Σσ(ω)

. (3.40)

Thus far, the scattering corrections Δσ(ω) remained undetermined. Hubbard
now demanded that the local Green function still obeys (3.29b) for the shifted
energy levels, i.e.,

Gσ(ω) =
1

ω −Δσ(ω) + μ−Σσ(ω)
. (3.41)

The equations (3.40) and (3.41) have to be solved self-consistently and
constitute Hubbard’s alloy-analogy approximation (“scattering corrections
only” [284]).

The self-energy Σσ(ω) is precisely the “coherent potential” of the “co-
herent potential approximation” (CPA) [287] which was therefore already
anticipated by Hubbard [284]; see also [288, Chap. 9.4]. The CPA gives the
exact result for the one-electron Green function for the alloy problem in the
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limit of infinitely many neighboring sites [289]. This limit is obtained in infi-
nite dimensions or for a Bethe lattice with infinite coordination number. As a
consequence of this observation the CPA cannot give unphysical results, e.g.,
a violation of sum rules is excluded. For a thorough discussion, see [290].

The alloy-analogy approximation provides the exact solution of the Fali-
cov–Kimball model in infinite dimensions. To see this we write (3.41) as

Gσ(ω) =
1− n−σ

(ω −Δσ(ω)) + μ
+

n−σ

(ω −Δσ(ω)) + μ− U . (3.42)

Hence, the scattering correction Δσ(ω) can be viewed as the effect of an
external field on the atomic problem. As shown in Sect. 5.4.4 the solution of
the atomic problem in the presence of an arbitrary external field is enough
to solve exactly the Falicov–Kimball model in infinite dimensions.

In general, the self-consistency equations (3.40) and (3.41) can only be
solved numerically. Hubbard [284] realized that they can be rewritten for
half-filling, nσ = 1/2, in the form of a third-order algebraic equation if a
special density of states is chosen. The density of states shall be given by the
“Hubbard semi-ellipse”,

Dσ,0(ε) =
4
πW

√
1−

(
2ε
W

)2

for |ε| ≤W/2 . (3.43)

This density of states becomes exact for a Bethe lattice with infinite coor-
dination number; see, e.g., [244, 290]. With the abbreviation E = ω + μ,
(3.40) becomes

Gσ(ω) =
8
W 2

[
E −Σσ(ω)−

√
[E −Σσ(ω)]2 − (W/2)2

]
(3.44)

under the condition of a positive square root for |E −Σσ(ω)| > W/2. Fur-
thermore, we find from (3.41) that

Δσ(ω) =
(
W

4

)2

Gσ(ω) . (3.45)

On a Bethe lattice with infinite coordination number the self-consistency
equations for the paramagnetic phase of the Falicov–Kimball model at half
band-filling (μ = U/2) thus reduce (3.42) to

2Gσ(ω) =
1

ω + U/2− (W/4)2Gσ(ω)
+

1
ω − U/2− (W/4)2Gσ(ω)

.

(3.46a)

We denote G̃σ(ω) = WGσ(ω)/4, Ũ = 4U/W , and ω̃ = 4ω/W , and finally
find

[G̃σ(ω)]3 − 2ω̃[G̃σ(ω)]2 + G̃σ(ω)
(
1 + ω̃2 −

(
Ũ/2

)2)− ω̃ = 0 . (3.46b)

If (3.46b) has complex solutions, the density of states is finite.
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The width of the upper and lower Hubbard bands for strong coupling
can easily be determined since, for large U , the upper and lower Hubbard
bands are centered around ω = ±U/2. The cubic equation (3.46b) reduces to
a quadratic equation which has complex solutions for |ω ± U/2| ≤

√
2W/4.

Consequently, the bandwidth of the Hubbard bands is W1,2 = W/
√

2 for
large interactions. The upper and lower Hubbard bands do not display the
full bandwidth because we made the approximation that one spin species is
frozen while the other spins move.

Electron–hole symmetry at half band-filling means the insulating state
ceases to exist when the density of states becomes finite at ω = 0. At ω = 0
the Green function from (3.46b) is given by G̃2

σ(ω = 0) = (Ũ/2)2 − 1, and
the density of states at ω = 0 is finite for Ũ ≤ 2. It is seen that there is
a Mott transition from a paramagnetic metal to a paramagnetic insulator
at a finite critical value UAAA

c (n = 1) = W/2. A more detailed analysis of
the cubic equation [244] shows that the gap increases like ΔμAAA(n = 1) ∼
(U/Uc − 1)3/2. The exponent for the gap function in the alloy-analogy ap-
proximation thus is νAAA = 3/2. This is the exact result for the Falicov–
Kimball model on a Bethe lattice with infinite coordination number.

3.3.6 Hubbard-III Approximation

Thus far we have assumed the −σ electrons to be fixed. In fact, this is not
the case so we have to supply Δσ(ω) with two “resonance broadening cor-
rections” [284]. These come from the physically allowed processes that a
σ electron arrives at a site but a −σ electron leaves the site (correction
Δ−σ(ω)). Alternatively, a σ electron may arrive at an empty site and a
−σ hole is scattered out, which, because of electron–hole symmetry, results
in the correction [−Δ−σ(U − ω)]. The (full) Hubbard-III approximation then
becomes [284, 285]

Δtot
σ (ω) = Δσ(ω) +Δ−σ(ω)−Δ−σ(U − ω) , (3.47a)

where Δtot
σ (ω) now changes the self-energy to

Hubbard-III: Σσ(ω) = Σatom
σ (ω −Δtot

σ (ω)) (3.47b)

= Un−σ + U2 n−σ(1− n−σ)
ω −Δtot

σ (ω) + μ− U(1− n−σ)
.

The self-consistency equations (3.40) and (3.41) formally stay the same. How-
ever, since Δσ(ω) and Δtot

σ (ω) are different in general, the Green function
can no longer be written in the form of (3.42).

To illustrate the (full) Hubbard-III solution we concentrate on the para-
magnetic half-filled band for which we have Δtot

σ (ω) = 3Δσ(ω). For the semi-
elliptic density of states equation (3.45) still holds, and the self-consistency
equations again reduce to a cubic equation,

3[G̃σ(ω)]3 − 4ω̃[G̃σ(ω)]2 + G̃σ(ω)
(
3 + ω̃2 −

(
Ũ/2

)2)− ω̃ = 0 , (3.48)
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Fig. 3.4. One-electron density of states UDσ(E) in the Hubbard-III approximation
as a function of energy for various interaction strengths and half band-filling n = 1.
The notation is Δ ≡ W , I ≡ U , T0 ≡ −U/2. The lower and upper Hubbard bands

split at (UH.-III
c,P (n = 1))−1 = (2/

√
3)W−1 ≈ 1.1547W−1 at which the metal–Mott

insulator transition occurs (from [284]).

where we used the abbreviations G̃σ(ω) = WGσ(ω)/4, Ũ = 4U/W , and
ω̃ = 4ω/W . The final result for the density of states is displayed in Fig. 3.4.

The same analysis as in the last subsection shows that the upper and lower
Hubbard bands now have the full bandwidth, W1,2 = W , for large interac-
tion strengths. The metal–Mott insulator transition is shifted to the critical
value UH.-III

c,P (n = 1) =
√

3W/2 ≈ 0.866W . The exponent for the opening
of the gap, however, does not change from its value for the Falicov–Kimball
model, νH.-III = 3/2. The Hubbard-III approximation is further analyzed
in [291].

3.3.7 Advantages and Problems

Like the Hubbard-I solution Hubbard’s “improved” solution is exact in the
limits U = 0 and t = 0. In the Hubbard-III solution the Hubbard bands split
at a finite strength of the interaction. This is the “classical” metal–Mott–
Hubbard insulator transition: independent of the formation of a magnetic
(long-range) order there is a transition from a metal to an insulator at a
finite interaction strength U = O(W ). In contrast to the Hubbard-I solution,
the upper and lower Hubbard bands now display the full non-interacting
bandwidth for large interaction strengths, in agreement with Mott’s general
argument: the charge excitations should move freely, if the influence of the
spin background could be ignored.
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Unfortunately, the fundamental problems of the Hubbard-I approximation
remain.

(i) For small U/t the Hartree solution cannot be reproduced.
(ii) For large U/t antiferromagnetic correlations are missing and the mag-

netic behavior of the electrons in the lower Hubbard band does not
reproduce a Curie law of band-electrons for temperatures U � kBT �
W 2/U [282]. Recent studies by Vollhardt et al. [292] show that nei-
ther ferromagnetism nor antiferromagnetism are possible within the
Hubbard-III solution.

(iii) The Hubbard bands do not precisely contain one state per atom and, in
general, violate electron–hole symmetry and sum rules.

(iv) The metallic state for U < UH.-III
c,P (n = 1) is not a Fermi liquid [293, 294]

because the self-energy does not vanish at the Fermi energy. The insulat-
ing state of the atomic limit dominates the Hubbard-III approximation
too strongly to allow for a correct description of the metallic state below
the transition [295].

Similar to the Hubbard-I solution the importance of the Hubbard-III so-
lution lies in the facts that (i) basic ideas are introduced and used for the first
time (Falicov–Kimball model and CPA), and (ii) a metal–insulator transition
at a finite critical interaction strength Uc,P(n = 1) is predicted to be possible.
It is driven by (charge) correlations, and there is no onset of magnetic or-
der at the transition. The Hubbard-III solution thus provides an instructive
approximate description of a metal–Mott–Hubbard insulator transition.

3.3.8 Improvements

The shortcomings of the Hubbard solutions are of a different type. First,
they do not allow for magnetism in the Hubbard model and violate sum
rules. The reason for that is the arbitrariness in the decoupling of higher-
order Green functions to close the system of equations of motion. Second,
any Green-function decoupling is based on the alloy-analogy approximation
in which it is assumed that the dynamics of the σ and the −σ electrons can
be treated separately. While the dynamics of the σ electrons is studied, the
−σ electrons are kept fixed and act as centers for impurity scattering. This
approach always results in a solution which cannot be a Fermi liquid because
the imaginary part of the self-energy is finite at the Fermi energy, a standard
result for electrons scattered off impurities.

As a consequence of this twofold failure of the theory there are two di-
rections to improve the alloy-analogy approximation: the formulation of a
thermodynamically consistent approximation on one hand, and the inclusion
of Fermi-liquid behavior in the metallic phase on the other hand.

Thermodynamic Consistency. It is clear that one has to find a more sys-
tematic decoupling scheme than the rather intuitive decoupling used by
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Fig. 3.5. Phase diagram of the Hubbard model in the thermodynamically consis-
tent alloy-analogy approximation as a function of the hole concentration δ = 1− n
and the interaction strength U/(W/4). Note the logarithmic scale of the Y axis
(from [292]).

Hubbard. This can be achieved by a decoupling scheme that conserves the
lowest-order moments of the spectral function, i.e., the moments Mσ(k, n) =∫

dEEnAσ(k, E) are calculated exactly for the Hubbard model for n ≤ 2.
As a result of this “method of spectral moments” [296, 297, 298] the “atomic
levels” are determined self-consistently; they were fixed at E1

at = 0, E2
at = U

in Hubbard’s work. The idea of variable atomic levels is also the basis for
the improvements suggested by Cyrot [299, 300] and Kawabata [282] who
was the first to identify this shortcoming in the Green-function decouplings
of the Hubbard-III approximation. Within the alloy-analogy approximation
with self-consistently determined atomic levels it is now possible to obtain
magnetic solutions [282], [299, 300, 301].

Janǐs and Vollhardt [292] provided a comprehensive approach to the Hub-
bard model within the alloy-analogy approximation. They used the exact
solution of the Falicov–Kimball model in infinite dimensions to construct
a thermodynamically consistent mean-field theory for the Hubbard model.
For the semi-elliptic density of states (3.43) this approach describes a tran-
sition from a paramagnetic metal to an antiferromagnetic Mott–Heisenberg
insulator at U cons. AAA

c,AF (n = 1) ≈ 0.75(W/2) instead of the transition into
a paramagnetic Mott–Hubbard insulator. If we (artificially) suppressed the
antiferromagnetic solution in the self-consistency equations there would be
a transition into the Mott–Hubbard insulator at U cons. AAA

c,P (n = 1) = W/2,
as derived previously. As well as the possibility for antiferromagnetism the
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thermodynamically consistent evaluation of the alloy-analogy approximation
for the Hubbard model also allows the evaluation of two-electron quantities
within the same approximation scheme; see [292]. This had not been feasible
within Hubbard’s original approach.

The whole phase diagram in the thermodynamically consistent alloy-
analogy approximation is shown in Fig. 3.5. In contrast to the Hartree–
Fock phase diagram there is no ferromagnetic phase. Even at half-filling,
antiferromagnetism exists only above the threshold value of the interac-
tion U cons. AAA

c,AF (n = 1) ≈ 0.75(W/2). A “perfect nesting” between lattice
and dispersion relation would not play a role in this approach because the
metallic state is not a Fermi liquid. For the Hubbard model with the “perfect
nesting” property this is unlikely since we may indeed expect a transition
into the antiferromagnetic state at Uc(n = 1) = 0+; see Sect. 4.4. In con-
trast to Hartree–Fock theory, which overestimates the importance of mag-
netic phases, the thermodynamically consistent alloy-analogy approximation
(Fig. 3.5) produces a phase diagram that indicates that magnetism may ac-
tually play a minor role in the physics of the Hubbard model. The theory
based on the alloy-analogy approximation, however, tends to underestimate
the importance of (ferro-)magnetism in the model since we know that there
are tendencies to ferromagnetism in the Hubbard model for large U/t; see
Sect. 2.5.

Inclusion of Fermi-Liquid Behavior. The thermodynamically consistent ver-
sion of the alloy-analogy approximation is still plagued by the fact that the
“metallic” state is not a Fermi liquid. It is more difficult to improve on this
shortcoming of the Hubbard-III approximation than on thermodynamic con-
sistency because the alloy-analogy approximation has to be abandoned. The
basic idea is to restore the Fermi-liquid properties by allowing a recoil of the
scattering centers. The σ electrons are then moving no longer in a static but
in a “time-dependent” effective field of the −σ electrons [302]. However, it
is difficult to design an improved version of the alloy-analogy approximation
“by hand” to generate the desired new feature without destroying the posi-
tive aspects of the old approximation. For example, Kawabata proposed an
improvement to the Hubbard-III approximation which is not exact in the
atomic limit [294].

The limit of infinite dimensions offers a systematic way to go beyond
the alloy-analogy approximation. This is the subject of Sect. 5.4 and will be
discussed in the framework of the Hubbard model in infinite dimensions. Here
we just mention that it is indeed possible within this framework to restore
the Fermi-liquid property into the Hubbard-III approximation. For example,
Edwards [303] constructed an approximation that is exact to order (U/t)2

for the Hubbard model in infinite dimensions. The range of the Fermi-liquid
phase, however, does not reach up to the transition into the (paramagnetic)
insulator. Instead there is another transition to a paramagnetic, non-Fermi-
liquid state before the insulating state is reached.
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One of the characteristic features of the Hubbard approximations is the
site-independence of the proper self-energy. It is therefore natural to extend
the approximation by the inclusion of cluster corrections which also appear in
the theory of disordered systems. Preliminary results [304, 305] indicate that
the critical value for the Mott–Hubbard transition is shifted to higher values
of the interaction strength [304] and that local antiferromagnetic correlations
become more important [305] since the “perfect nesting” property of the
lattice is partially taken into account by the cluster corrections.

Some older approaches to improve on the Hubbard approximations have
not been listed here. The recent developments outlined in this subsection
show that now the Hubbard-III approximation is understood in so much
detail that it can be formulated and extended in a well-controlled manner.
Our understanding of the physics contained in correlated variational wave
functions for the Hubbard model has reached the same level of sophistication.
The controlled and systematic evaluation of these wave functions is subject
of the next section.

3.4 Variational Wave Functions

In this section we examine the variational approach to the metal–insulator
transition. After the introduction of the class of Gutzwiller-correlated vari-
ational wave functions we give a definition of an insulator based on a vari-
ational description. In one dimension the simplest of all these variational
states, the Gutzwiller-correlated paramagnetic Fermi sea (“Gutzwiller wave
function”), can be evaluated exactly. In addition, an approximation-free
evaluation of general Gutzwiller-correlated wave functions is feasible in the
limit of infinite dimensions, and a 1/d expansion can be carried out. The
“Gutzwiller approximation”, a semi-classical technique for the calculation of
expectation values, gives the exact results for the Gutzwiller wave function
in infinite dimensions, within which, at half band-filling and above a finite
critical interaction strength, all electrons are localized. This “Brinkman–Rice
transition” is actually absent in all finite dimensions but serves as an im-
portant instructive example for a metal–Mott–Hubbard insulator transition.
Finally, we present the variational phase diagram, and discuss possible ex-
tensions and problems of Gutzwiller-correlated wave functions.

3.4.1 Gutzwiller-Correlated Wave Functions

Variational wave functions are an educated guess for the true ground state of a
system. Therefore, statements based on variational arguments are not exact
but the trial state may still contain the “essential physics” of the system
under investigation. The impressive success of the BCS wave function for
the explanation of superconductivity may serve as an illustrative example.
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Furthermore, Jastrow–Feenberg variational wave functions play an important
role in the calculation of low-temperature properties of the Helium quantum
liquids [306].

For correlated electrons with a purely local interaction Gutzwiller [307,
308] proposed the following class of variational wave functions,

Gutzwiller-correlated wave functions: |Ψ〉g = gD̂|Ψ0〉 , (3.49)

where D̂ =
∑

R n̂R,↑n̂R,↓ =
∑

R D̂R is the operator for double occupancies
and |Ψ0〉 denotes a one-electron product wave function, typically a Hartree–
Fock state. If we choose the paramagnetic Fermi sea for |Ψ0〉, we obtain the
“Gutzwiller wave function” (GWF)

|GWF〉g = gD̂|Fermi sea〉 = gD̂
∏

ε(k)≤EF,σ

ĉ+k,σ|vacuum〉 . (3.50)

The operator gD̂ is called the “Gutzwiller correlator”. For g = 0 it reduces
to the “Gutzwiller projector” onto the subspace without double occupancies,
P̂D=0,

gD̂ = exp
(
ln(g)

∑
R

D̂R

)
=
∏
R

[
1− (1− g)D̂R

]
, (3.51a)

P̂D=0 = lim
g→0

gD̂ =
∏
R

[
1− D̂R

]
. (3.51b)

Equation (3.51a) shows that the Gutzwiller correlator reduces the number
of double occupancies for g < 1 whereby density fluctuations are globally
suppressed in |Ψ0〉.

Our task is to evaluate these variational wave functions, i.e, to calculate
expectation values of operators Ô,

〈Ô〉 (g, {Ψ0}) = g〈Ψ |Ô|Ψ〉g
g〈Ψ |Ψ〉g

. (3.52)

These expectation values depend both on g and on variational parameters
contained in |Ψ0〉. They are determined by the minimization of the variational
ground-state energy Evar

0 (g, {Ψ0}) = 〈Ĥ〉(g, {Ψ0}).
For U = 0 the Hubbard model describes a paramagnetic metal with the

Fermi sea as its ground state which completely lacks correlations between
↑ and ↓ electrons; see Sect. 1.4. For U > 0 double occupancies are energet-
ically unfavorable. The Fermi sea is a product state in momentum space.
In position space it is a sum over configurations with D = 0, 1, 2, . . . , N↑N↓
double occupancies, the phase of these configurations being given by Slater
determinants. Gutzwiller’s central assumption is that only the weight of the
position space configurations with D double occupancies has to be reduced
by a factor gD (g < 1) to obtain a good variational ground state for the
Hubbard model. The phases between these configurations, however, are not
modified.
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3.4.2 Variational Characterization of an Insulator

When we work with variational wave functions we have to define how to
characterize a “metallic” or an “insulating” state. As discussed in Sect. 1.1,
we should study the low-energy charge excitations to distinguish between
the two cases. By construction, however, the variational state is only an
approximation to the true ground state. Hence, |Ψ〉g is a complicated mixture
of the true ground state and its excitations. In fact, a variational calculation
results in a finite conductivity at negative excitation energies [309] and a
further interpretation of the results is required. However, there are various
other ways to characterize an insulator based on variational wave functions,
as we now discuss.

Overlap with the Fermi Sea. The Gutzwiller wave function is constructed
from the Fermi sea. Therefore, it seems natural to argue that the Gutzwiller-
correlated Fermi sea |GWF〉g describes a correlated metal for all 0 < g < 1
since only the weights and not the phases of the configurations of the Fermi
sea in position space are modified by the correlator gD̂. Therefore, the overlap
between the Gutzwiller wave function and the Fermi sea,

〈Fermi sea|GWF〉g = 〈Fermi sea|gD̂|Fermi sea〉 > 0 for 0 < g < 1, (3.53)

should be finite in the metallic phase. Both states are only quantitatively
distinct but are qualitatively similar with respect to their physical properties.

A metal–insulator transition in the Gutzwiller wave function should ap-
pear only if the variation procedure fixes g at its limiting value g = 0. The
same line of argument should hold true for all Gutzwiller-correlated wave
functions: if the uncorrelated wave function |Ψ0〉 does not already describe
an insulating state (e.g., an antiferromagnetic Slater insulator), a metal–
insulator transition could happen only if g = 0 is the result of the varia-
tion with respect to g. Then there are no more double occupancies in the
Gutzwiller-projected state. For less than half band-filling there are still holes
left even for g = 0 when double occupancies are absent. For n < 1 the re-
maining holes will serve for (hypothetical) low-energy charge excitations even
at g = 0, and the Gutzwiller wave function describes a metallic ground state
for all (n < 1, g). Apparently, an insulating state for Gutzwiller-correlated
wave functions is limited to the parameter values (n = 1, g = 0).

Jump Discontinuity in the Momentum Distribution. For a Fermi liquid the
one-electron spectral function Aσ(k, E) (see Appendix A.2) contains a coher-
ent part at the Fermi energy, Acoh.

σ (kF, EF) = Zσ(kF)δ(EF − Eσ(kF)) [310].
This feature results in a jump discontinuity in the momentum distribu-
tion nσ(k) of size Zσ(kF) at the Fermi wave vector kF. Hence it appears
natural to conclude that a discontinuity in the momentum distribution at
the Fermi energy is a unique signal for a Fermi liquid and thus for a metallic
ground state.
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A jump in nσ(kF) is not unique to Fermi liquids. This is not too surprising
since it is the quasi-particle peak in the momentum- and frequency-dependent
spectral function that truly specifies a Fermi liquid. It contains more informa-
tion than the momentum distribution. As discussed in Sect. 4.4.1, the chiral
Luttinger liquid also has a jump discontinuity in the momentum distribution
at the Fermi energy and describes a metallic ground state. However, it dis-
plays no quasi-particle peak away from the Fermi energy but has algebraic
singularities at different velocities for charge and spin excitations.

In turn, the absence of a discontinuity in nσ(k) do not necessarily im-
ply that the system is not metallic. For example, one-dimensional Luttinger
liquids (see Sect. 4.4.1) have gapless charge excitation but a continuous mo-
mentum distribution. Hence, a jump discontinuity in nσ(kF) may be taken
as an indication for a metallic ground state but its absence does not prove
the contrary.

Jump in the Chemical Potential. Since the momentum distribution provides
rather detailed information on the variational ground state we prefer to ex-
tend the definition of a Mott insulator on p. 35 to variational wave func-
tions [311]. Consequently, a “variational” insulator displays a gap for charge
excitations Δμvar defined by

Δμvar(N) = μvar,+(N)− μvar,−(N) (3.54)

= (Evar
0 (N + 1)− Evar

0 (N))− (Evar
0 (N)− Evar

0 (N − 1)) .

As usual this equation for the gap can be written as the difference between
right and left partial derivatives. The variational gap defined in this way is
not a variational bound on the true gap since it involves energy differences
between variational estimates. Nevertheless, we obtain an educated guess for
the size of the gap and the exponent with which it opens as a function of the
interaction strength.

3.4.3 Exact Statements

Gutzwiller-correlated wave functions are obviously exact in two limits, namely
(i) for small interactions (U → 0), and (ii) for vanishing hopping (atomic
limit, ε(k) ≡ 0). Although these limiting cases are of minor interest for us we
recall that they are not properly described by all approximate theories. For
example, the limit of small interactions and the reproduction of the Hartree-
Fock solution posed major problems for Hubbard’s Green-function decou-
pling scheme (Sect. 3.3), and the correct atomic limit could not be obtained
within the local density approximation without self-interaction corrections
(Sect. 3.2).

One of the main advantages of the variational approach lies in its up-
per bound property [249]. Hartree–Fock theory (Sect. 3.1) also gives exact
upper bounds for the true ground-state energy and is exact to lowest-order
perturbation theory in U/t. Since the Gutzwiller correlator in |Ψ〉g typically
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acts on Hartree–Fock product states, the Gutzwiller-correlated wave func-
tions go beyond Hartree–Fock theory. For example, one can readily derive
upper bounds for the correlation energy in the Hubbard model up to and
including second-order O(U2/t) [312].

To make full use of the advantages of these correlated wave functions
we have to calculate the corresponding expectation values for the ground-
state energy, the momentum distribution, and correlation functions. For this
purpose we may employ the electron–hole transformations of Sect. 2.5 to
derive useful relations for the expectation values which also allows us to
restrict the parameter range for our calculations to n ≤ 1 and g ≤ 1.

Unfortunately, general statements on the behavior of the variational en-
ergy are impossible for large U/t since the evaluation of these wave functions
poses a many-particle problem of its own. It can be exactly solved for the
Gutzwiller wave function in one dimension (see Sect. 3.4.4) and for the gen-
eral Gutzwiller-correlated wave function in the limit of infinite dimensions
(see Sect. 3.4.5). In d = 2, 3 dimensions complete analytical solutions do not
exist but perturbation expansions in the parameter ln(g) [312] and 1/d expan-
sions can be carried out; see Sect. 3.4.7. In addition, it can be shown [313] that
the Gutzwiller wave function does not predict a metal–insulator transition
for the Hubbard model for finite interaction strengths in all finite dimensions.
Within the Gutzwiller wave function a localization transition at finite inter-
action strength, the celebrated Brinkman–Rice transition [314], exists only
in infinite dimensions; see Sect. 3.4.6.

3.4.4 Gutzwiller Wave Function in One Dimension

The task posed by (3.52) is a true many-body problem which is unsolvable in
general. In close analogy to the treatment of Green functions [253] we may set
up a many-particle diagrammatic perturbation theory for the problem. The
advantage of variational functions lies in the fact that the graphs involve only
space coordinates and are independent of time or frequency. Furthermore, the
expansion parameter of the perturbation series around g = 1 is not fixed but
can be chosen in a suitable way. For the calculation of the corresponding
lowest-order terms of a perturbation theory in U/t an expansion in ln(g) ∼
U [312] is recommended from which we can derive the (variational) correlation
energy to order U2/t.

For the exact evaluation of the Gutzwiller wave function in one dimensions
a series expansion in (g2−1) is more advantageous. The structure of the cor-
responding graphs [315] shows that the expansion parameter actually is the
product of the interaction parameter and the density, i.e, the true expansion
parameter is n(g2− 1). If we then apply the electron–hole symmetries to the
variational problem (see Sect. 2.5) we can exactly calculate all coefficients of
the perturbation series and sum it up. In this way we can evaluate not only
the expectation values for the ground-state energy, the momentum distribu-
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tion, and the mean double occupancy [315], but also all (static) two-electron
correlation functions for the Gutzwiller wave function in one dimension [316].

For small U/t the Gutzwiller wave function is lower in energy than all
Hartree–Fock states. This does not come as a surprise since the latter are
lacking all contributions to the correlation energy to order O(U2/t). For
large U/t the Gutzwiller wave function displays totally incorrect behavior,

Evar
0 (U � t, n = 1) ∼ − t

2

U

1
ln(U/t)

. (3.55)

Instead of an antiferromagnetic coupling proportional to t2/U there is an
additional logarithmic dependence for U � t. It does not exists in the exact
solution and yields only a rather unsatisfactory upper bound for the exact
ground-state energy in one dimension. In the limit of strong interactions the
paramagnetic Gutzwiller wave function is higher in energy than the antifer-
romagnetic Hartree–Fock (Slater) state. The reason for this unsatisfactory
behavior is the missing correlation between double occupancies and holes in
the limit of strong interactions [317]. On the other hand the spin correlations
in the Gutzwiller wave function in one dimension are in excellent agreement
with the results for the Heisenberg chain [316]. This result is the basis for
possible improvements; see Sect. 3.4.9.

For all U/t < ∞ the variational ground-state energy is minimized for
values 0 < g < 1. Thus the variational theory predicts a metal–insulator
transition in one dimension in the paramagnetic phase at UGWF, d = 1

c,P = ∞.
In contrast to that there is a metal–insulator transition in the exact solution
of the one-dimensional Hubbard model at U exact, d = 1

c = 0+. Consequently,
we have to improve on the Gutzwiller wave function, e.g., by an inclusion
of antiferromagnetism in |Ψ0〉. Unfortunately, “obviously” better choices for
variational wave functions cannot be evaluated exactly even in one dimension,
in general.

In any case we are most interested in dimensions larger than one since the
physics in one spatial dimension is very peculiar; see Sect. 4.4. The exact eval-
uation of general Gutzwiller-correlated wave functions in d > 1 dimensions
is necessary to make use of the genuine advantages of the variational ap-
proach. Uncontrolled approximations in the evaluation of a variational wave
function lead to new uncertainties on its physical contents and may even
lead to unphysical results. For example, negative occupation probabilities in
momentum space can be produced [318].

3.4.5 Variational Wave Functions in Infinite Dimensions

In the limit of infinite dimensions an approximation-free evaluation of the
Gutzwiller wave function is also possible [319]. With the method developed
in [320] we can exactly evaluate the whole class of Gutzwiller-correlated wave
functions in infinite dimensions and even carry out a 1/d expansion.
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To this end we use a new representation of the wave function as

|Ψ〉g = gD̂|Ψ0〉 = gK̂ |Φ0〉 , (3.56a)

where the correlators K̂ and D̂ differ by one-electron operators only,

K̂ = D̂ −
∑
R,σ

μR,σn̂R,σ +
∑
R

ηR . (3.56b)

|Ψ0〉 and |Φ0〉 are both one-electron product wave functions. The parame-
ters μR,σ and ηR can now be chosen conveniently. Instead of an expansion
of expectation values in powers of (g2 − 1) we use the expansion parameter
(G = 1− g2)

xR =
−1 +G(nR,0 − 2dR,0)− 1 +

√
1−G[nR,0(2 − nR,0) + g2m2

R,0]

2GdR,0(1 − nR,0)
,

(3.57)

where nR,0,mR,0, and dR,0 denote the local density, magnetization, and mean
double occupancy in the uncorrelated state |Φ0〉. The main advantage of this
method is that the self-energy of the corresponding diagrammatic expansion
vanishes identically in infinite dimensions. Even if one succeeded in deriving
the general results with the help of |Ψ0〉 instead of |Φ0〉, all formulae would
be much more complicated [321].

In infinite dimensions the variational ground-state energy for general
Gutzwiller-correlated wave function becomes [320]

〈Ĥ〉(g, {Φ0}) =
∑

R1 	=R2,σ

t(R1 −R2)
√
qR1,σ

√
qR2,σ〈ĉ+R1,σ ĉR2,σ〉0

+U
∑
R

dR , (3.58a)

where 〈. . .〉0 denotes expectation values in |Φ0〉, and

√
qR,σ =

√
(1 − nR,0 + dR)(nR,σ,0 − dR) +

√
dR(nR,−σ,0 − dR)√

nR,σ,0(1 − nR,σ,0)
,

(3.58b)

g2 =
dR(1− nR,0 + dR)

(nR,↑,0 − dR)(nR,↓,0 − dR)
. (3.58c)

Equation (3.58c) allows us to express the variational parameter g by the
physical quantity dR, the average double occupancy per lattice site. We can
immediately generalize these equations to multi-band systems [322]; applica-
tions can be found in [323].

The interpretation of the result (3.58a) is very simple. The hopping be-
tween two lattice sites R1 and R2 is reduced by two factors √qR1,σ

√
qR2,σ.
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Equation (3.58c) describes a law of mass action between the variational pa-
rameter g2 and the probabilities for singly occupied sites against double oc-
cupancies and holes [324]. These simple results are valid if we express expec-
tation values 〈. . .〉0 in terms of |Φ0〉. They do not hold if we work with |Ψ0〉;
see (3.56).

3.4.6 Brinkman–Rice Transition

The result (3.58) appears to be of classical rather than quantum-mechanical
origin. In fact, it can be obtained from semi-classical counting arguments
on the correlated motion of electrons [324, 318] where, however, the two
representations of |Ψ〉g, (3.56a), cannot be distinguished. For the translation-
ally invariant Gutzwiller wave function the operator K̂ − D̂, (3.56b), gives
rise only to an irrelevant normalization. In this case the results in (3.58a)
become in fact identical with those of the “Gutzwiller approximation” for
the Gutzwiller wave function [307, 308]. Because of its simple and intuitive
structure the Gutzwiller approximation has become very popular and has
frequently been applied to many correlated electron systems [325, 326, 327]
Equation (3.58) implies that the Gutzwiller approximation on the Gutzwiller
wave function becomes exact in infinite dimensions. For the translationally
invariant case and the Gutzwiller-correlated Hartree–Fock (Slater) state this
was first shown in [315, 319] via a different method; see Sect. 5.4.

Brinkman and Rice [314] recognized that the Gutzwiller approximation
describes a metal–Mott insulator transition. The equations (3.58) are exact
in infinite dimensions for the Gutzwiller wave function. For half-filling (nσ =
1/2) the minimization of the variational ground-state energy 〈Ĥ〉(g) gives

q(n = 1, d) = 1−
(
U

UBR

)2

, (3.59a)

d =
1
4

(
1− U

UBR

)
, (3.59b)

[Evar
0 (U, n = 1)]/L = −|ε0|

(
1− U

UBR

)2

, (3.59c)

UBR = 8|ε0| ≡ UGWF, d = ∞
c,P , (3.59d)

for U ≤ UBR, where ε0 = 〈T̂ 〉0/L denotes the average kinetic energy of the
Fermi sea per lattice site, and UBR is the critical interaction strength for
the transition. Above the Brinkman–Rice transition the q factor, the mean
double occupancy, and the variational ground-state energy are zero.

From (3.59b) we can infer that all double occupancies vanish beyond the
transition, and only singly occupied sites remain since the number of double
occupancies and holes is equal at half band-filling. This rather drastic con-
cept for a metal–Mott insulator transition, the localization of all carriers, is
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called the “Brinkman–Rice” transition, the “Brinkman–Rice insulator” be-
ing a special case of a Mott–Hubbard insulator. The paramagnetic Gutzwiller
wave function in infinite dimensions obviously lacks all antiferromagnetic cor-
relations. Beyond the Brinkman–Rice transition there are no fluctuations in
the local electron density and all exchange interactions between the local-
ized spins are thus missing. The ground-state energy vanishes accordingly
for U > UBR and it lacks all contributions proportional to (−t2/U). We see
that the Brinkman–Rice transition is solely caused by charge correlations and
spin correlations do not play any role.

In this respect the Brinkman–Rice transition is similar to the transitions
described by the (paramagnetic) Hubbard solutions. Whereas the Gutzwiller
wave function properly describes the metallic phase, the (thermodynamically
consistent) Hubbard-III approximation provides a fair description of the insu-
lating phase if we can safely exclude antiferromagnetism; see Sect. 3.3. Both
approaches together provide a complementary description for the metallic
and the insulating state of the paramagnetic phases of the Hubbard model.
The merits (and failures) of these two approaches are united in the “iter-
ated perturbation theory” on the Hubbard model in infinite dimensions; see
Sect. 5.6.

The Brinkman–Rice insulator is an insulator also according to our various
definitions in Sect. 3.4.2. First, the transition happens at half band-filling
when d = 0, i.e., g = 0; see (3.58c). Second, the momentum distribution is
constant inside and outside of the Fermi surface with the jump discontinuity
given by q(n, d) [324]. Hence, the discontinuity vanishes at the transition as
required for an insulator. Third, the variational gap as defined in (3.54) opens
at the transition. We thus see that in infinite dimensions the Gutzwiller wave
function describes a transition from a paramagnetic correlated metal into a
non-magnetic Mott–Hubbard insulator.

To obtain a variational estimate for the gap we evaluate (3.54) in the
following. Using electron–hole symmetry we find that the chemical potential
at half band-filling becomes

μvar,+(n = 1) = U − μvar,−(n = 1) , (3.60a)

μvar,−(n = 1) =
dEvar

0 (d, n)
dn

∣∣∣∣
n=1−

, (3.60b)

where we took the total derivative with respect to n to account for the density
dependence of the average double occupancy. This had not been necessary
since d acts as independent variational parameter (instead of g). Owing to
the minimization condition

∂Evar
0 (d, n)
∂d

= 0 (3.61)

we may replace the total derivative in (3.60b) by a partial one. Because the
average kinetic energy of the Fermi sea is extremal as a function of the density
at half band-filling we thus find
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μvar,−(n = 1) = ε0
∂q(d, n)
∂n

∣∣∣∣
n=1−

. (3.62)

In this calculation the average density of double occupancies d is a thermo-
dynamically large quantity even if it becomes small. The deviation from half
band-filling δ = 1 − n, however, vanishes in the thermodynamic limit since
δ = 1/L. Hence, we have to calculate in the limit δ � d. Then we find

q(d, δ) = 8d(1− 2d) + 4δ(1− 4d) +O
(
δ2
)
, (3.63a)

such that

μvar,−(n = 1) =
UBR

2
(
1− 4d

)
. (3.63b)

With the help of (3.59b) it follows that the chemical potential is continu-
ous below the Brinkman–Rice transition, μvar(n = 1) = U/2 = μexact(n = 1).
The variational gap opens for U > UBR whose size is given by

Δμvar(n = 1) = U − UBR . (3.64)

The gap opens linearly as a function of U −UBR, hence the critical exponent
is given by ν = 1. We may also interpret the chemical potential as effective
“bandwidths” of the corresponding Hubbard bands, i.e, μvar,−(n = 1) =
UBR/2 = W2/2, U − μvar,+(n = 1) = UBR/2 = W1/2; see Sect. 1.4. Hence,
the Brinkman–Rice energy UBR = 8|ε0| gives a variational estimate for the
width of the upper and lower Hubbard bands. For an application of the theory
to real systems, see [324, 328].

3.4.7 Expansion Around the Limit of Infinite Dimensions

The simple structure of the solutions in infinite dimensions allows us to carry
out a 1/d expansion explicitly [320]. Such an expansion is particularly inter-
esting for the Gutzwiller wave function since the Brinkman–Rice transition
in one dimension occurs only at infinite interaction strengths whereas we just
saw that the critical interaction strength in infinite dimensions is finite.

We can carry out the 1/d expansion at half band-filling including second
order without too much effort [320]. Even in dimensions as low as d = 1 many
expectation values, e.g., for the momentum distribution and the mean double
occupancy, can quantitatively be reproduced. The results suggest, however,
that a Brinkman–Rice transition should happen at a finite value. For finite d
the transition would then just be shifted from UBR, (3.59d), to higher critical
values. This is actually not the case since we can generally show that the
Brinkman–Rice transition does not exist in any finite dimension [313],

UGWF, d
c,P = ∞ ,

UGWF, d = ∞
c,P = UBR <∞ . (3.65)
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The example of the paramagnetic Gutzwiller wave function already indicates
that the limit d → ∞ may produce peculiar effects which remain in a series
expansion in 1/d, although they actually do not exist in any finite dimension.
The limit of infinite dimensions is very singular in many respects; see Chap. 5.

As for the Hubbard solutions we emphasize the conceptual importance of
the Brinkman–Rice transition. It had been clear from the beginning that a
state with all electrons completely localized cannot be a conceivable ground
state for the Hubbard model because it completely neglects the itinerant ex-
change between the electrons. However, the Brinkman–Rice scenario nicely
visualizes Mott’s idea of a metal–Mott–Hubbard insulator transition at half
band-filling as a quantum phase transition. The transition at a finite inter-
action strength is caused solely by charge correlations and no ordering of the
magnetic moments occurs.

3.4.8 Variational Phase Diagram in Infinite Dimensions

The approximation-free evaluation of general Gutzwiller-correlated wave
functions [319, 320] allows for the calculation of a variational phase diagram
for an infinite-dimensional hyper-cubic lattice [311]. The ground-state wave
functions for the paramagnetic, antiferromagnetic, and ferromagnetic phases
are the corresponding Gutzwiller-correlated Hartree–Fock variational wave
functions. The resulting phase diagram is shown in Fig. 3.6 where only the
stability regions for the homogeneous phases are displayed.

Antiferromagnetism is stable at half band-filling for all finite interactions
U/t > 0 because of the perfect nesting property. The charge correlations
force g < 1 for all U/t > 0 but we always find g > 0 for all U < ∞. For
this reason there is no Brinkman–Rice transition even in infinite dimensions
within the Gutzwiller-correlated wave functions. The spin correlations force
a transition into an antiferromagnetically ordered state at Uc,AFM = 0+, and
an electron localization as in the Brinkman–Rice scenario does not happen.
The quantum phase transition is “hidden” behind the thermodynamic phase
transition into the antiferromagnetically ordered phase.

Beyond half-filling one further obtains phase separation. The Néel-type
antiferromagnetic state with pure bipartite structure does not mix with the
ferromagnetic and paramagnetic states and domain walls are formed instead.
This may be taken as an indication that the variational wave functions have
to be improved. It might also imply that phase separation is a genuine effect
of the Hubbard model in high dimensions away from half band-filling [329].

The ferromagnetic phase for large interactions is stable up to a critical
density nc ≈ 0.67. Below that value the paramagnetic state is energetically
favorable, in agreement with the general properties of the Hubbard model at
low electron densities; see Sect. 2.5.

The phase diagram in Fig. 3.6 would be further modified if we considered
Gutzwiller-correlated wave functions with other starting wave functions |Ψ0〉,
or totally different variational wave functions. Nonetheless, the variational
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Fig. 3.6. Simplified variational phase diagram of the Hubbard model for an infinite-
dimensional hyper-cubic lattice as a function of the hole concentration δ = 1 − n
and the interaction strength, calculated with Gutzwiller-correlated wave functions
(UBR = 16/

√
2π ≈ 6.38). Only the stability regions for the homogeneous phases

are shown. In fact, a pure antiferromagnetic phase exists only for n = 1 for all U/t
and phase separation between the antiferromagnetic (AF) and ferromagnetic (F)
or paramagnetic (P) phases occurs for n < 1 (from [311]).

phase diagram shows the essential phases that are expected for the Hub-
bard model. Moreover, it indicates that the regions with magnetic order are
strongly reduced in the presence of correlations as compared to the Hartree–
Fock phase diagram; see Sect. 3.1.4. If we allow for local moments due to
correlations, the demand for long-range order to minimize the ground-state
energy is strongly reduced.

3.4.9 Extensions and Improvements

At half band-filling and U �W we can express the exact ground state of the
Hubbard model with the help of the exact ground state of the Heisenberg
model; see Sect. 2.5. The perturbatively exact result for the ground-state wave
function for the half-filled Hubbard model to order O(t/U) can be written as

|ΨHubb〉 =
(
1 +

α

U
T̂
)
|ΨHeis〉 . (3.66)

Since the operator for the kinetic energy T̂ precisely creates one hole and one
double occupancy in the Heisenberg wave function |ΨHeis〉 we have a strong
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spatial correlation between that hole and its double occupancy. For a pure
nearest-neighbor hopping in T̂ these two objects are also nearest neighbors.
A good variational wave function for n = 1 and U � W must contain these
charge correlations. In addition, it must reproduce the spin–spin correlations
of the Heisenberg model in this limit.

One Dimension. We can show that the Gutzwiller-projected Fermi sea is an
excellent trial state for the one-dimensional Heisenberg model [316]. Corre-
spondingly, the missing spatial correlations between double occupancies and
holes in the Gutzwiller wave function lead to a poor ground-state energy in
one dimension, (3.55). To improve the wave function for large U/W we have to
incorporate the missing charge correlations into the wave function. Kaplan,
Horsch, and Fulde [330] proposed to introduce another Jastrow correlator
which suppresses configurations in which double occupancies and holes are
not nearest neighbors. Unfortunately, an analytical evaluation of this wave
function is not possible.

Baeriswyl [331] made another proposal to improve the Gutzwiller wave
function. In analogy to (3.66) we may set

|BWF〉b = bT̂ |GWF〉g=0 = bT̂ P̂D=0|Fermi sea〉 (3.67)

with 0 ≤ b ≤ 1. For large U/t we will have (1 − b) � 1 and the expan-
sion shows that double occupancies and holes are correlated just as in the
exact wave function. Since the spin–spin correlations of the one-dimensional
Heisenberg model are well approximated by the Gutzwiller-projected Fermi
sea, the Baeriswyl wave function |BWF〉b is an excellent trial state for the
one-dimensional Hubbard model for large U/t. For U = 0 we have b = 0
and the trial state reproduces the Fermi sea as the exact ground state. Un-
fortunately, we cannot reach small U/t since, in general, expectation values
cannot be calculated exactly for the Baeriswyl wave function for all b.

It is obvious that the combination of the Gutzwiller and Baeriswyl wave
functions will give a particularly good variational bound on the ground-state
energy for the one-dimensional Hubbard model. The “Gutzwiller–Baeriswyl”
wave function, first considered in [332], is defined as

|GBWF〉g,b = bT̂ gD̂|Fermi sea〉 , (3.68a)

and the corresponding “Baeriswyl–Gutzwiller” wave function [333] reads

|BGWF〉b,g = gD̂bT̂ P̂D=0|Fermi sea〉 . (3.68b)

Unfortunately, these wave functions cannot be evaluated exactly, with the
exception of the one-dimensional 1/r Hubbard model [333, 334]; see below.

Higher Dimensions. None of the above extensions of the Gutzwiller wave
function can be evaluated in higher dimensions. There, however, the Gutzwil-
ler-projected Fermi sea at half filling is not a satisfactory trial state for the an-
tiferromagnetic Heisenberg model. Hence, we would have to take into account
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antiferromagnetic order in the uncorrelated basis state that is not contained
in the paramagnetic Fermi sea.

Although it is fairly obvious how to write down better trial states it is
very difficult to derive exact expressions for expectation values. Thus far only
Gutzwiller-correlated one-electron product states as defined in (3.49) can be
exactly evaluated, in the limit of infinite dimensions.

3.4.10 Advantages and Problems

The main advantage of the variational approach lies in its “upper bound
property”. Each variational wave function allows for the calculation of an
upper bound for the exact ground-state energy, which in turn permits a
comparison of variational states. This “energy criterion” for the assessment
of the quality of a trial state is very important in principle but not too helpful
in practice because two wave functions may be very close in energy but may
completely differ in the physics they describe; see, e.g., [292]. Furthermore,
a good variational energy does not necessarily imply that the physics of the
model is indeed properly reproduced.

An explicit example for this dilemma is given in [333, 334]. For the ex-
actly solvable 1/r Hubbard model (see Sect. 4.2) the Gutzwiller, Baeriswyl,
Gutzwiller–Baeriswyl, and Baeriswyl–Gutzwiller wave functions can be eval-
uated exactly. Whereas the Gutzwiller wave function at half-filling leads to
an unsatisfactory variational energy for large U/t [see (3.55)] the Baeriswyl
wave function lacks the correlation energy O(U2/t) for small U/t and half
band-filling. On the other hand the Gutzwiller–Baeriswyl and Baeriswyl–
Gutzwiller wave functions provide a variational energy that differs from the
exact value by at most half a percent and become exact both for weak and
strong interactions.

Unfortunately, however, none of these wave functions is able to reproduce
correctly the metal–insulator transition in the 1/r Hubbard model at U exact

c =
W [335, 336]. The Baeriswyl–Gutzwiller wave function describes an insulator
for all U > 0 since b > 0 is the result of the variational procedure for all U >
0. The Gutzwiller–Baeriswyl wave function on the other hand describes a
metallic state for all U < ∞ since g > 0 holds for all U <∞. This example
indicates that variational parameters tend to take their limiting values only
if a model parameter becomes extreme (U = 0 or U = ∞). Of course, we
could use the energy criterion to locate the Mott transition [333]. Since the
Gutzwiller–Baeriswyl wave function is lower in energy for U ≤ W than the
Baeriswyl–Gutzwiller wave function, we would properly locate the transition
at U exact

c = W . However, the variational ground-state energy would then
displays a kink (“first-order transition”), and other physical quantities such
as the mean double occupancy would discontinuously change as a function
of U/t since the variational wave function itself abruptly changes its nature,
in contrast to the exact ground state. Hence, this route is not very satisfactory
either.
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This example makes us sceptical whether variational wave functions in
finite dimensions will be able to locate correctly a metal–insulator transition
and properly reproduce its nature. Since a transition at finite U/t is supposed
to be the canonical case in the absence of perfect nesting we believe that
variational wave functions are only of limiting value for the description of the
metal–Mott insulator transition.

In view of these principle problems the Brinkman–Rice transition in the
Gutzwiller wave function in infinite dimensions deserves special attention.
From a mathematic point of view the transition is only the result of a limit
(d = ∞) on a variational, i.e., approximate description of the ground state of
the Hubbard model. The significance of the Brinkman–Rice concept lies in
its basic agreement with Mott’s general physical ideas on the metal–Mott–
Hubbard insulator transition as a quantum phase transition: it occurs at
half band-filling, symmetries or conservation laws are not violated, and a
magnetic order need not occur. The ground-state energy is continuous and
differentiable at U = UBR (“second-order transition”), and the energy gap
continuously opens at the transition according to a power law (exponent
ν = 1) as expected for short-range interactions. The Brinkman–Rice transi-
tion is due to the charge correlations; spin correlations play no role and are,
in fact, totally ignored. This is a very crude approximation and results in a
very poor variational energy. Nevertheless, the major principle ingredients of
the Mott–Hubbard transition are properly described in the Brinkman–Rice
scenario.

3.5 Slave Boson Approach

In this section we discuss two Slave Boson methods which are very popular
in many-particle condensed matter theory: the Kotliar–Ruckenstein Slave
Boson approach on one hand, and the Barnes–Coleman or Read–Newns Slave
Boson approach on the other hand. The latter is mainly applied to multi-band
models since these bosons are most suitable for the limit of infinitely strong
Hubbard interaction. Both variants, their evaluation on the mean-field level,
and their main advantages and problems are investigated after a brief look
at their relation to functional integrals.

3.5.1 Slave Bosons and Functional Integrals

The quantum mechanics of a single particle can be formulated in terms of
path integrals. In many-particle physics we have to perform a functional
integration over many degrees of freedom rather than a single path integral
but the two notions are often used synonymously [337].

The functional integral representation of models for correlated electrons
allows us to implement elegantly approximation schemes like the alloy-
analogy approximation. An early example for the Hubbard model was given
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by Cyrot [299, 300]; for more recent applications, see [302, 338, 339]. The
partition function can be written as a functional integral over Grassmann
variables ψR,σ(τ) representing the fermions at site R and (imaginary) time τ
in the time slice (dτ),

Z =
∫

d
{
ψ↑ψ↓

}
exp (−S0 − Sint) , (3.69a)

where the interacting and the free parts of the action read

Sint = U
∫ β

0

dτ
∑
R

ψ∗R,↑(τ)ψ
∗
R,↓(τ)ψR,↓(τ)ψR,↑(τ) , (3.69b)

S0 =
∫ β

0

dτ
[∑

R,σ

ψ∗R,σ(τ) (∂τ − μ)ψR,σ(τ)

−
∑

R1 	=R2,σ

t(R1 −R2)ψ∗R1,σ(τ)ψR2,σ(τ)
]
. (3.69c)

Although the two-fermion terms in S0 could be exactly integrated, the four-
fermion terms naturally make an exact treatment impossible.

The four-fermion term of the Hubbard interaction can formally be decou-
pled with the help of a Hubbard–Stratonovich transformation [337, 340]. To
make this decoupling an exact transformation it is necessary to introduce a
new set of bosonic fields. These Hubbard–Stratonovich fields typically rep-
resent fluctuating spin and/or charge densities. For example [341], we may
write

exp
(
−(dτ)Uψ∗↑ψ

∗
↓ψ↓ψ↑

)
=

(dτ)
πU

∫
d
{
Δ̃cΔ̃s

}
exp

[
− (dτ)
U

(
Δ̃2

c + Δ̃2
s

)
+ i(dτ)Δ̃cn+ (dτ)Δ̃sσ

z

]
, (3.70)

where n = ψ∗↑ψ↑ + ψ∗↓ψ↓ , and σz = ψ∗↑ψ↑ − ψ∗↓ψ↓ . Δ̃c,s(r, τ) are the (real)
Hubbard–Stratonovich fields for charge and spin excitations which have to be
integrated over. From a physical point of view we describe electrons moving
in the presence of (all possible) charge and spin configurations. For a fixed
configuration the electron problem can (formally) be exactly solved, i.e., we
may exactly integrate out the fermionic degrees of freedom.

In practice, only a restricted class of bosonic configurations can be taken
into account, and the resulting electronic one-particle problem must still be
solved for these cases. Nevertheless, the functional integral representation
is a formally exact reformulation of the model and allows for an elegant
introduction of approximations (e.g., “coherent potential approximation”,
“saddle-point approximation”). For example, in the saddle-point approxima-
tion one includes only the contribution of the supposedly dominant Hubbard–
Stratonovich field configuration, and the electrons move in the corresponding
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background field which has to be determined self-consistently. At least in
principle one could then go beyond and systematically calculate corrections
to the saddle-point solution (“fluctuations around the saddle point”).

These dynamic fields are historically the first examples for the applica-
tion of Slave Bosons. Whereas the Hubbard–Stratonovich decoupling still
plays an important role for quantum Monte-Carlo techniques [342] and field-
theoretical approaches to the Hubbard model [341, 343] Slave Bosons may
replace the Hubbard–Stratonovich fields on the Hamilton operator level. This
offers the advantage that considerable technical problems in the formulation
and application of the functional integral formalism can be avoided when we
are interested in the saddle-point approximation only.

3.5.2 Kotliar–Ruckenstein Slave Bosons

Kotliar and Ruckenstein [344] enlarged the Hilbert space of the Hubbard
model by four bosonic operators,

d̂R : double occupancy,

ŝR,σ : single σ electron, σ =↑, ↓, and (3.71)

êR : empty site or “hole” .

The physical Hilbert space of the Hubbard model is recovered if we impose
the following local constraints, which have to be fulfilled exactly,

n̂e
R + n̂s

R,↑ + n̂s
R,↓ + n̂d

R = 1 , (3.72a)

n̂s
R,σ + n̂d

R = ĉ+R,σ ĉR,σ = n̂c
R,σ . (3.72b)

Equation (3.72a) states that only one of the four physical possibilities on
a lattice site is allowed, either a double occupancy, a single occupancy, or
a hole. Equation (3.72b) expresses the fact that the presence of a physical
electron implies either a double or a single occupancy.

The main advantage of this approach is that we are now in the position
to write the Hubbard interaction as a bosonic occupation number operator.
The operator for the kinetic energy on the other hand becomes much more
complicated since the motion of a physical electron changes the occupation
numbers for the Slave Bosons on both lattice sites involved. The Hubbard
Hamiltonian becomes

Ĥ =
∑

R1 	=R2,σ

t(R1 −R2)ẑ+R1,σ ẑR2,σ ĉ
+
R1,σ ĉR2,σ + U

∑
R

d̂+Rd̂R , (3.73a)

where we introduced the short-hand notation

ẑR,σ = ê+RŝR,σ + ŝ+R,−σd̂R (3.73b)

for the boson hopping operators. In addition to the fact that the kinetic
energy operator has become much more complicated we must also deal with
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the enlarged Hilbert space. As long as we exactly fulfill the constraints (3.72)
we may, for example, substitute the boson hopping operators by [344]

ẑR,σ �→ z̃R,σ =
1√

1− n̂d
R − n̂s

R,σ

ẑR,σ

1√
1− n̂e

R − n̂s
R,−σ

(3.74)

without changing the Hamiltonian. However, as soon as we introduce any ap-
proximations it becomes of utmost importance whether we use z̃R,σ or rather
prefer to work with ẑR,σ in (3.73a). On the one hand, this freedom allows for
an “optimum choice” whereas, on the other hand, it gives way to an uncon-
trolled approximation. In any case it is by no means clear how far an approx-
imation will violate the constraints. Typically, the local constraints (3.72) for
the operators are replaced by their time- and space-independent expectation
values and (3.72) is only fulfilled “on average”.

3.5.3 Kotliar–Ruckenstein Approximation

One can show [345] that the choice of (3.74) is the best possible in the sense
that it reproduces both the exact solution for U = 0 and the exact result for
the fully ferromagnetically polarized system after the saddle-point approxi-
mation to the functional integral has been performed. This “mean-field” ap-
proximation can also be formulated on the Hamilton operator level without
referring to functional integrals, whereby technical problems in this formalism
are avoided.

The Kotliar–Ruckenstein mean-field approximation is easily formulated
after the best choice for the boson hopping operators has been found. We
substitute the Bose operators by their time-independent averages which may
be interpreted as “condensation of the bosons”. We thus replace

d̂+R, d̂R �→ 〈d̂+R〉0 = 〈d̂R〉0 ≡
√
dR , (3.75a)

ŝ+R,σ, ŝR,σ �→ 〈ŝ+R,σ〉0 = 〈ŝR,σ〉0 ≡
√
nR,σ,0 − dR , (3.75b)

ê+R, êR �→ 〈ê+R〉0 = 〈êR〉0 ≡
√

1− nR,0 + dR . (3.75c)

In the last expressions we used the mean-field versions of the local con-
straints (3.72) and the notation of Sect. 3.4. In particular we see that

〈z̃R,σ〉0 =
√
qR,σ (3.76)

holds; see (3.58b). In the Kotliar–Ruckenstein mean-field theory we simply
replace the Hubbard Hamilton operator by the single-electron effective Hamil-
tonian

ĤKR =
∑

R1 	=R2,σ

t(R1−R2)
√
qR1,σ

√
qR2,σ ĉ

+
R1,σ ĉR2,σ +U

∑
R

dR .(3.77)
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Since we still have to fulfill the constraints (3.72) the number of parameters to
be determined reduces to the average double occupancy dR and the average
local densities nR,σ,0. As in the Hartree–Fock theory these quantities are
determined by the minimization of the free energy fKR of the effective single-
electron Hamiltonian ĤKR,

fKR(dR, nR,σ,0) = − 1
β

lnZKR(dR, nR,σ,0) , (3.78a)

ZKR(dR, nR,σ,0) = Tr

{
exp

[
(−β)(ĤKR −

∑
σ

μσN̂σ)

]}
. (3.78b)

The minimization equations are nothing but the saddle-point equations of the
corresponding functional integral formalism; see [344]. For zero temperature
the saddle-point equations are identical to (3.58a), which we deduced from
the general Gutzwiller-correlated wave functions in infinite dimensions [320].

Owing to the complete equivalence between Gutzwiller-correlated wave
functions in infinite dimensions and the Kotliar–Ruckenstein saddle-point
solution at T = 0 [320, 322] the latter theory also describes the Brinkman–
Rice transition in the paramagnetic phase. Consequently, (3.64) for the gap
at half-filling also holds within the Slave Boson mean-field theory. In [346]
the limits δ → 0 and d→ 0 were exchanged. The proper result for half-filling
within the Slave Boson approach is also given by (3.64).

The Kotliar–Ruckenstein Hamilton operator naturally describes a Fermi
liquid. The explicit expression for the ground-state energy as a function of the
interaction strength, magnetization, and electron density allows us to deter-
mine the Landau parameters for the corresponding Fermi-liquid theory; see
Sect. 1.4, and [324]. In this way we do not only make direct contact to exper-
iments on static quantities but also derive the low-energy, small-momentum
behavior of dynamic correlation functions [347]. This link to Fermi-liquid
theory allows us to deduce dynamic quantities from the Gutzwiller varia-
tional theory. They may also be calculated within the saddle-point approx-
imation [346, 348], whereby the results of the variational Fermi-liquid ap-
proach are fully confirmed.

Beyond the region of validity of Fermi-liquid theory there are substantial
problems with the excitations described by the Kotliar–Ruckenstein Hamilton
operator. We will comment further on that in the following subsection.

3.5.4 Advantages and Problems

In the Kotliar–Ruckenstein method, correlation effects are incorporated into
an effective single-electron Hamilton operator in a very simple and elegant
manner. Consequently, the technique has found many applications, for ex-
ample for three-band Hubbard models for high-temperature superconductiv-
ity [349], for the Peierls–Hubbard Hamilton operator [350], for the single-
impurity Anderson model [351], and for the description of magnetic phases
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with spiral order in the two-dimensional Hubbard model [352]. Furthermore,
the method can be formulated in a manifestly spin-rotationally invariant
form and can be used to calculate dynamic correlation functions and the
T 3 ln T contribution to the specific heat of normal fluid 3He [348].

The difficulties of the approach are hidden in the functional integral for-
mulation of the saddle-point approximation, which is basically uncontrolled.
For example, we have no control within the approach whether the local con-
straints, (3.72), are really obeyed, and not only on average. For this rea-
son the free energy and the ground-state energy according to (3.77) do not
obey a variational principle, in general. It is because of only the equivalence
between Gutzwiller-correlated wave functions and the Kotliar–Ruckenstein
saddle-point equations at temperature T = 0 that the ground-state energy
obeys a variational principle in infinite dimensions and that the local con-
straints are exactly fulfilled in this case. Hence the results of the saddle-point
theory cannot be totally unphysical for zero temperature since explicit wave
functions for the ground state can be given.

The situation changes for finite temperatures. For T > 0 the free energy
and partition function of Kotliar and Ruckenstein, (3.78), are not well-defined
quantities. In the corresponding expression for the entropy states are incor-
rectly counted and weighed at finite temperatures, an effect that worsens
with increasing temperature. This well-known entropy problem of saddle-
point solutions to the functional integral [344, 353] results in a completely
unphysical transition from a metal at low temperatures to an insulator at
high temperatures [344].

To illustrate this point we construct the free energy and partition func-
tion of Kotliar and Ruckenstein, (3.78), for the translationally and spin-
rotationally invariant case using the results for Gutzwiller-correlated wave
functions, a genuine zero-temperature approach. In Sect. 3.4 we derived the
variational energy for an arbitrary Gutzwiller-correlated wave function,

|Ψm〉g = gD̂|Ψm〉 , (3.79)

where |Ψm〉 has to be a one-electron product wave function, e.g., an exact
eigenstate of the kinetic energy operator T̂ . Since the 4L states |Ψm〉 span the
full Hilbert space we may indeed construct a “variational partition function”
from the correlated energies (3.58):

Em(d, n) = q(d, n)〈T̂ 〉m + ULd , (3.80)

where d replaces g as variational parameter and q(d, n) is given in (3.58b).
We then have

Zvar(d, n) =
∑
m

{
exp

[
−β(Em(d, n)− μnL)

]}
, (3.81)

which is identical to (3.78b) for our example.
From this construction it becomes immediately evident that the Kotliar–

Ruckenstein Slave Boson theory may at best be applied to the region of the
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validity of Fermi-liquid theory [320, 322]. In analogy to Landau’s ideas there
may be a one-to-one correspondence between the low-lying excitations of the
Fermi gas (states |Ψm〉) and the correlated electron system (states |Ψm〉g) but
this cannot hold for the whole spectrum. For example, for large enough inter-
actions, charge excitations involving double occupancies are projected onto
spin excitations which are thus severely overcounted. This entropy problem is
ultimately responsible for the spurious metal-to-insulator transition on rais-
ing the temperature.

The same problems with the description of high-energy excitations be-
come apparent when one tries to calculate explicitly the upper and lower
Hubbard bands for the translationally invariant case since the excitations
found do not fulfill elementary sum rules [354]. Hence, all statements on
excitation energies and temperature ranges beyond the validity of the Fermi-
liquid picture must be taken with great care.

In addition to problems at finite temperatures and excitation energies,
the calculation of “fluctuation corrections” around the saddle point poses
new problems of its own. On one hand, the treatment of the functional inte-
gral is technically involved and prone to errors [355]. On the other hand the
calculation of corrections reveals the weakness and arbitrariness [355, 356] of
the bosonic representation of the kinetic energy operator chosen for the opti-
mum saddle point; see (3.74). The recent investigations of Arrigoni and Stri-
nati [355] indicate that previous results of “fluctuation corrections” around
the saddle point have to be taken with care. This does not apply to those
results that can alternatively be obtained from Gutzwiller-correlated wave
functions and thus from a well-controlled independent approach. At the mo-
ment it seems as if considerable difficulties have to be overcome before one can
go substantially beyond the Kotliar–Ruckenstein saddle-point approximation
and thus beyond the results for Gutzwiller-correlated wave functions.

3.5.5 Barnes–Coleman Slave Bosons and Approximation

Barnes [357] was the first to introduce the Slave Boson method explicitly.
It was subsequently used and extended by Coleman [358], and Read and
Newns [359]. This version of the Slave Boson method was mainly applied to
problems of valence fluctuations and heavy fermions [360, 361, 362], and to
three-band models for high-temperature superconductivity [363].

A necessary condition for the applicability of the method is the limit
U = ∞ for the Hubbard interaction. Then we have the physical constraint
that at most one electron can occupy a lattice site, n̂R ≤ 1. The lattice site
is thus either empty or singly occupied. The inconvenient inequality can be
transformed into an equality by the introduction of a single Slave Boson b̂R
for the hole,

n̂R,↑ + n̂R,↓ + b̂+Rb̂R = 1 . (3.82)

For the Hubbard model at U =∞ (T̂ model) we thus find
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P̂D=0ĤP̂D=0 =
∑

R1 	=R2,σ

t(R1 −R2)b̂R1
ĉ+R1,σ ĉR2,σ b̂

+
R2
, (3.83)

since every hopping of an electron from site R2 to site R1 creates a hole at R2

and annihilates another one at R1, if we exactly fulfill the constraint (3.82).
In analogy to the Kotliar–Ruckenstein Slave Bosons we replace the boson

operators by their (spatially independent) averages to arrive at the Barnes–
Coleman mean-field approximation. Again, these averages have to be deter-
mined self-consistently. Within the theory one cannot judge how strongly the
local constraint is violated. For the T̂ model (3.83) the translationally invari-
ant Barnes–Coleman mean-field theory describes a Fermi liquid for which the
electron hopping amplitude is reduced by a factor

qBC = 〈b̂+R〉0〈b̂R〉0 = 1− n . (3.84)

The factor qBC expresses the fact that on average an empty site for a hopping
process is available with probability (1− n).

It is more interesting to use the Barnes–Coleman Slave Boson mean-field
theory for the study of the (periodic) Anderson model at U =∞. There the
strongly interacting f electrons cannot directly move but only via hybridiza-
tion with the conduction electrons; see Sect. 2.4, (2.25). Within the mean-field
theory one recovers a formally non-interacting effective Hamiltonian with
renormalized hybridization matrix elements V eff

σ =
√
qBCVσ [364, 365]. For

the Kotliar–Ruckenstein mean-field theory [322] the corresponding q factors
can be found in (3.58b).

3.5.6 Advantages and Problems

As we mentioned above, the Barnes–Coleman theory is applied mostly to
models with Nf -fold degenerate f levels where Nf is often assumed to be
large such that 1/Nf appears as a natural expansion parameter. Unfortu-
nately, for the Hubbard model one cannot use the inverse band-degeneracy
as an expansion parameter [366]. Hence, we will discuss the advantages and
problems of the Slave Boson method for the Anderson models below.

For finite temperatures the same restrictions apply for all Slave Boson
mean-field theories. Both the Barnes–Coleman and the Kotliar–Ruckenstein
version are only applicable in the Fermi-liquid regime. These conclusions have
earlier been reached for the single-impurity Anderson in [367].
Single-Impurity Anderson Model. If we apply the method to the Anderson
model with a single, Nf -fold degenerate impurity, we can show that the re-
sults of the Barnes–Coleman mean-field theory become exact for the model
to lowest order in O

(
(1/Nf )0

)
. The same results can be obtained from a

variational approach [368]; see [367] for a comprehensive review on 1/Nf ex-
pansions.

For a single impurity it is even possible to calculate the lowest order of
a 1/Nf expansion from the fluctuations around the saddle point [367, 369],
where the derivation again shows that the manipulations of the functional
integral require great care [370].
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Periodic Anderson Model. For the case of the periodic Anderson or Varma–
Yafet model we can show in general [322] that the Barnes–Coleman Slave
Boson mean-field theory is variationally controlled at zero temperature to
order O

(
(1/Nf)0

)
. The difference between the Barnes–Coleman and the

Kotliar–Ruckenstein Slave Boson mean-field theory at U = ∞ lies in the
fact that the former is variationally controlled in the limit Nf → ∞, the
latter in the limit d→∞. In these limiting cases the constraints are actually
exactly fulfilled within the framework of the variational approach [322].

The results for the periodic and the single-impurity Anderson models are
identical within the Barnes–Coleman mean-field theory since in both cases
the renormalized hybridizations are given by (3.84). The limit Nf → ∞
completely suppresses lattice coherence effects. This is not surprising because
the motion of an f electron from one lattice site to another requires at least
two hybridizations with the lattice electrons. Since the lattice electron keeps
its orbital quantum number during its motion, f -electron transport is less
likely by a factor of 1/Nf than a purely local hybridization process.

The limit Nf → ∞ also suppresses exchange effects due to the Pauli
principle since the probability that an electron encounters another electron
at some site with the same orbital quantum numbers is a 1/Nf effect only.
This is in contrast to the results of a generalized Kotliar–Ruckenstein mean-
field theory for high dimensions for which the hybridization strength for the
lth orbital is scaled by (nl = n/Nf)

qKR
l =

1− n
1− nl

(3.85)

(see (3.58b) and [322]). The additional orbital density dependence in the
denominator in qKR

l is the decisive difference between the two Slave Boson
approaches. qKR

l reflects the transition probability for U = ∞ relative to
U = 0. Even for U = 0 we have the Pauli blocking, which reduces the tran-
sition probability by a factor (1 − nl) = (1 − n/Nf) in any case. Hence we
find the relative factor qKR

l , and not qBC. Of course, both factors agree for
Nf = ∞. For Nf = 2 (l ≡ σ =↑, ↓) we find a strong tendency towards mag-
netic order in the Kotliar–Ruckenstein theory. This magnetic exchange effect
and the lattice coherence effect mentioned above are underestimated in the
Barnes–Coleman mean-field theory.

Local Constraints. There are similar problems in all techniques that introduce
additional Slave particles. In the Schwinger Boson method for spin systems
spin degrees of freedom are overcounted [371, 372] which applies equally well
to the “Majorana” representation of the periodic Anderson model [373] and
to the Slave Fermion method for the Hubbard model [374]. The fundamental
problem lies in the fact that the local constraints cannot be fulfilled exactly
such that the additional degrees of freedom of the enlarged Hilbert space
reappear in the physical Hilbert space. It is principally unclear how to for-
mulate approximations for lattice problems within the Slave Boson approach
in such a way that the constraints can be exactly fulfilled.
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The Kotliar–Ruckenstein and the Barnes–Coleman mean-field approxi-
mations offer the advantage of being variationally controlled at T = 0 in the
limits d → ∞ and Nf → ∞, respectively. Hence they indeed fulfill the con-
straints in the respective limits. Statements beyond the validity of the vari-
ational theory (regime of Fermi-liquid theory) are, in general, uncontrolled.



4. One-Dimensional Hubbard Models

In this chapter we present exact results for one-dimensional modified Hubbard
models with different dispersion relations. If not specified otherwise, we use
the lattice constant a as the unit length from now on: a = 1.

In the first section we discuss the “standard” Hubbard model with cosine
dispersion (nearest-neighbor hopping only) which was solved exactly by Lieb
and Wu via the Bethe ansatz. We outline their solution which shows that the
model describes a Mott insulator for half band-filling for all values U > 0.
Strictly speaking there is no metal–insulator transition in the half-filled model
because the metallic phase does not exist for finite interaction strengths.

In the second section we present the results for the 1/r Hubbard model.
In this model the hopping amplitude between two lattice sites at distance r
decays like 1/r and is thus long-ranged. The dispersion relation is linear
within the Brillouin zone. The complete thermodynamics of the model can
be deduced from the solution of the two-electron problem and numerical
diagonalizations of small systems. At half band-filling the model describes a
quantum phase transition from a metal to a Mott–Hubbard insulator at a
finite interaction strength, Uc =W , where W is the bandwidth.

In the third section we discuss the 1/ sinh r Hubbard model. The electron
hopping is now of variable range, t(r) ∼ sinh(κ)/ sinh(κr), where κ controls
the hopping range. The model includes the “standard” Hubbard model for
κ = ∞ and the 1/r Hubbard model for κ = 0, respectively. It can be solved
exactly with the help of the asymptotic Bethe ansatz. For all κ > 0 the
model posses the “perfect nesting” property. As a consequence, just like in
the “standard” Hubbard model, the critical coupling for the transition into
an insulating state at half band-filling is Uc(κ > 0) = 0+.

In the fourth section we address the low-energy physics of one-dimensional
models via the general g-ology Hamiltonian. Umklapp scattering for systems
with perfect nesting leads to a metal–Mott insulator transition already at
Ud=1

c = 0+. Nesting is absent in the 1/r Hubbard model such that it describes
a transition at a finite interaction strength. We compare the analytical results
for our one-dimensional modified Hubbard models with the basic theoretical
concepts for the Mott transition developed in Chap. 1. We find that Mott’s
views are widely supported by the exact solutions and discrepancies are due
to the peculiarities of low-dimensional systems.

Florian Gebhard: The Mott Metal-Insulator Transition, STMP 137, 135–184 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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4.1 Hubbard Model with Nearest-Neighbor Hopping

In this section we discuss the one-dimensional Hubbard model with electron
transfer between nearest neighbors. We begin with the solution of the two-
electron problem on two and L lattice sites. The form of the two-electron wave
function is simple enough to allow for its generalization to the N -electron
problem (“Bethe ansatz”). We briefly outline the necessary steps to show that
this “educated guess” indeed gives exact eigenstates of the Hubbard model.
The analysis of the resulting Lieb–Wu equations at half band-filling gives
explicit expressions for the ground-state energy and the Mott–Hubbard gap:
the model describes an insulator for arbitrarily small Hubbard interaction.
Near half band-filling, the Drude weight indicates a hole-like conductivity
that vanishes because of carrier depletion when the lower Hubbard band
becomes gradually filled.

4.1.1 Two-Electron Problem for Two Lattice Sites

The two-electron problem for two lattice sites already reveals some funda-
mental features of the Hubbard model. For L = 2 only the case of “half
band-filling” with one spin ↑ and one ↓ electron (Sz = 0) is non-trivial since
interaction is possible only in the presence of both spin species. The analysis
of the remaining subspace of four states is simple [375].

One eigenstate belongs to the spin triplet (S = 1, Sz = 0) and charge
singlet (C = Cz = 0) (see Sect. 2.5) and thus has the energy ES=1(U) = 0
for all U . Another state is a spin singlet (S = Sz = 0) and charge triplet
(C = 1, Cz = 0) and thus has the energy EC=1(U) = U . The remaining
two states are not simultaneous eigenstates of the kinetic and the potential
energy operators. In position space the diagonal elements of the Hamilton
matrix for the two remaining states are zero and U , respectively, whereas the
non-diagonal elements are given by −4t for periodic boundary conditions.
The corresponding eigenenergies thus become

(E±/L)(N = L = 2, U) =
U

4
±

√(
U

4

)2

+ (2t)2 . (4.1)

The spin singlet with energy E−(U) is the ground state for all U .
For zero interaction the “Fermi sea” is the ground state with energy

density (E−/L)(N = L = 2, U = 0) = −2t. The energy correction to the
ground-state energy density in first order is given by (U/4), the Hartree term
for half band-filling. The correlation energy in second order is found to be
−U2/(64t) = −0.015625 U2/t.

For strong interactions the four states are grouped in two states with
one double occupancy (EC=1(U) = U ; E+(U) = U + 4t2/U) and two states
without a double occupancy (ES=1(U) = 0; E−(U) = −4t2/U). One recog-
nizes the two fundamental energy scales for a spin excitation from the ground
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state, J ∼ t2/U , and for charge excitations which require an energy U . The
ground-state energy for large U/t nicely displays the energy gain due to the
antiferromagnetic itinerant exchange interaction J .

4.1.2 General Two-Electron Problem in One Dimension

The general two-electron problem on L lattice sites can always be solved in
any dimension for a translationally invariant Hamiltonian. The conservation
of the total momentum allows us to reduce the task to the solution of an
effective one-electron problem [376]. In the following we will analyze the one-
dimensional two-electron problem in the language of the Bethe-ansatz wave
function. The discussion follows the excellent review by Andrei [377]; for
further reading, see the reprint volume edited by Korepin and Eßler [378].

We have to solve the Schrödinger equation in second quantization, Ĥ |ψ〉 =
E|ψ〉, for the two-electron state

|ψ〉 =
∑

x1,x2

ψ(x1, x2)ĉ+x1,↑ĉ
+
x2,↓|vacuum〉 . (4.2)

As in the last subsection, we first restrict ourselves to the spin singlet. For
the triplet the scattering matrix is unity since the electrons cannot interact
with each other. For total spin S = 0 the spin wave function is antisymmetric
such that the space part has to be symmetric, ψ(x1, x2) = ψ(x2, x1). For the
space part the Schrödinger equation in first quantization becomes

(E − Uδx1,x2)ψ(x1, x2)=(−t)
[
ψ(x1 + 1, x2) + ψ(x1 − 1, x2)

+ ψ(x1, x2 + 1) + ψ(x1, x2 − 1)
]
. (4.3)

Since the Hubbard interaction is purely local we expect that scattering solu-
tions should, at least asymptotically, become plane-wave states for x1 � x2

and x1 � x2, respectively. Since we have electron transfer between nearest
neighbors only, we may make the ansatz of plane-wave states in both sectors
x1 < x2 and x1 > x2, respectively. Our “educated guess” is to set

ψ(x1 ≤ x2) = Aei(k1x1+k2x2) −Bei(k2x1+k1x2) . (4.4)

Here, k1 and k2 are quasi-momenta and A, B are the amplitudes for the
incoming and the scattered wave, respectively. In particular,

s = (−B)/A = −eiθ(k1,k2) (4.5)

is the (scalar) scattering matrix for spin S = 0 and θ(k1, k2) is the scattering
phase shift. The scattering process is purely local and electrons are transferred
between nearest neighbors only. Hence the wave function above is also valid
at the boundary of the sectors for x1 = x2.

The Schrödinger equation within the sector x1 ≤ x2 − 1 gives

E = ε(k1) + ε(k2) = (−2t) (cos(k1) + cos(k2)) . (4.6)
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It is important to note that k1 and k2 are not given by multiples of 2π/L
but are U dependent in general. We find that the two sectors are not coupled
for all coordinates within a sector. Such a coupling between sectors appears
only when the Schrödinger equation is solved at the boundary, x1 = x2,
where terms from both sectors contribute. The interaction thus appears as a
boundary condition problem for the individual sectors. For x1 = x2

(E − U)(A−B) = (−2t)
[
A(eik2 + e−ik1)−B(eik1 + e−ik2)

]
(4.7)

has to be fulfilled. Together with (4.6) we thus find that

s = −B
A

=
i(sin(k1)− sin(k2)) + U/(2t)
i(sin(k1)− sin(k2))− U/(2t)

. (4.8)

For the total scattering matrix between electrons with arbitrary spin we ob-
viously have S12 = (I + P 12)/2 + (I − P 12)s/2 since the scattering matrix
between electrons with total spin S = 1 is unity. Here, P 12 is the spin ex-
change operator (P η1,η2

σ1,σ2
= δη2

σ1
δη1
σ2

in matrix notation), I is the unit operator
in spin space (Iη1,η2

σ1,σ2
= δη1

σ1
δη2
σ2

), and (I ±P 12)/2 are the operators for projec-
tion onto the spin subspaces with S = 0 and S = 1, respectively. The total
two-electron scattering matrix thus reads

S12 =
(sin(k1)− sin(k2))I + iU/(2t)P 12

sin(k1)− sin(k2) + iU/(2t)
. (4.9)

For systems that can be solved with the help of the Bethe ansatz the informa-
tion contained in the two-electron scattering matrix is sufficient to determine
the eigenenergies of the Bethe-ansatz wave functions. In general, however,
the scattering states do not exhaust the Hilbert space. It was only recently
that Eßler, Korepin, and Schoutens constructed all eigenstates of the Hub-
bard model [379, 380] with the help of its SO(4) symmetry, which has been
discussed in Sect. 2.5.

To quantize the quasi-momenta we have to apply boundary conditions
whose effect can most easily be discussed with the help of the scattering phase
shift. From its relation to the scattering matrix in the singlet channel, (4.5),
it is found from (4.8) as

θ(k1, k2) = (−2)arctan
[
sin(k2)− sin(k1)

U/(2t)

]
. (4.10)

If we take the electron with the quasi-momentum k1 around the chain that
was closed into a ring (periodic boundary conditions) we find the total phase
shift. It is given by the contribution Lk1 and the contribution θ(k1, k2) due to
the scattering from the other electron with quasi-momentum k2. For periodic
boundary conditions we thus have to demand that

2πI1 = Lk1 + θ(k1, k2) , (4.11a)

2πI2 = Lk2 + θ(k2, k1) , (4.11b)
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where I1, I2 are half-odd integer due to the spin symmetry of the wave
function. Since θ(k1, k2) is antisymmetric in its arguments the conserved total
momentum Q = k1 + k2 is an integer multiple of 2π/L.

For a better comparison to the N -electron problem we rewrite (4.11) as

kjL = 2πIj +Θ
(
2 sin(kj)− 2Λ

)
, j = 1, 2 , (4.12a)

0 =
2∑

j=1

Θ(2 sin(kj)− 2Λ) , (4.12b)

Θ(x) = (−2)arctan
( x

U/(2t)

)
, −π ≤ Θ(x) < π . (4.12c)

Equation (4.12b) has the obvious solution Λ = (sin(k1) + sin(k2)) /2, and we
immediately recover (4.11).

4.1.3 Bethe Ansatz for the N-Electron Problem

The analysis of the two-electron problem showed that the electrons do not
interact within a sector. Thus, we may represent them there as plane waves.
The interaction appears only as a boundary condition problem at the borders
of the sectors. It is obvious that we should also try to construct the solution
of the general N -electron problem in terms of plane waves. Our “educated
guess” for the N -electron state thus reads

|ψ〉 =
∑

σ1...σN

∑
x1...xN

ψσ1...σN (x1, . . . , xN )
N∏

j=1

ĉ+xj ,σj
|vacuum〉 , (4.13a)

with the Bethe-ansatz wave function

ψσ1...σN (x1, . . . , xN ) =
∑
P

(−1)P exp

⎛⎝i
∑

j

kP(j)xj

⎞⎠
∑
Q
AσP(1)...σP(N)(Q)θS(xQ) . (4.13b)

Here, P andQ are permutations of the numbers 1, . . . , N into P(1), . . . ,P(N)
and Q(1), . . . ,Q(N), respectively. If P can be decomposed into an odd (even)
number of permutations of two numbers (transpositions) we set (−1)P = −1
(+1). The function θS(xQ) is unity if the electrons are found in the sector Q
(xQ(1) ≤ xQ(2) . . . ≤ xQ(N)) and zero otherwise. Whereas the permutations P
take care of the antisymmetry of the wave function (“Slater determinant”)
the permutations Q guarantee that we sum over all sectors.

The solution of the Schrödinger equation within the sectors immediately
gives the total energy and the total momentum as a function of the N quasi-
momenta as

E =
N∑

j=1

ε(kj) ; P =
N∑

j=1

kj . (4.14)
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These two quantities are conserved for all translationally invariant and time-
independent Hamiltonians. In our Bethe-ansatz wave function we demand
also that the individual quasi-momenta kj are constants of motion. Our
ansatz can be successful only if the system is indeed integrable such that
it has L→∞ many conserved quantities. For the Hubbard model an infinite
number of conserved quantities was constructed by Shastry [381].

For the two-electron problem it is obvious that the quasi-momenta are
the same for both sectors since the total energy and the total momentum
have to be the same. As stated above it implies additional conservation
laws for N ≥ 3. Within the Bethe-ansatz wave function the ansatz of equal
quasi-momenta in all sectors results in consistency equations for the ampli-
tudes A(Q). To derive them we consider two permutations Q1 and Q2 which
differ only by a transposition of two indices. In particular, if Q1 and Q2 differ
only by a transposition of two neighboring indices [i = Q1(l + 1) = Q2(l);
j = Q1(l) = Q2(l + 1)] we may interpret this as the result of a scattering
process between neighboring electrons. Hence we have A(Q1) = SijA(Q2). If
the two permutations are not neighbors we can generate them from each
other by subsequent transpositions of neighboring index pairs (ij), (jk),
(kl), e.g., A(Q1) = SijSjkSklA(Q2). For three electrons we can go from
the permutation Q2 = (123) to the permutation Q1 = (321) on two differ-
ent paths: namely via the sequence (123) �→ (132) �→ (312) �→ (321) or the
sequence (123) �→ (213) �→ (231) �→ (321). Since the result is claimed to be
independent of the sequence we have to fulfill the following condition:

S12S13S23 = S23S13S12 . (4.15a)

This is the Yang–Baxter equation [382, 383]. It states that the three-electron
scattering matrix can be represented by the product of two-electron scattering
matrices and that there is no ambiguity in the corresponding partition of
the three-electron scattering matrix. This is formally expressed in (4.15a).
In addition, however, this has to be true for the full N -electron scattering
matrix. For N = 2 and N = 4 this results in the additional conditions

SijSji = I , (4.15b)
SijSkl = SklSij . (4.15c)

All three conditions of (4.15) are fulfilled by the scattering matrix in (4.9).
In the Hubbard model a scattering process at some site can at most involve a
bound state (double occupancy) at this side and two scattered waves. Hence,
the conditions (4.15) on the N -electron scattering matrices for N ≤ 4 are
sufficient to guarantee a path-independent factorization of the general N -
electron scattering matrix into two-electron scattering matrices [384].

Next we have to implement periodic boundary conditions to quantize the
quasi-momenta. Consequently, the following N equations should hold,

ψσ1...σN (x1, . . . , xj = 0, . . . , xN ) = ψσ1...σN (x1, . . . , xj = L, . . . , xN ) ,

j = 1, . . . , N . (4.16)
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With the help of the scattering matrix this can be turned into a condition
for the amplitudes within the same sector. In explicit matrix notation for the
spin indices (4.16) reads∑

η1...ηN

(Zj)η1...ηN
σ1...σN

Aη1...ηN (Q) = e−ikjLAσ1...σN (Q) , (4.17a)

where the operator (Zj)η1...ηN
σ1...σN

in spin space is given by

(Zj)η1...ηN
σ1...σN

= (Sjj−1 . . . Sj1SjN . . . Sjj+1)η1...ηN
σ1...σN

. (4.17b)

The form of the operator becomes evident when we recall the fact that
the electron j can be shifted to the beginning of the chain with the se-
quence S1j . . . Sj−1j and can be shifted to the end of the chain with the se-
quence SjN . . . Sjj+1. Both sequences may differ by only a phase factor eikjL

because we effectively took the electron around the ring.
The remaining task is the diagonalization of the spin Hamiltonians Zj

which commute with each other due to the Yang–Baxter equations. For that
purpose we have to set up another Bethe-ansatz wave function which will re-
sult in “nested” Bethe-ansatz equations for the quasi-momenta kj and those
of the spin problem Λα. The spin problem is equivalent to the six-vertex
model [385] of classical statistical mechanics. The formidable task of its solu-
tion was accomplished by Yang [382] and Gaudin [383]. The calculations are
complicated and lengthy; see [386] for details.

A more elegant and powerful technique for the solution of the problem
is the “quantum inverse scattering” or algebraic Bethe-ansatz method [387].
For the six-vertex model it is compactly presented in [377] and will not be
repeated here. The formulation of the quantum inverse scattering approach
for the full Hubbard model is a rather complex problem, and substantial
progress has been made only fairly recently [388, 389].

From the solution of the spin problem one finally obtains the nested Bethe-
ansatz equations:

eikjL =
N↓∏

α=1

Λα − sin(kj)− iU/(4t)
Λα − sin(kj) + iU/(4t)

,

j = 1, . . . , N , (4.18a)

−
N↓∏
β=1

Λβ − Λα + iU/(2t)
Λβ − Λα − iU/(2t)

, =
N∏

j=1

Λα − sin(kj)− iU/(4t)
Λα − sin(kj) + iU/(4t)

α = 1, . . . , N↓ , (4.18b)

where N↓ is the number of electrons with spin ↓. These equations were first
derived by Yang [382] and Gaudin [383] for the continuum problem with
contact interaction. Lieb and Wu realized [390] that one obtains the Bethe-
ansatz equations for the Hubbard model on the lattice, (4.18), from those of
Yang and Gaudin by the replacement k2 �→ −2 cos(k) and k �→ sin(k).
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We take the logarithm on both sides of (4.18) and thereby obtain the
Lieb–Wu equations:

kjL = 2πIj +
N↓∑

α=1

Θ
(
2 sin(kj)− 2Λα

)
,

j = 1, . . . , N , (4.19a)

−
N↓∑
β=1

Θ
(
Λα − Λβ

)
= −2πJα +

N∑
j=1

Θ
(
2 sin(kj)− 2Λα

)
,

α = 1, . . . , N↓ . (4.19b)

Here, Θ(x) = −2arctan
[
x
/
(U/(2t))

]
is the function that we introduced

in (4.12c). The quantum numbers Ij are half odd-integer when N↓ is odd and
integer otherwise. The values of 2πIj/L are restricted to the first Brillouin
zone (N ≤ L). The quantum numbers Jα are half odd-integer when N−N↓−1
is odd and integer otherwise. Furthermore, 2πJα ≤ π(N − N↓). A particu-
larly elegant method for the analysis of the nested Bethe-ansatz equations
has been developed by Klümper, Schadschneider, and Zittartz [391]; see [378]
for a review and [380] for the inclusion of the SO(4) symmetry.

In the following two subsections we discuss the ground-state properties
and the charge excitations at half band-filling.

4.1.4 Ground-State Energy at Half Band-Filling

In the thermodynamic limit at fixed electron density nσ the numbers kj ,
Λα are continuously distributed with densities ρ(k) = 1/[(kj+1 − kj)L] for
|k| ≤ Q ≤ π and σ(Λ) = 1/[(Λα+1−Λα)L] for |Λ| ≤ B. Their boundaries are
determined by the conditions∫ Q

−Q

dkρ(k) = N/L , (4.20a)

∫ B

−B

dΛσ(Λ) = N↓/L . (4.20b)

The total energy and momentum then become

E/L = −2t
∫ Q

−Q

dkρ(k) cos(k) , (4.21a)

P/L =
∫ Q

−Q

dkρ(k)k . (4.21b)

In the ground state the quantum numbers kj and Λα are real, and sym-
metrically distributed around zero. The corresponding quantum numbers Ij
and Jα are subsequent numbers distributed symmetrically around zero [390].
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We subtract the corresponding equations for Ij+1 and Ij , and Jα+1 and Jα

[(Ij − Ij−1)/L = ΔI = 1/L, (Λα − Λα−1)/L = ΔΛ = 1/L], respectively, and
expand the Lieb-Wu equations in ΔI and ΔΛ; see Appendix A.3. This results
in the integral equations for the ground state

2πρ0(k) = 1 + cos(k)
∫ B0

−B0

dΛσ0(Λ)K [sin(k)− Λ;U/(4t)] , (4.22a)

2πσ0(Λ) =
∫ Q0

−Q0

dkρ0(k)K [sin(k)− Λ;U/(4t)]

−
∫ B0

−B0

dΛ′σ0(Λ′)K [Λ− Λ′;U/(2t)] , (4.22b)

with K [x; y] = 2y/(x2 + y2) =
∫∞
−∞ dp exp(−y|p|) exp(ipx). In the ab-

sence of an external magnetic field the ground state is a singlet, in particu-
lar N↓ = N/2. The equations (4.22) then give B0 = ∞, which is easily verified
using (4.22b) and (4.20). With the help of a Fourier transformation we can
explicitly solve for the density σ0(Λ) in terms of ρ0(k); see Appendix A.3.

For half band-filling (N = L) we have Q0 = π. In this case we can
analytically solve the remaining integral equation for ρ0(k). The result for
half band-filling is [390]

ρ0(k) =
1
2π

+
cos(k)
π

∫ ∞

0

dp
J0(p) cos(p sin(k))
1 + exp(pU/(2t))

, (4.23a)

σ0(Λ) =
1
2π

∫ ∞

0

dω cos(ωΛ)
J0(ω)

cosh(ωU/(4t))
. (4.23b)

The ground-state energy density can then be written as

(E0/L)(N = L,U) = −4t
∫ ∞

0

dω
J0(ω)J1(ω)

ω[1 + exp(ωU/(2t))]
, (4.24)

where J0(ω) and J1(ω) are Bessel functions. For all densities the ground-state
energy is a differentiable and monotonously increasing function of the inter-
action strength. For large U we obtain the result for the Heisenberg model,
(E0/L)(N = L,U →∞) = −2 ln(2)(2t2/U) +O(t3/U2) [392]. The result for
two electrons on two lattices sites, (E0/L)(N = L = 2, U → ∞) = −2t2/U ,
comes very close to the result in the thermodynamic limit. For small in-
teraction strengths we obtain (E0/L)(N = L,U → 0) = −(4t/π) + U/4 −
7ζ(3)/(16π3)U2/t + O(U3/t2) [393, 394] where ζ(x) is the Riemann zeta
function. The numerical value for the correlation energy to second order
is −0.01696 U2/t. Again, the numerical value for the correlation energy
for two electrons on two lattice sites, (E0/L)(N = L = 2, U → 0) =
−0.015625 U2/t, obviously comes very close to its value in the thermody-
namic limit. A series expansion in U/t, however, is an asymptotic series only.
Terms of the order O(e−t/U ) which are present in the exact expression are
also missing [394].
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4.1.5 Metal–Insulator Transition at Half Band-Filling

To gain some insight into the conducting properties at half band-filling we
have to investigate whether or not there is a gap for charge excitations. Due
to electron–hole symmetry [see Sect. 2.5, (2.32)] the ground-state energy for
more than half band-filling obeys

E0(2 − n,U) = E0(n) + UL(1− n) . (4.25a)

Hence, the chemical potential at more than half-filling can be deduced from
its values for n ≤ 1,

μ(2− n) = U − μ(n) . (4.25b)

In particular, we find for a half-filled band that

μ+ = U − μ− . (4.25c)

Therefore, we need to study only the properties of a system with L− 1 elec-
trons on L sites to derive the gapΔμ = μ+−μ− = U−2μ− at half band-filling.

It is natural to interpret the state with L− 1 electrons as an excitation of
the half-filled band. Since an electron carries both charge and spin, we have
to look for those excitations with minimum excitation energy to find the gap.
The spin excitations are always gapless [377]. Therefore, it is sufficient to
determine the gap for the charge excitations. A real electron with minimum
excitation energy can be imagined as a charge excitation with energy εQP

c (k)
and spin excitation(s) of vanishing energy. The distance between the ener-
getically lowest state in the upper Hubbard band εUHB(k) = U − εQP

c (k) and
the energetically highest state in the lower Hubbard band εLHB(k) = εQP

c (k)
will then determine the size of the gap Δμ,

Δμ = min
{k}

(
U − 2εQP

c (k)
)
. (4.26)

Recall that k is a quasi-momentum and not the true momentum of the exci-
tation.

There are several ways to calculate the quasi-particle dispersion εQP
c (k).

In the traditional approach one creates a hole in the sequence of the real
quasi-momenta kj and calculates its energy and momentum relative to the
ground state at half band-filling [378, 395] (this is the “holon” excitation in
Andrei’s terminology [377]). This approach is used in [377] where all the other
elementary excitations are explicitly calculated. The various quasi-particles
in the Hubbard model interact with each other but their scattering matrices
naturally obey the Yang–Baxter equations since the model is integrable. It
is a highly non-trivial task to calculate the scattering matrices between the
elementary excitations. It was first accomplished in [380] and was extended
to general band-fillings in [377].

A more elegant method to calculate the quasi-particle dispersions is based
on the direct formulation of the model properties in terms of the elementary
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excitations [396, 397]. In this approach the coupled integral equations for the
charge and spin excitations of the ground state read

ε̃QP
c (k) = ε0c(k) +

∫ B0

−B0

dΛ
2π
K[sin(k)− Λ;U/(4t)]ε̃QP

s (Λ) , (4.27a)

ε̃QP
s (Λ) =

∫ Q0

−Q0

dk
2π

cos(k)K[sin(k)− Λ;U/(4t)]ε̃QP
c (k)

−
∫ B0

−B0

dΛ′

2π
K[Λ− Λ′;U/(2t)]ε̃QP

s (Λ′) , (4.27b)

where ε0c(k) = −μ + ε(k) = −μ − 2t cos(k), and k is a quasi-momentum. In
addition,

ε̃QP
s (B0) = ε̃QP

s (−B0) , (4.28a)

ε̃QP
c (Q0) = ε̃QP

c (−Q0) . (4.28b)

The chemical potential μ− is derived from the condition

0 = max
{k}

[
ε̃QP
c (k)

]
. (4.29)

Since the chemical potential enters the definition of ε̃QP
c (k) we now have

εLHB(k) = μ− + ε̃QP
c (k), εUHB(k) = U − (μ− + ε̃QP

c (k)) = μ+ − ε̃QP
c (k).

The ground-state energy can be calculated with the help of the quasi-
particle dispersion as

(E0 − μN)/L =
∫ Q0

−Q0

dk
2π
ε̃QP
c (k) . (4.30)

The approach via the quasi-particle dispersions also allows for a direct study
of further model properties, especially for the calculation of critical expo-
nents [396, 398] and the interpretation of the results in terms of generalized
Landau parameters (“Landau–Luttinger liquid” [399]).

As shown in Appendix A.3 the equations can be analytically solved at
half band-filling with the help of Fourier transformations. The result for the
charge excitations becomes

ε̃QP
c (k) = ε0c(k)− 4t

∫ ∞

0

dω
J1(ω)
ω

cos
[
ω sin(k)

]
1 + exp(ωU/(2t))

, (4.31)

where J1(ω) is a Bessel function. For U = 0 we have ε̃QP
c (k) = 2ε0c(k) for

|k| ≤ π/2 and ε̃QP
c (k) = 0 for |k| > π/2. For U � W = 4t we find ε̃QP

c (k) =
ε0c(k)− 4t ln(2)/U +O(t3/U2). For large U/t we obtain an upper and a lower
Hubbard band of bandwidth W = 4t, centered around the energies zero
and U , in full agreement with the general ideas of Mott and Hubbard. A
more detailed discussion, including figures for the dispersion relations of the
elementary excitations, can be found in [391].
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g Fig. 4.1. Mott–Hubbard

gap Eg ≡ Δμ for the one-
dimensional Hubbard model
at half band-filling as a
function of the interaction
strength U/t. The dashed
line is the result of the
large-U expansion in (4.33)
(from [401]).

At half band-filling we have kmax = Q0 = π in (4.29), and the chemical
potential follows from (4.31) as

μ−/t = 2− 4
∫ ∞

0

dω
J1(ω)
ω

1
1 + exp(ωU/(2t))

. (4.32a)

With the help of the series representation

1
1 + ex

=
∞∑

n=0

(−1)ne−x(n+1) for x > 0 (4.32b)

this can be transformed into the Lieb–Wu result [390]

μ−/t = 2− 4
∞∑

n=1

(−1)n+1

[√
1 +

(
nU

2t

)2

− Un
2t

]
. (4.32c)

This representation, however, converges very slowly for small U/t. Ovchin-
nikov [400] expressed that series in terms of a contour integral whose integra-
tion path can be deformed such that it agrees with the imaginary axis. The
expression for the energy gap can then be written as

Δμ = U − 2μ− =
16t
U

∫ ∞

1

dy
√
y2 − 1

sinh(2πty/U)
. (4.32d)

The Mott–Hubbard gap for the one-dimensional Hubbard model at half band-
filling as a function of the interaction strength is shown in Fig. 4.1.

The gap as expressed in (4.32d) allows us to evaluate the limiting cases
for weak and strong interaction strengths as

Δμ =

⎧⎨⎩ (8t/π)
√
U/t exp(−2πt/U) for U <∼W/2 = 2t

U − 4t+ 8 ln(2)t2/U for U >∼W = 4t
. (4.33)
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The upper and lower Hubbard bands are separated for all U > 0. The
half-filled one-dimensional Hubbard model describes an insulator with criti-
cal Uc = 0+. Equation (4.33) and Fig. 4.1 also show that the gap is only of
an appreciable size for U >∼ W/2. Apparently, there is a contribution to the
Mott–Hubbard gap from charge correlations which opens around U = O(W ),
as predicted by Mott (see Sect. 1.4). In addition, the tendency to mag-
netic order in systems with perfect nesting results in a Mott–Hubbard gap
Δμ ∼ exp (−O(J/t)) for arbitrarily small interaction strength.

Since the metallic phase is actually confined to the singular point U = 0, a
real metal–insulator transition in the model does not exist at half band-filling.
The point (U = 0, n = 1, T = 0) in the parameter space of the Hubbard model
displays the features of a critical point. For example, the Drude weight for
finite lattice systems obeys a (hyper-)scaling function [402]–[404].

4.1.6 Drude Weight Below Half Band-Filling

The half-filled Hubbard model describes an insulator for all U > 0 since the
one-electron excitations always display an energy gap for finite interaction
strength. On the other hand, it is easy to show (see, e.g., [377]) that the
system is an ideal metal for all n < 1 since gapless charge excitations (“holon–
antiholon excitations” [377]) exist for all U . Consequently, we may study the
Drude weight for all densities n < 1, and, in particular, for n→ nc = 1.

Kohn [405] was apparently the first to point out that the Drude weight can
be obtained from the ground-state energy that depends on an external vector
potential. The discussion follows [406]. In the presence of a potential A =
A0 exp(−iωt) the electron transfer matrix element t is modified by the Peierls
phase factor to give t(Φ) = t exp(±iΦ/L) where the sign depends on the
hopping direction. In the following we measure the total flux through the
ring of length La (a is the lattice constant) in 2π-fold units of the elementary
flux quantum hc/e, Φ = LaAe/(h̄c). If we treat Φ as a small parameter we
may use second-order perturbation theory to obtain the standard result of
linear response theory for the real part of the conductivity

Re
[
σ(ω)

]
=

2πe2

h̄2 Dδ(ω) + reg. terms = Dcδ(ω) + reg. terms , (4.34a)

D =
La

2
∂2E0(Φ)
∂2Φ2

∣∣∣∣
Φ=0

. (4.34b)

Here, Dc denotes the Drude weight which is thereby given by

Dc =
πe2La

h̄2

∂2E0(Φ)
∂2Φ2

∣∣∣∣
Φ=0

. (4.34c)

The calculation of the Drude weight Dc is thus reduced to the evaluation
of the ground-state energy in the presence of the phase Φ. After a redefini-
tion of the Fermi operators the phase appears as a “twist” of the boundary
conditions; see [407] for details.
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Fig. 4.2. Velocities of the charge
and spin excitations in the one-
dimensional Hubbard model as a
function of the density for interac-
tion strengths U/t = 1, 2, 4, 8, 16.
Full lines correspond to the charge
velocity vc ≡ uρ (increasing in-
teraction strength from bottom to
top in the left part of the figure);
dashed lines correspond to the spin
velocity vs ≡ uσ (increasing inter-
action strength from top to bottom)
(from [408]).

In a simple Boltzmann transport theory for non-interacting electrons with
quadratic dispersion and (impurity) scattering time τ [409, Chap. 1] one finds
for the real part of the conductivity Re

[
σ(ω)

]
= (nee

2/m)[τ/(1 + ω2τ2)],
where ne = N/(La) = n/a is the number of electrons per unit length. The
DC conductivity becomes σDC = Re

[
σ(ω = 0)

]
= nee

2τ/m. The Drude
weight is obtained for the case of vanishing scattering, τ−1 → 0, as Dc =
πnee

2/m. The same result can be obtained from (4.34c) since all momenta
are just shifted by the constant value Φ/(La).

For non-interacting electrons with cosine dispersion ε(k) = −2t cos(ka) we
find from (4.34b) that D0 = h̄vF/π with Fermi velocity vF = 2ta sin(kFa)/h̄
and Fermi momentum kF = neπ/2. For non-interacting tight-binding elec-
trons the Drude weight thus becomes

D0
c = (e2/h̄) 2vF . (4.35)

In the presence of interactions the quasi-momenta obtain more than the triv-
ial phase shift Φ/(La), and more subtle arguments are needed.

According to (4.34b), changes in the boundary conditions result in energy
corrections of the order of 1/L. Hence, the twist of boundary conditions can
be interpreted as the generation of elementary excitations. Consequently, for
the calculation of the Drude weight for the one-dimensional Hubbard model
it is sufficient to find the proper elementary excitations that correspond to
the twisting of the boundary conditions.

For the Hubbard model such a calculation was first carried out by Frahm
and Korepin [396]; see also [398, 399]. In the absence of an external magnetic
field one finds

Dc = (e2/h̄) ξ2(Q0)vc(Q0) . (4.36)

The velocity of the charge excitations is given by

h̄vc(Q0) =
ε̃QP
c
′(Q0)

2πρ(Q0)
, (4.37)
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Fig. 4.3. Correlation expo-
nent Kρ = ξ2(Q0)/2 for the
4kF-oscillations in the Hubbard
model as a function of the
density for various interaction
strengths (U/t = 1, 2, 4, 8, 16,
increasing from top to bottom).
For U = 0, Kρ(n) = 1
(from [408]).

where ρ(Q0) and ε̃QP
c
′(Q0) are the values for the quasi-particle density and

the derivative of the quasi-particle dispersion at the border of the quasi-
particle density in the ground state, ρ(k) = 0 for |k| > Q0; see [396] and
Appendix A.3. For U = 0 we had v0c (Q0) ≡ vF = 2ta sin(kFa)/h̄ while for
U = ∞ we find v∞c (Q0) = vhF = 2ta sin(2kFa)/h̄. For U = ∞ the system
behaves as if the number of electrons had doubled compared to the number
for U = 0. As far as the number of charge carriers is concerned, the system
behaves like the fully polarized ferromagnet for which we have a gas of free
holes at density nh = 1 − n. For all finite U/t the calculation of vc(Q0) has
to be performed numerically. The result for the charge and spin velocities is
shown in Fig. 4.2.

In (4.36) ξ2(Q0) denotes an element of the “dressed charge matrix”, which
describes the scattering between the quasi-particles. For its derivation one has
to analyze an integral equation [396], which can be explicitly solved for small
and large interaction strengths and/or densities. Alternatively one can utilize
the following relation between ξ2(Q0) and the isothermal compressibility κT

at T = 0 [396, 408],

ξ2(Q0) = πh̄vc(Q0)(n2
eκT ) . (4.38a)

In turn, the compressibility at T = 0 can be calculated from the variation
of the ground-state energy density e0(ne) = E0(ne)/(La) with the electron
density ne = n/a,(

n2
eκT

)−1
=
∂2e0(ne)
∂n2

e

. (4.38b)

The variation can be performed numerically [408] and gives the result for
ξ2(Q0) ≡ 2Kρ that is displayed in Fig. 4.3. For all (U, n) one finds 1/2 ≤
Kρ(U) ≤ 1, Kρ(U = 0) = 1, Kρ(U = ∞) = 1/2.

One can show [396, 398, 408] that the density–density correlation func-
tion at zero temperature contains a part that oscillates with cos(4kFr) as a
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function of distance r and algebraically decays proportional to r−4Kρ . In the
absence of an external magnetic field this correlation exponent determines
all critical exponents for the Green function and the correlation functions.
In particular, this implies that the Hubbard model at low excitation ener-
gies belongs to the generic class of Luttinger liquids [410] for which even the
spectral functions have been calculated [411, 412]. The optical conductivity
at half band-filling and small interaction strengths was calculated in [413].
Thus, the low-energy properties of the Hubbard model are well understood.
The optical conductivity for very large interactions was studied in [414].

4.1.7 Metal–Insulator Transition Approaching Half Filling

There is a metal–insulator transition for all finite interaction strengths if the
electron density approaches the critical value nc of half band-filling, i.e., for
U > 0, n→ nc = 1. We point out, however, that this transition is conceptually
different from the “canonical” Mott–Hubbard transition at half band-filling,
i.e., for U = Uc, n = 1. In the latter case the upper and lower Hubbard bands
split apart such that the charge excitations acquire a gap and in the former
case a whole class of excitations ceases to exist.

The interpretation of the lower Hubbard band being gradually filled up
can be substantiated. For low hole densities, nh = 1 − n, one can find an
analytical expression for the Drude weight [398]:

Dc

D0
c

=
nh

2
B

A2
,

A =
∫ ∞

1

dz
[√
z2 − 1 sinh(2πtz/U)

]−1

, (4.39a)

B =
π3t

4U

∫ ∞

1

dz
√
z2 − 1

2 coth2(2πtz/U)− 1
sinh(2πtz/U)

.

In the limits of small and large interaction strengths this reduces to

Dc

D0
c

=
nh

2

{
πt/[2Δμ(U/t→ 0)] for U/t→ 0

π/2 for U/t→∞
, (4.39b)

where Δμ(U/t → 0) is the energy gap for the case of a half-filled band for
small U/t; see (4.33). For small U/t, however, the region in nh for which (4.39)
may be used is exponentially small. Dc stays finite for U/t→ 0 but displays
an infinite slope as a function of nh. The Drude weight for various interaction
strengths according to [398] is shown in Fig. 4.4; see also [408].

Figure 4.4 shows that the Drude weight vanishes in the limit of half band-
filling as is expected for a metal–insulator transition. In analogy to non-
interacting electrons the Drude weight is written as Dc = πe2(n/m)∗ with
an effective particle density n∗ and an effective mass m∗. We may ask how
to interpret the metal–insulator transition for U > 0, n→ 1. A vanishing Dc
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Fig. 4.4. Drude weight (Dc =
4tae2/h̄2Dc) in the Hubbard model
as a function of the density ν =
n/2 for interaction strengths U/t =
2, 4, 8, 16. For U = 0+ there is
a jump discontinuity at n = 1
(from [398]).

may individually be caused by the divergence of the effective mass or by the
disappearance of the charge carriers. In interacting electron systems, however,
it may not be justified to view the Drude weight as the ratio of two separate
contributions from the carrier density and the effective mass, and one can
indeed provide arguments for both points of view [398, 415].

One might argue that both the bandwidth of the holon band [415] and the
velocity of the charge quasi-particles vc go to zero for small hole densities nh

(see Fig. 4.2). Such behavior is expected for a diverging effective mass. In
addition, the product of the Drude weight and the compressibility is finite
for all (U, n); see (4.36) and (4.38a). Correspondingly, the compressibility of
the system diverges for n→ 1 which is generically interpreted as a diverging
effective mass. The transfer of spectral weight between the two Hubbard
bands as a function of the density at strong coupling is discussed in [416].

On the other hand, according to (4.39), the Drude weight is proportional
to the density of charge carriers, the hole density nh = 1 − n. If we adopt
a simple band structure picture, it implies that the effective concentration
of charge carriers vanishes at the transition, n∗ = 1 − n → 0. This picture
is supported by the fact that the “holon–antiholon” excitations exist only
for n < 1. At half band-filling this corresponds to a filled, and thus inert,
band in the case of non-interacting electrons. In principle, comparisons with
non-interacting electrons could be misleading because the form of the quasi-
particle bands depends on (U, n) and, in particular, on the density of quasi-
particle excitations which in fact interact with each other. In the case of
the Hubbard model this caveat does not apply for the charge excitations
in the limit U = ∞. There, they can be described by those of a spinless
Fermi gas at density nh = 1 − n (gas of holes), ε̃QP

c (k) = −2t cos(ka) [402].
The Drude weight is simply given by Dc(U = ∞) = (e2/h̄)2ta sin(nhπ)/h̄.
Hence, the effective number of carriers is indeed seen to vanish for n → 1.
Furthermore, the “diverging effective mass” can easily be understood in the
hole picture since the one-dimensional density of states diverges at the band
edges. Consequently, the viewpoint of a hole conduction with vanishing carrier
density at n→ 1 appears to be the more natural one [417].
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4.2 Hubbard Model with Long-Range Hopping

In this section we present exact results for the one-dimensional Hubbard
model with long-range hopping. We start with the discussion of some basic
properties of the 1/r Hubbard model. Next, we solve the two-electron prob-
lem on L lattice sites. We use this solution to construct an effective Hamilton
operator for hard-core bosons, which we conjecture to reproduce the exact
spectrum and thermodynamics of the 1/r Hubbard model for all electron
numbers N . At half band-filling the model describes a metal–insulator tran-
sition at finite interaction strength, Uc = W , where W = 2πt is the band-
width. At the end of this section we briefly discuss the specific heat, magnetic
susceptibility, and isothermal compressibility as functions of temperature and
interaction strength.

4.2.1 Basic Properties

The applicability of the standard Bethe ansatz is restricted to the Hubbard
model with nearest-neighbor hopping. It was only recently that modified
Hubbard models were formulated for which exact results could be found.
To identify exactly solvable Hubbard models with modified hopping matrix
elements we start from the strong coupling limit at half band-filling; see
Sect. 2.5. If a spin-1/2 Heisenberg model with its two degrees of freedom per
lattice site is exactly solvable, we might be able to construct a corresponding
Hubbard model with four degrees of freedom per lattice site which could also
be integrable. Until recently, however, the class of exactly solvable Heisenberg
models was also constrained to the Bethe-ansatz solvable cases, and a different
path had to be found.

There is a whole class of continuum models with non-local interactions
which were exactly solved many years ago. The ground-state wave function
of those continuum models can be written as a determinant over powers of
elliptic functions which depend on only the coordinate differences (xi−xj) of
pairs of two bosons; for a review, see [418]. Among this class is the Calogero–
Sutherland–Moser model that describes bosons in one dimension with the
two-particle interaction V (x) = λ(λ− 1)/x2 [419]. For this model one can
not only determine the ground-state wave function, ground-state energy, and
thermodynamics, but even calculate the exact ground-state density–density
correlation function for special λ values (λ = 1, 2, 4) [420].

In the past few years [421, 422] these continuum models have been used
to construct successfully integrable lattice spin models. The starting point for
this development was the observation that the spin–spin correlations in the
Gutzwiller-projected half-filled paramagnetic Fermi sea [423], a wave function
defined on the lattice (see Sect. 3.4), are described by the same function
as the density–density correlations of the Calogero–Sutherland–Moser model
for λ = 4. This was independently realized by Haldane [424] and Shastry [425]
who successfully constructed the exactly solvable spin-1/2 Heisenberg model
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with 1/r2 exchange. The Hamiltonian of the 1/r2 Heisenberg or Haldane–
Shastry model explicitly reads

ĤHS =
L∑

l 	=m=1

J(l−m)
[
Ŝl · Ŝm −

1
4

]
, J(l−m) =

J

d(l −m)2
, (4.40a)

where

d(l −m) =
L

π
sin

[
π(l −m)
L

]
(4.40b)

denotes the chord distance between the lattice sites l and m on a ring of
circumference L. In fact, the Gutzwiller-projected half-filled Fermi sea is the
exact ground state of this spin model [424, 425]. In the meanwhile the inte-
grability structure has been studied in detail [426], all thermodynamic quan-
tities [427], and even the dynamic correlation functions have been calculated
analytically [428]; for a review, see [429].

According to (2.43), the following relation holds between the hopping
matrix elements t(l − m) of a Hubbard model and the exchange coupling
J(l −m) of its corresponding Heisenberg model:

J(l −m) =
2 |t(l −m)|2

U
. (4.41)

Since a Hubbard model has twice as many degrees of freedom per lattice
site as a Heisenberg model, there are infinitely many Hubbard models whose
hopping matrix elements obey (4.41) for the exchange coupling in (4.40a).
We will show below that the choice

t(l −m) = (−it)
(−1)l−m

d(l −m)
(4.42)

leads to an exactly solvable modified Hubbard model. Since d(l −m) is an-
tisymmetric under the permutation of l and m, the hopping matrix element
has to be purely imaginary to guarantee t(l − m) = t∗(m − l). For a fixed
distance r = |l−m|, and in the thermodynamic limit (L→∞), the hopping
decays proportionally to the inverse of the distance (“1/r Hubbard model”).

In the following we use the standard convention ĉ+l,σ =
√

1/L
∑

k e−iklĉ+k,σ

for the Fourier transformation from position space (ĉl,σ) into momentum
space (ĉk,σ). Unfortunately, the opposite convention was used in [430, 433].
The dispersion relation is given by

ε(k) =
1
L

L∑
l 	=m=1

t(l −m)e−ik(l−m) , (4.43a)

where we choose antiperiodic boundary conditions and an even number of
lattice sites L in the following. Unlike in models with short-range hopping
and/or interactions, the choice of L as even or odd enters the choice of bound-
ary conditions. Periodic boundary conditions for even Lmay be used when we
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assign an additional factor cos[π(l −m)/L] to the hopping matrix elements.
Apparently, this factor plays no role in the thermodynamic limit.

To perform the calculation of ε(k) we set r = l −m and use (−1)L = 1,
sin(πr/L + π) = − sin(πr/L), and eikL = (−1) which allows us to carry out
one lattice sum. The dispersion relation then becomes

ε(k) = (−it)
L−1∑
r=1

(−1)re−ikr

(L/π) sin(πr/L)
, (4.43b)

with k = (2m + 1)π/L (m = −(L/2), . . . , (L/2) − 1). We use the series
representation of the cosecans function

1
sin(πr/L)

= (−1)r i
L

(L/2)−1∑
m=−(L/2)

(2m+ 1)eiπ(2m+1)/L (r �= 0) (4.43c)

such that we can perform the sum over r, which gives δk,π(2m+1)/L. The
simple final result for the dispersion relation becomes

ε(k) = tk (4.43d)

for k in the first Brillouin zone. The dispersion relation is found to be linear
within the Brillouin zone.

The unphysical properties of such a dispersion relation are immediately
apparent. First, it has odd parity, ε(−k) = −ε(k). Since the interaction part of
the Hubbard model has even parity, parity is not a good quantum number for
the 1/r Hubbard model, in general. Second, the dispersion relation develops
a jump discontinuity at the Brillouin zone boundary in the thermodynamic
limit. Since it is an isolated discontinuity we do not expect unphysical effects
(e.g., divergences) in thermodynamic quantities. However, transport prop-
erties like the Drude weight will display some pathologies since the jump
implies a (left-moving) electron with infinite velocity.

Now that the dispersion relation has odd parity one has to repeat some
calculation for the symmetry properties of the Hubbard model; see Sect. 2.5.
For an antisymmetric dispersion relation the transformation necessary to
restrict the analysis to maximal half band-filling reads

T4 : ĉ+k,σ �→ ĉ−k,σ . (4.44)

Electrons and holes are mapped into each other such that the kinetic energy
operator stays invariant, whereas the potential energy operator is invariant
up to the usual constants. In particular, we can again deduce that the band
is half filled, N = L, at all temperatures when the chemical potential is given
by μ(T ) = U/2.

In all Hubbard models the spectrum of the potential energy operator is
highly degenerate since all states with D double occupancies have the same
potential energy irrespective of their positions on the lattice. Eigenvalues
of the potential energy operator differ by only an integer multiple of the
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interaction energy U . In the 1/r Hubbard model the spectrum of the kinetic
energy operator is also highly degenerate. To verify this we imagine some
(excited) eigenstate of the kinetic energy operator with total momentum Q.
If we carry out a two-electron scattering with momentum transfer q, the two
final momenta k1 + q and k2 − q may lie inside or outside the first Brillouin
zone. The difference in the kinetic energy before and after the scattering is
readily calculated as ΔT = ΔT (q) +ΔT (−q) with ΔT (q) = ε(k + q)− ε(k).
Since the dispersion relation is linear we have ΔT (q) = tq, if |k + q| < π,
and ΔT (q) = t(q − 2πsgn(q)), if k + q < −π or k + q > π, respectively
(sgn(x) is the sign function). If the final momenta lie both inside or both
outside the first Brillouin zone, we find ΔT = 0. In the remaining two cases
we have ΔT = ±2πt = ±W . For fixed Q all eigenstates of the kinetic energy
operator thus differ by only an integer multiple of the bandwidth.

Since the spectra of both parts of the Hamilton operator are highly degen-
erate we may expect to find many simultaneous eigenstates of T̂ and D̂. The
problem remains non-trivial, though, because the operators do not commute,
[T̂ , D̂]− �= 0.

4.2.2 General Two-Electron Problem in One Dimension

We address the L2 states in the sector with Sz = 0. Since the total momentum
is a good quantum number we classify the solutions according to Q.

Q = 0. The L eigenstates are (n = 0, . . . , (L− 1))

|ψ(Q = 0, n)〉 =
1
L

∑
|p|<π

eipnĉ+p,↑ĉ
+
−p,↓|vacuum〉 (4.45a)

=
1
L

L∑
x=1

ĉ+x+n,↑ĉ
+
x,↓|vacuum〉 . (4.45b)

The momentum representation (4.45a) shows that these states are eigenstates
of the kinetic energy operator with eigenvalue T = 0 since ε(p) + ε(−p) = 0.
The position space representation (4.45b) implies that they are also eigen-
states of the potential energy operator with eigenvalues D = 1 for n = 0 and
D = 0 for n = 1, . . . , (L− 1), respectively.

Q �= 0. For Q = 2πmQ/L (mQ = 1, . . . , (L − 1)) we address the following
orthonormal states:

|ψi(Q,ni)〉 =

√
1

L−mQ

∑
−π<p<π−Q

einipL/(L−mQ)ĉ+Q+p,↑ĉ
+
−p,↓|vacuum〉 ,

(4.46a)

|ψa(Q,na)〉 =

√
1
mQ

∑
π−Q<p<π

einapL/mQ ĉ+Q+p−2π,↑ĉ
+
−p,↓|vacuum〉 ,

(4.46b)
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with ni = 0, . . . , (L−mQ−1) and na = 0, . . . , (mQ−1). For each Q �= 0 there
are L states; in sum there are L(L−1) eigenstates with Q �= 0. Together with
those L states for Q = 0 the states after (4.46) form an orthonormal basis of
the subspace for Sz = 0.

By construction we have

T̂ |ψi(Q,ni)〉 = tQ|ψi(Q,ni)〉 , (4.47a)

T̂ |ψa(Q,na)〉 = t(Q− 2π)|ψa(Q,na)〉 , (4.47b)

since the momenta of the electrons involved were chosen from the first Bril-
louin zone. In the position space representation of the wave functions (4.46)
we are only interested at the moment in whether the wave functions do have
a double occupancy or not. The amplitude for a double occupancy is propor-
tional to ∑

−π<p<π−Q

einipL/(L−mQ) = δni,0(L −mQ) , (4.48a)

∑
π−Q<p<π

einapL/mQ = δna,0mQ . (4.48b)

All states with ni �= 0, na �= 0 have no double occupancy, D = 0. Thus we
have shown that

Ĥ|ψi(Q,ni �= 0)〉 = tQ|ψi(Q,ni �= 0)〉 , (4.49a)

Ĥ |ψa(Q,na �= 0)〉 = t(Q− 2π)|ψa(Q,na �= 0)〉 . (4.49b)

Of all L2 states in the subspace Sz = 0 we have found L2 − 2(L− 1) states
which are simultaneous eigenstates of the kinetic and the potential energy
operators.

For fixed Q �= 0, two states, ni = 0 and na = 0, mix. Explicitly,

D̂|ψi(Q,ni = 0)〉 =
√
L−mQ

1
L

∑
x

eiQxĉ+x,↑ĉ
+
x,↓|vacuum〉 , (4.50a)

D̂|ψa(Q,na = 0)〉 =
√
mQ

1
L

∑
x

eiQxĉ+x,↑ĉ
+
x,↓|vacuum〉 . (4.50b)

The remaining 2(L− 1) eigenvalues E±(Q) thus result from the diagonaliza-
tion of the two-by-two matrices(

tQ+ U(1−mQ/L) U
√

(mQ/L)(1−mQ/L)

U
√

(mQ/L)(1−mQ/L) t(Q− 2π) + UmQ/L

)
(4.51a)

as

E±(Q) =
1
2

[
W (Q− π)/π + U ±

√
W 2 + U2 − 2UW (Q− π)/π

]
.

(4.51b)
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This calculation for two electrons on L lattice sites strongly resembles the one
we carried out for the Hubbard model for two electrons on two lattice sites;
see Sect. 4.1.1. We have found two “coupling states” (called a “doublet” in
the following) for fixed total momentum. All other states are simultaneous
eigenstates of the kinetic and potential energy operators.

It is instructive to analyze the amplitudes A(x1, x2) of the wave functions
for Q �= 0 in position space. A short calculation gives

Ai(x1, x2;ni) = φi,ni(Q)
eiπx1ei(Q−π)x2 − eiπx2ei(Q−π)x1

sin [(π/L)(x1 − x2 + niL/(L−mQ)]
,

(4.52a)

Aa(x1, x2;na) = φa,na(Q)
ei(Q−π)x1e−iπx2 − ei(Q−π)x2e−iπx1

sin [(π/L)(x1 − x2 + naL/mQ]
,

(4.52b)

where φi,ni(Q) and φa,na(Q) are irrelevant phase factors. These equations
cover all cases if the limits are properly taken for ni = 0 and/or na = 0. The
position space representation (4.52) shows that the wave functions are not
plane waves, not even asymptotically for |x1−x2| → ∞. Hence, the 1/r Hub-
bard model is a very special problem that cannot be solved by standard
methods.

4.2.3 Effective Hamiltonian for the N-Electron Problem

The solution of the two-electron problem showed that there are many si-
multaneous eigenstates of the kinetic and the potential energy operators. In
effect, there were at most two states mixing with each other. This observation
remains valid when the three-electron problem is analyzed. The discussion
follows [430].

As already discussed in Sect. 4.2.1 the potential energy operator can
change the energy of an eigenstate of T̂ at most by ±W . Analogously, the
kinetic energy operator can change the energy of an eigenstate of D̂ at most
by ±U . Thus, it is appears to be natural to split the operator for double
occupancies into three parts which obey the following commutation relations
with the kinetic energy operator:

D̂ = D̂0 + D̂+ + D̂− , (4.53a)

[T̂ , D̂0]− = 0 , (4.53b)

[T̂ , D̂±]− = ±WD̂± . (4.53c)

We set Δ = 2π/L and introduce the operators ρ̂Nσ (q) and ρ̂Uσ (q) (0 <
q < 2π) which scatter an electron within the Brillouin zone (“normal
process”) and out of the Brillouin zone (“umklapp process”), respectively:
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ρ̂Nσ (q) =
∑

−π<k<π−q

ĉ+k+q,σ ĉk,σ =
(
ρ̂Nσ (−q)

)+
, (4.54a)

ρ̂Uσ (q) =
∑

π−q<k<π

ĉ+k+q,σ ĉk,σ =
(
ρ̂Uσ (−q)

)+
. (4.54b)

Unfortunately, the algebra of these operators is not closed. The construc-
tion of generalized operators with closed algebra is possible; their analysis,
however, seems to be forbiddingly complicated.

With the help of (4.54) we can explicitly write

D̂0 = N̂↑N̂↓/L+
∑

0<q≤2π−Δ

ρ̂N↑ (q)ρ̂N↓ (−q) + ρ̂U↑ (q)ρ̂U↓ (−q) , (4.55a)

D̂+ =
(
D̂−

)+

=
∑

0<q≤2π−Δ

ρ̂N↑ (q)ρ̂U↓ (−q) . (4.55b)

Equation (4.53b) shows that it is convenient to represent the Hamilton op-
erator as

Ĥ = Ĥ0 + Ĥ1 , (4.56a)

Ĥ0 = T̂ + UD̂0 , (4.56b)

Ĥ1 = U(D̂+ + D̂−) . (4.56c)

For the first part of the solution we should diagonalize Ĥ0. According
to (4.53b) we could always find simultaneous eigenstates of both the ki-
netic energy operator and D̂0. Unfortunately, this task is still too compli-
cated to be carried out analytically. However, this first step in the analysis
of the full 1/r Hubbard model is readily carried out numerically on small
lattices with L = 2, 4, 6 sites and N = 2, 4, 6 electrons (half band-filling).
The corresponding Hilbert spaces have dimension H = 6, 70, 924; altogether
1000 states. We first diagonalize Ĥ0 in the subspaces with fixed total spin S
and fixed total momentum Q and calculate the matrix elements and eigen-
values of Ĥ1 in the new basis. In addition to many simultaneous eigenstates
of Ĥ0 and Ĥ1 we thereby find that at most 2r states (r = 1, . . . , (N/2)) are
coupled. The eigenvalues of the non-diagonal part Ĥ1 can be written as the
sums of r contributions of the form

√
m(L −m)/L (m = 1, . . . , (L − 1)).

We conclude that even the spectrum for more than two electrons is solely
determined by the “doublets” of the two-electron problem. Our remaining
task is to find a representation for the doublets and the non-mixing states
which reproduces the numerically determined eigenenergies in detail.

For this purpose we introduce a new configuration space with “or-
bitals” K = (π/L)(2mK + 1) (mK = −(L/2), . . . , (L/2) − 1). The values
for K and k are identical. The orbital index thus reflects the properties of
momentum space. Into each of these orbitals we place a hard-core boson
which represents the charge degrees of freedom (double occupancy, d̂K ≡ •;
hole, êK ≡ ◦) and the spin degrees of freedom (↑ spin, ŝK,↑ ≡ ↑; ↓ spin,
ŝK,↓ ≡ ↓), respectively. For each orbital K the hard-core constraint implies
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d̂+Kd̂K + ê+KêK + ŝ+K,↑ŝK,↑ + ŝ+K,↓ŝK,↓ = 1 . (4.57)

The orbital occupancy thus reflects the properties of position space. The new
configuration space thereby unifies properties of momentum and position
space. Obviously, the number of states generated in the configuration space
equals 4L.

We now have to assign a value for energy and momentum to each configu-
ration. To set up such an effective Hamilton operator we start from the two-
electron problem on L lattice sites for which there are L2 states for Sz = 0.
L configurations have one double occupancy (•) and L − 1 holes (◦). Of
those L states only one is an eigenstate with D = 1, T = 0. The other L− 1
states, e.g., ◦ . . . ◦ • ◦ ◦ . . . ◦, mix with another configuration. We denote this
by drawing a box around a neighboring pair of a double occupancy and a
hole, • ◦ K,K+Δ

. Only the configuration with a double occupancy (•) at the

end of the chain does not mix. The remaining L(L− 1) configurations have a
single ↑ and ↓ spin each as well as L− 2 holes (◦). We know from Sect. 4.2.1
that only L−1 configurations are not simultaneous eigenstates of the kinetic
and potential energy operators. It is natural to also mark a neighboring pair
of spins as a “mixing” configuration, ↑↓ K,K+Δ

.
The first part of the effective Hamiltonian is concerned with the unboxed

parts of a configuration. We equally distribute momentum and kinetic energy
onto spin and charge degrees of freedom and assign an interaction energy U
to each double occupancy. Explicitly,

Ĥeff
0 =

∑′

−π<K<π

{
tK
2

[(
ŝ+K,↑ŝK,↑ + ŝ+K,↓ŝK,↓

)
−
(
d̂+Kd̂K + ê+KêK

)]
+ Ud̂+Kd̂K

}
, (4.58)

where the prime on the sum indicates that we have not taken into account
the boxed parts of a configuration yet.

We assign the momentum π and −π to the configurations ↑↓ K,K+Δ
and

• ◦ K,K+Δ
, respectively. We further set Q = π + (2K + Δ)/2 [430] which

allows us to deduce the second part of the effective Hamilton operator from
the solution of the two-electron problem as

Ĥeff
1 =

∑
−π<K<π−Δ

{[
U

2
−
(
πt− U

4π
(2K+Δ)

)]
d̂+Kd̂Kê

+
K+ΔêK+Δ

+
[
U

2
+
(
πt− U

4π
(2K+Δ)

)]
ŝ+K,↑ŝK,↑ŝ

+
K+Δ,↓ŝK+Δ,↓ (4.59)

+
U

4π

√
(2π)2 − (2K +Δ)2

[
d̂+Kê

+
K+ΔŝK,↑ŝK+Δ,↓ + h.c.

]}
.

The total effective Hamilton operator is given by Ĥeff = Ĥeff
0 + Ĥeff

1 .
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One can explicitly check that this effective Hamiltonian reproduces not
only the eigenenergies for the two-electron problem for all L but also the spec-
trum of those 1000 states of the numerical diagonalization forN = L = 2, 4, 6.
Further evidence for the validity of the effective Hamiltonian can be found by
using perturbation theory in the interaction strength and the electron density
at zero temperature [431], and the high-temperature expansion for all den-
sities and interaction strengths. Furthermore, for n = 1, and to order t2/U ,
we can reproduce the complete thermodynamics of the Haldane–Shastry spin
model, (4.40a). In addition, the exact solution of the corresponding T̂ model
[see (2.40)] provides another confirmation for n < 1 in the limit U = ∞
and all temperatures [432]. Finally, we can also deduce the results for the
1/r Hubbard model from the analysis of the more general 1/ sinh r Hubbard
model. The latter model is solved with the help of the asymptotic Bethe
ansatz in the next section. Thus, we are confident that Ĥeff indeed gives the
exact spectrum and thermodynamics of the 1/r Hubbard model.

We can easily write the effective Hamiltonian in a pure occupation number
representation by a simple diagonalization of 2 × 2 matrices for each pair
K,K+Δ. We add an external magnetic field (H0) and the chemical potential
μσ = μ − σ(gμBH0)/2, and the diagonalized effective Hamiltonian finally
becomes

Ĥeff =
∑

−π<K<π

{∑
σ

hs
K,σñ

s
K,σ + hd

Kñ
d
K + he

Kñ
e
K

+ JK
[
ñd
K−Δñ

e
K − ñs

K−Δ,↑ñ
s
K,↓
]}
, (4.60)

with hs
K,σ = (tK)/2 − μσ, hd

K = −(tK)/2 − 2μ + U , he
K = −(tK)/2, and

JK =
[
t(2K −Δ)− U +

√
(2πt)2 + U2 − 2tU(2K−Δ)

]
/2 ≥ 0. Here we in-

troduced the notation ñs
K,σ = s̃+K,σs̃K,σ etc., where the tilde denotes op-

erators after the transformation. The restriction to t ≥ 0 and U ≥ −2πt
allows us to identify Kmin − Δ ≡ Kmax since the coupling vanishes at
K = Kmin = −((L− 1)/2)Δ, JKmin = 0.

4.2.4 Ground-State Energy and Metal–Insulator Transition

Since we were able to reduce the effective Hamiltonian to an occupation
number representation it is very easy to calculate the ground-state energy.
For even electron number N ≤ L the ground state consists of orbitals in the
region −π < K < KF = π(2n − 1) filled with the spin and charge singlets
of the new operators s̃+K,↑, s̃

+
K,↓ while all orbitals K > KF are occupied with

holes ẽ+K.
In the thermodynamic limit the ground-state energy density of the

1/r Hubbard model for at most half band-filling is readily calculated as
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(E0/L)(n ≤ 1, U)=
∫ π

KF

dK (−t)K
2π

− 1
2

∫ KF

−π

dKJK
2π

=
Un−W (1− n)n

4
(4.61)

− 1
24WU

[
(W + U)3 −

(
(W + U)2 − 4WUn

)3/2
]
,

where we took into account that
∫ π

−π
KdK = 0, and that only each pair

gives a contribution to the interaction. The chemical potential at less than
half-filling follows from its definition as

μ(n ≤ 1) =
∂(E0/L)(n ≤ 1, U)

∂n

=
1
4

[U −W (1 − 2n)]− 1
4

√
(W + U)2 − 4WUn . (4.62)

Due to electron–hole symmetry we find μ(2−n) = U−μ(n). Hence there is no
gap in the excitation spectrum for all n < 1. For n = 1 the left-hand derivative
of the ground-state energy is given by μ− = [U +W − |U −W |] /4 = U−μ+.
The energy gap can thus be calculated from its definition Δμ = μ+ − μ− as

Δμ =
1
2
(U −W + |U −W |) =

{
0 for U ≤W

U −W for U ≥W . (4.63)

Consequently, the 1/r Hubbard model describes a metal–insulator transition
at half band-filling at a finite interaction strength, Uc = W , and the gap
opens continuously with exponent ν = 1.

It remains to determine the “order” of the transition. As already men-
tioned in Sect. 3.1 we define a zero-temperature transition to be of nth order
if there is a jump in the nth derivative of the ground-state energy density
with respect to the interaction strength. For the 1/r Hubbard model at half
band-filling the ground-state energy density is obtained from (4.61) as

(E0/L)(n = 1, U) =

⎧⎪⎪⎨⎪⎪⎩
−W + U

4
− U2

12W
for U ≤W

−W
2

12U
for U ≥W

, (4.64)

and the mean double occupancy as its first derivative with respect to U
follows as

d(n = 1, U) =

⎧⎪⎪⎨⎪⎪⎩
1
4
− U

6W
for U ≤W

W 2

12U2
for U ≥W

, (4.65)

which is continuous at the transition. Actually, only the third derivative of the
ground-state energy with respect to U is discontinuous so that the 1/r Hub-
bard model describes a “third-order” zero-temperature transition at Uc =W .



162 4. One-Dimensional Hubbard Models

It is seen that the “order” of the transition and the behavior of the gap are
not directly related to each other. This is not too surprising because the two
quantities probe the behavior of (E0/L)(U, n) as a function of the interaction
strength (“order”) and as a function of the density (“gap”), respectively. As a
consequence, a “second-order” transition may still display a jump in the gap
at the transition. This scenario could be realized in the infinite-dimensional
Hubbard model; see Sect. 5.6.4.

Further ground-state properties can easily be derived from the occupation
number representation of the effective Hamilton operator (4.60) [433]. A spin
excitation of the half-filled ground state consists of a broken spin pair: a
σ spin at K1 and a σ′ spin at K2 (“spinons”). The energy of a single spinon
is

εs(K) =
(√
W 2 + U2 − 4WUK/π + 2WK/π − U

)
/4 ≥ 0 ,

|K| < π/2 . (4.66)

The dispersion is gapless at K = −π/2 for all U/W (right-moving spinons),
and the gap for left-moving spinons closes at U = W for half band-filling.
The corresponding velocities for elementary spin excitations are

vRs (n) =
vF

1 + U/W
, vF = ta/h̄ ≡ t , (4.67a)

vLs (n = 1) = − vF
U/W − 1

for U/W > 1. (4.67b)

In connection with the metal–insulator transition the charge excitations are
more interesting since they describe the splitting of the upper and lower
Hubbard bands at half band-filling. A charge excitation of the half-filled
ground state consists of a broken spin pair, a hole at K1 (“holon”), and a
double occupancy at K2 (“doublon”). In the thermodynamic limit these two
objects move independently from each other with the dispersion relation [433]

εc(K) =
(√
W 2 + U2 − 4WUK/π − 2WK/π + U

)
/4 ≥ 0 ,

|K| < π/2 , (4.68)

where we equally distributed the potential energy of the “doublon” onto both
objects. The charge dispersion relation is gapless in the metallic phase, and
the velocity for (left-moving) charge excitations is given by

vLc (n = 1) = − vF
1− U/W for U/W < 1. (4.69)

The upper Hubbard band is given by the dispersion relation of double oc-
cupancies alone. The dispersion relation of the upper Hubbard band is thus
given by

εUHB(k) = εc(2k) + U/2

= U −
[
Wk/π + U −

√
W 2 + U2 − 2WUk/π

] /
4 , (4.70)

|k| < π ,
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where we rescaled the momenta to provide a better comparison with the
results from the Bethe ansatz. The dispersion relation of the lower Hubbard
band is given by εLHB(k) = U − εUHB(k).

In the absence of an external magnetic field the Drude weight can be
deduced from the velocity of the charge carriers and their interaction matrix
element ξ2 of the “dressed charge matrix”; see Sect. 4.1.7, (4.36). For the
much simpler case of the 1/r Hubbard model the elementary charge and spin
excitations do not interact with each other. Therefore, the S matrix of the
excitations is unity. As a trivial consequence we have ξ2 = 1, independent
of the interaction strength. This observation also follows from the explicit
calculation of the relation between the compressibility and the velocity of
the charge excitations [433] according to (4.38). Since the 1/r Hubbard model
with its linear dispersion relation describes right-moving electrons only, we
have Kρ = ξ2 = 1 for the correlation exponent of the “4kF” oscillations; see,
e.g., [412].

Now that the Drude weight depends on only the velocity of the charge
excitations εc(K) we may use (4.36) and (4.68) to obtain

Dc = D0
c

|vLc |
vF

. (4.71)

The Drude weight for the non-interacting system is D0
c = e2vF/h̄ (Fermi

velocity vF = ta/h̄), and the velocity of the left-moving holons follows from
the derivative of (4.68) at K = π/2 as

vLc (n) = −vF
(

1 +
U√

(W + U)2 − 4WUn

)
. (4.72)

Hence, the Drude weight becomes

Dc =
e2ta

h̄2

[
1 +

U√
(W + U)2 − 4WUn

]
. (4.73)

Approaching the metal–insulator transition the Drude weight actually di-
verges proportionally to 1/(W − U) at half band-filling since the velocity of
the charge carriers diverges. An increasing conductivity on the approach to
a metal–insulator transition from the metallic side is unphysical. The reason
for this behavior is the dispersion relation with its jump discontinuity at the
Brillouin zone boundary. We will further comment on that in Sect. 4.4.

4.2.5 Thermodynamic Properties

Both the “standard” and the 1/r Hubbard model belong to the class of
Luttinger liquids [417, 434]. In their metallic phase both the charge and spin
degrees of freedom are gapless excitations with finite velocities, whereas in
the insulating state the charge excitations are gaped. In a Luttinger liquid
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the velocities of the elementary excitations determine the compressibility κ
and the magnetic susceptibility χ.

For example, for the 1/r Hubbard model one can calculate these quantities
by taking the corresponding second derivatives of the ground-state energy
density with respect to the electron density and the external magnetic field.
One finds that the Luttinger liquid relations

κ(n = 1, U < W, T = 0) =
1

π|vLc |
, (4.74a)

κ(n = 1, U > W, T = 0) = 0 , (4.74b)

χ(n = 1, U < W, T = 0) =
1
πvRs

, (4.74c)

χ(n = 1, U > W, T = 0) =
1
πvRs

+
1

π|vLs |
(4.74d)

are satisfied [433]. Similar equations also hold for the case of the Hubbard
model with nearest-neighbor hopping [417, 434].

If we further assume that the system is conformal invariant at low enough
temperatures (conformal charge c = 1 for Luttinger liquids), we may even
deduce the Sommerfeld coefficient of the specific heat γ, cV(T/W → 0) = γT :

γ(n,U) =
π2

3

[
κ(n,U) + χ(n,U)

2

]
. (4.75)

Using the arguments of conformal field theory or the Luttinger liquid ap-
proach, we can also deduce the exponents for the long-range decay of ground-
state correlation functions [433]. The same program could also be carried out
for the Hubbard model with nearest-neighbor interaction [417].

In general, the analytical calculation of the magnetic susceptibility, the
compressibility, and the specific heat as functions of the interaction strength
and temperature poses a very difficult problem even for formally solved prob-
lems like the standard Hubbard model. Based on the string hypothesis on the
quasi-particle quantum numbers for the excited states Takahashi [435] de-
veloped an infinite hierarchy of equations (“thermodynamic Bethe ansatz”)
and calculated the Sommerfeld coefficient for half band-filling as a function
of U [436]. For the Hubbard model at and close to half band-filling a truncated
subset was numerically solved for the magnetic susceptibility, compressibility,
and specific heat for U = W, 2W, 3W and temperatures kBT ≤ W in [437].
Although the thermodynamic Bethe ansatz does not take the complete spec-
trum into account, the free energy to leading order in the system size can
still be obtained correctly from it because the missing “non-highest-weight
states” give only a contribution of O (ln(L)/L) to the free energy density.1

1 This is essentially the same argument by which one can show that, in the ther-
modynamic limit, all states of a spin-1/2 model with Sz = 0 are spin singlets;
see Sect. 5.2.2. I am very grateful to Fabian Eßler for pointing this out to me.
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It was only very recently that the exact free energy density of the Hub-
bard model could be obtained in closed form. The approach by Klümper and
Bariev [438] is based on the Suzuki–Trotter representation of the partition
function [439] which defines a two-dimensional vertex model. The largest
eigenvalue of the corresponding (quantum) transfer matrix then gives the
free energy density of the Hubbard model in terms of four coupled non-
linear integral equations [438]. As an important result it was proven that the
Sommerfeld coefficient is indeed given by (4.75) so that the assumptions of
conformal invariance are justified. At finite temperature it is very difficult to
evaluate the integral equations for the free energy and its derivatives.

Fortunately, the situation is much simpler for the 1/r Hubbard model.
Since the effective Hamiltonian (4.60) is equivalent to a classical one-
dimensional Ashkin–Teller model [440], the free energy density can easily
be found with the help of the transfer matrix technique [385]. We define the
abbreviations SK,σ = exp

(
−βhs

K,σ

)
, DK = exp

(
−βhd

K
)
, EK = exp (−βhe

K),
PK = exp (−βJK), and XK = SK,↑ + SK,↓ +DK + EK where β = 1/kBT is
the inverse temperature. The transfer matrices between sites K − Δ and K
has two vanishing eigenvalues. The larger of the two remaining eigenvalues is
given by

λ+
K =

1
2

[
XK +

√
X2
K − 4

[
SK,↑SK,↓

(
1− P−1

K
)

+DKEK (1− PK)
] ]
.

(4.76)

In the thermodynamic limit the free energy density for all chemical poten-
tials μ, magnetic fields H0, interaction strengths U , and temperatures T
becomes2

f(μ,H0, U, T ) = − 1
β

∫ π

−π

dK
2π

lnλ+
K . (4.77)

This compact expression of the free energy density reflects the fact that the
excitations of the 1/r Hubbard model are essentially independent of each
other.

The expressions for the free energy density, the compressibility, and the
magnetic susceptibility become particularly simple for half band-filling in the
absence of an external field. For the free energy density we find [433]

f(n = 1, U, T ) = −U/2 + e0(n = 1, U)

− 2
2πβ

∫ π/2

−π/2

dK
{

ln [1 + exp (−βεs(K))] (4.78)

+ ln [1 + exp (−βεc(K))]
}
,

2 The transfer matrices between two sites only commute to order 1/L. Hence,
Equation (27) of [433] is wrong but the expression (28) of [433] for the free
energy density remains correct in the thermodynamic limit. I am grateful to
Holger Frahm for pointing this out to me.
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Fig. 4.5. Specific heat as a
function of temperature for
the 1/r Hubbard model at
half band-filling for various
values of U/W : (a) below
(U/W = 0, 0.5, 0.75, 1), (b)
above (U/W = 1, 2, 4), the
metal–Mott–Hubbard insu-
lator transition (from [433]).

where the dispersion relations for the spin and charge excitations were given
in (4.66) and (4.68). The specific heat is found as

cV(n = 1, U, T ) = ccV(n = 1, U, T ) + csV(n = 1, U, T ) ,

cc,s
V (n = 1, U, T ) = kB

∫ π

−π

dK
π

[
βεc,s(K)/2

cosh
(
βεc,s(K)/2

)]2

. (4.79)

It is displayed as a function of temperature in Fig. 4.5.
As is seen from Fig. 4.5a, the Sommerfeld coefficient agrees with (4.75)

which shows [441] that the low-energy physics of the model can indeed be
described in terms of a conformal field theory with central charge c = 1. Even
below the metal-to-insulator transition the specific heat displays a two-peak
structure for U/W ≥ 1/2 since the density of states for the spin excitations
develops a van-Hove singularity above Uspin =W/2. At this value the spinon
dispersion changes its qualitative behavior. The dispersion at small interac-
tions is monotonous, whereas it has a maximum within the Brillouin zone
above Uspin. Hartree–Fock theory would predict long-range order to set in
at Uspin [431]. Instead, the metal–Mott–Hubbard insulator transition occurs
at Uc =W , and is driven by charge correlations, not by spin correlations.



4.2 Hubbard Model with Long-Range Hopping 167

Fig. 4.6. (a) Magnetic susceptibility and (b) fluctuation of the electron density
as a function of temperature for the 1/r Hubbard model at half band-filling for
various values of U/W (from [433]).

Above the Mott transition (see Fig. 4.5b) the upper and lower Hubbard
bands are separated. For U � W we find a narrow peak in the specific heat
around T = J ∼ t2/U due to the spin excitations, and a broad maximum
around T = O(U − W ) due to the charge excitations. Despite the pecu-
liar properties of the 1/r Hubbard model the overall shape of the specific
heat agrees well with that for the standard Hubbard model for interacting
strength U ≥ W , as obtained in [437]. Hence, the specific heat as displayed
in Fig. 4.5 should be rather generic for a correlated electron system.

The isothermal compressibility at half band-filling becomes

κ(n = 1, U, T ) =
β

π

∫ π/2

−π/2

dK [exp (−βεs(K)) + exp (βεc(K))]−1
, (4.80)

and the magnetic susceptibility, which can be obtained form electron–hole
symmetry, reads

χ(n = 1, U, T ) =
β

π

∫ π/2

−π/2

dK [exp (βεs(κ)) + exp (−βεc(K))]−1
. (4.81)

The magnetic susceptibility is depicted in Fig. 4.6 together with the fluctu-
ation of the electron density 〈(ΔN̂ )2〉/L = Tκ where ΔN̂ = N̂ − 〈N̂〉.
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The magnetic susceptibility at low temperatures shows Pauli behavior
which is strongly enhanced by the interaction, especially above the metal–
insulator transition; see (4.74). For all U > 0 it develops a peak. For
large U/W it is located around kBT = O(J ∼ t2/U), the energy scale for
spin excitations in the corresponding Heisenberg model. At high tempera-
tures, kBT � J , the magnetic susceptibility follows a Curie law. The Curie
“constant” gives the size of the local magnetic moments. For large U/W , and
temperatures above the spin excitation energy but below the charge gap,
the system behaves as if it contained only individual spins on each lattice
site, i.e., χ(n = 1, J � kBT � Δμ = U −W ) = 1/T , in units of ne(μB)2;
see [409, Chap. 31]). The correlated moments cease to exist for tempera-
tures kBT = O(U), and a crossover to the atomic limit behavior can be
observed, χ(n = 1, U � kBT ) = 1/(2T ), since now (non-magnetic) double
occupancies and holes are equally allowed.

The fluctuation in the electron density shown in Fig. 4.6b is linear for
small temperatures in the metallic phase, i.e., the compressibility is finite
and given by (4.74). Above the transition the charge gap has opened, and
electron number fluctuations are exponentially suppressed at temperatures
below the gap. At high temperatures the fluctuations saturate at the atomic
limit value Tκ(n = 1, U � kBT ) = 1/2 where each site is equally likely to
be singly occupied, doubly occupied, or empty. Again, the overall behavior
of the fluctuation of the electron density as shown in Fig. 4.6b is generic for
correlated electron systems.

As is seen from (4.78), (4.80), and (4.81) the thermodynamics at half
band-filling is wholly determined by the elementary excitations whose dis-
persion relations were given in (4.66) and (4.68). This is peculiar to the
1/r Hubbard model since the elementary excitations are essentially indepen-
dent of each other. Nevertheless we can most easily infer from the free energy
and the thermodynamic response functions that the gap is “robust” since
the (gaped) charge dispersion relation enters all thermodynamic quantities.
Hence, the metal–Mott–Hubbard insulator transition in the 1/r Hubbard
model provides an explicit example for a quantum phase transition.

4.3 Hubbard Model with Variable-Range Hopping

In this section we present exact results for the one-dimensional Hubbard
model with variable-range hopping. We start with the discussion of some basic
properties of the 1/ sinh r Hubbard model in which the hopping is of variable
range. Next, we solve the two-electron problem from which we derive the
scattering phase shift and the two-electron S matrix. Under the assumption
of integrability of the model we may apply Sutherland’s asymptotic Bethe
ansatz to obtain the generalized Lieb–Wu equations from which we calculate
the ground-state energy. At half band-filling the model is an insulator for all
finite interaction strengths for all finite hopping ranges.
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4.3.1 Basic Properties

Our analysis in Sect. 4.2.1 shows how to construct lattice spin models from
integrable continuum models with two-body interaction V (x). Among those
is the class with the interaction V (x) ∼ 1/ sinh2(κx). Here, κ−1 is the ef-
fective range of the interaction. On the lattice the corresponding 1/ sinh2 r
Heisenberg model,

ĤI =
∞∑

l 	=m=−∞
J(l −m)

[
Ŝl · Ŝm −

1
4

]
,

J(l −m) = J
(

sinh(κ)
sinh[κ(l −m)]

)2

, (4.82)

is defined on an infinite lattice to avoid problems with boundary terms. In-
ozemtsev [442] explicitly constructed the wave functions for 2 ≤ M < ∞
magnons for the ferromagnetic model (J < 0) in the thermodynamic limit.
Thus we will call this lattice model for spin-1/2 Heisenberg operators the
“Inozemtsev model”. The general mapping of continuum models onto lattice
spin models can now be performed [443] such that the full spectrum and
the thermodynamics of the Inozemtsev model is known [444]. The explicit
form of the wave functions for finite electron densities, however, could not be
determined at this stage.

In analogy to the approach in Sect. 4.2 we may conjecture that the Hub-
bard model that canonically belongs to the Inozemtsev model will also be
integrable. The generalization of integrable spin models to Hubbard models
is canonical but not trivial; see, e.g., [445]. In the following we will use the
hypothesis that the 1/ sinh r Hubbard model with hopping amplitudes

t(l −m) = (−it)(−1)l−m sinh(κ)
sinh[κ(l −m)]

(4.83)

is indeed integrable. As for the 1/r Hubbard model we have to choose purely
imaginary hopping matrix elements to guarantee that t(l −m) = t∗(m − l)
because sinh[κ(l −m)] is antisymmetric under the exchange of l and m.

In contrast to the Hubbard models discussed thus far, the 1/ sinh r Hub-
bard model contains a parameter κ which controls the hopping range. Up
to the distance of the order of O(κ−1) the amplitude for electron trans-
fer decays linearly, whereas it decays exponentially for |l − m| � κ−1. As
a consequence, we obtain the Hubbard model with nearest-neighbor hop-
ping in the limit κ → ∞ when we perform the additional transformation
ĉ+l,σ �→ eiπl/2 ĉl,σ|HM. This corresponds to a shift kHM = k + π/2 in momen-
tum space. We recover the 1/r Hubbard model in the thermodynamic limit
for κ → 0 since then the hopping decays proportionally to the inverse of
the distance at all length scales. The proper order of limits is to take the
thermodynamic limit first, and let κ→ 0 afterwards.
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Fig. 4.7. Dispersion relation of the
1/ sinh r Hubbard model for κ >
10 (short-range hopping), κ = 1.0
and κ = 0.1 (medium-size hop-
ping ranges). The dispersion is lin-
ear for κ = 0 (long-range hopping)
(from [448]).

We can readily calculate the dispersion relation from

ε(k) =
∑
r 	=0

t(r)e−ikr . (4.84a)

With the definitions p = (k + π)/2, q = e−κ we rewrite this in the form

ε(k) = (−4t) sinh(κ)
∞∑

r=1

qr

1− q2r
sin(2pr) . (4.84b)

This expression is found to be a logarithmic derivative of a Jacobi theta
function [446, 447],

ε(k) = −t sinh(κ)
∂

∂x
ln θ4(x, e−κ)

∣∣∣∣
x=(k+π)/2

. (4.84c)

The dispersion relation is shown in Fig. 4.7.
As in the 1/r Hubbard model, parity is, in general, not a good quantum

number for κ < ∞ since the dispersion relation has odd parity, ε(−k) =
−ε(k), and the interaction has even parity. For dispersion relations with odd
parity we may again use the electron–hole transformation T4 (4.44) to restrict
our investigations to at most half band-filling.

4.3.2 General Two-Electron Problem in One Dimension

As in the case of the Hubbard model with nearest-neighbor hopping we an-
alyze the two-electron state

|ψ〉 =
∑

x1,x2

ψ(x1, x2)ĉ+x1,↑ĉ
+
x2,↓|vacuum〉 (4.85)

in the spin singlet channel such that we again have ψ(x1, x2) = ψ(x2, x1) for
spin S = Sz = 0. For x1 �= x2 the Schrödinger equation Ĥ |ψ〉 = E|ψ〉 gives
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Eψ(x1, x2) = F (x1, x2) + F (x2, x1) + t(x1 − x2) [ψ(x2, x2)− ψ(x1, x1)] ,

(4.86a)

and for x1 = x2 we obtain

(E − U)ψ(x1, x1) = 2F (x1, x1) . (4.86b)

Here we used the abbreviation

F (x1, x2) =
∑

x 	=x1,x2

t(x1 − x)ψ(x, x2) . (4.86c)

Both equations (4.86a) and (4.86b) have to be solved simultaneously. The
wave function must have the following properties.

(i) It asymptotically describes an incoming plane wave and an outgoing scat-
tered wave,

ψ(x1 � x2) ∼ ei(k1x1+k2x2) − eiθ(k1,k2)ei(k2x1+k1x2) , (4.87)

where θ(k1, k2) is the scattering phase shift and k1, k2 are quasi-momenta.
(ii) For κ =∞ it has to reduce to the Bethe-ansatz wave function (4.4). This

implies that the sector condition x1 < x2 has to be extended in a proper
way.

(iii) The function F (x1, x2) of (4.86c) must give terms of the form [ε(k1) +
ε(k2)]ψ(x1, x2); see (4.86a).

The form of the hopping matrix elements and the items (ii) and (iii)
suggest that the following trigonometric identity will be helpful:

1
sinh(z1) sinh(z2)

=
coth(z2)− coth(z1)

sinh(z1 − z2)
. (4.88)

In (4.86c) it guarantees that there will be terms in F (x1, x2) proportional
to 1/ sinh(x1 − x2) if we set ψ(x1, x2) ∼ 1/ sinh(x1 − x2). Together with
condition (i) our ansatz for the wave function becomes

ψ(x1, x2) =
1− δx1,x2

2 sinh[κ(x2 − x1)]
Ψ(x1, x2) + δx1,x2λe

i(k1+k2)x1 ,

Ψ(x1, x2) = eκ(x2−x1)
(
Aei(k1x1+k2x2) −Bei(k2x1+k1x2)

)
(4.89)

−e−κ(x2−x1)
(
Aei(k1x2+k2x1) −Bei(k1x1+k2x2)

)
.

Again, we may calculate the scattering matrix and phase shift for the spin
singlet as s = −B/A = −eiθ(k1,k2).

The wave function in (4.89) has the form of Inozemtsev’s two-magnon
state [442]. A generalization of the Bethe ansatz can thus be achieved by a
“softening” of the sector condition x1 < x2 into the Bose function

eκ(x2−x1)

2 sinh[κ(x2 − x1)]
=

1
1− e−2κ(x2−x1)

−→
κ→∞

{
1 for x1 < x2

0 for x1 > x2

. (4.90)
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This extension of the Bethe ansatz had already been recognized by Inozemt-
sev [442] in the context of the 1/ sinh2 r Heisenberg model.

We have to be careful when we evaluate the function F (x1, x2) because
infinite lattice sums appear. After we have applied the trigonometric identity
in (4.88) we must not directly split the sum over x into two separate sums
because we would obtain diverging expressions. Depending on the prefactors
exp[−κ(x− x2)] and exp[κ(x− x2)], respectively, we have to write

coth[κ(x1 − x)]− coth[κ(x2 − x)] = [coth[κ(x1 − x)]∓ 1]

− [coth[κ(x2 − x)]∓ 1] (4.91)

before we split the sum over x into two sums. The rest of the calculation is
straightforward but lengthy. The result for x1 �= x2 is

F (x1, x2) + F (x2, x1) = [ε(k1) + ε(k2)]ψ(x1, x2) +G(x1, x2) (4.92a)

with the abbreviation

G(x1, x2) = −t(x1 − x2)
[
ei(k1+k2)x2 − ei(k1+k2)x1

]
×
[
(A−B) + (A+B)

ε(k1)− ε(k2)
2it sinh(κ)

]
. (4.92b)

Some unwanted terms cancel because of the exchange symmetry of F (x1, x2)+
F (x2, x1) in x1 ↔ x2. Thus, (4.86a) is indeed solved by the ansatz (4.89) if

E = ε(k1) + ε(k2) , (4.93a)

λ = (A−B) +
(A+B)(ε(k1)− ε(k2))

2it sinh(κ)
. (4.93b)

The calculation of F (x1, x1) can be carried out without further problems and
leads to

2F (x1, x1) = ei(k1+k2)x1 [E(A−B)− i(A+B) (η(k1)− η(k2))] (4.94a)

with the auxiliary function

η(k) = η(−k) = 2t sinh(κ)
∞∑

n=1

(−1)n cos(kn) cosh(κn)/ sinh2(κn). (4.94b)

This function obeys (∂η(k))/(∂k) = (∂ε(k))/(∂κ). With the help of these
results and (4.86b) we can determine the scattering matrix in the singlet
channel, s = −B/A, from

(A−B)E − i(A+B)(η(k1)− η(k2)) = λ(E − U) . (4.95)

Hence, we have formally solved the two-electron problem. The solution is valid
in the thermodynamic limit only. Therefore, it is not possible to formulate
a formal quantization condition for the quasi-momenta. A way out of this
dilemma is provided by Sutherland’s asymptotic Bethe ansatz which we will
apply to obtain the generalized Lieb–Wu equations and thus the spectrum of
our model in the thermodynamic limit.



4.3 Hubbard Model with Variable-Range Hopping 173

4.3.3 S Matrix and Generalized Lieb–Wu Equations

Inozemtsev [442] succeeded in explicitly constructing many-electron wave
functions in the thermodynamic limit. Unfortunately, the exponential tails
of the wave functions prevented the construction of wave functions for finite
electron densities. It seems likely that one has to construct a lattice-periodic
version of the 1/ sinh exchange before further progress can be made.

Sutherland [386, 449] recognized that for integrable systems the two-
electron scattering phase is enough to derive the spectrum as long as the
wave functions asymptotically (x1 � x2 � . . . � xN ) describe plane
waves (“asymptotic Bethe ansatz”). It is by no means obvious that the
1/ sinh r Hubbard model is indeed integrable. In the following we will never-
theless investigate the consequences of this hypothesis; we are confident that
the results are exact in the thermodynamic limit.

The solution of the two-electron problem gives the following result for the
scattering matrix for S = 0:

s = −B
A

=
i(H(k1)−H(k2)) + U/(2t)
i(H(k1)−H(k2))− U/(2t)

, (4.96a)

with the auxiliary function

H(k) =
1
2t

[
−η(k) +

ε(k)(ε(k)− U)
2t sinh(κ)

]
. (4.96b)

When we compare this with (4.8) we immediately see that the generalization
of the Bethe-ansatz result is achieved by the replacement

sin(kHM) �→ H(k) . (4.97)

Since limκ→∞H(k) = limκ→∞[−η(k)/(2t)] = cos(k) = sin(kHM), we can
already verify that all results for the Hubbard model with nearest-neighbor
hopping will indeed be reproduced in the limit κ→∞.

In analogy to the results in Sect. 4.1 we find the total two-electron scat-
tering matrix as

S12 =
(H(k1)−H(k2))I + iU/(2t)P 12

H(k1)−H(k2) + iU/(2t)
. (4.98)

This two-electron S matrix does fulfill the Yang–Baxter equation (4.15a).
However, this does not prove integrability because the sector condition has
been softened into a Bose function.

The scattering phase shift is found as

θ(k1, k2) = (−2)arctan
[
H(k2)−H(k1)

U/(2t)

]
. (4.99)

The assumption of the asymptotic Bethe ansatz then immediately yields the
generalized Lieb–Wu equations [see (4.19) and (4.97)]
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kjL = 2πIj +
N↓∑

α=1

Θ
(
2H(kj)− 2Λα

)
,

j = 1, . . . , N , (4.100a)

−
N↓∑
β=1

Θ
(
Λα − Λβ

)
= −2πJα +

N∑
j=1

Θ
(
2H(kj)− 2Λα

)
,

α = 1, . . . , N↓ . (4.100b)
As before we use Θ(x) = −2arctan

[
x
/
(U/(2t))

]
. The quantum numbers Ij

are half odd-integer if N↓ is odd, and integer otherwise. The values of 2πIj/L
are restricted to the first Brillouin zone (N ≤ L). The quantum numbers Jα

are half odd-integer if N −N↓ − 1 is odd, and integer otherwise. We further
have 2πJα ≤ π(N −N↓).

Strictly speaking, the equations (4.100) do not belong to the 1/ sinh r Hub-
bard model with hopping amplitudes (4.83) but to a model defined on a
finite ring of circumference L. Both models agree only in the thermody-
namic limit. Fortunately, the error we introduce on the quantization of
the quasi-momenta kj in (4.100) is only exponentially small, of the order
of O(exp(−κL)), and thus negligible for L � κ−1. Obviously, the thermo-
dynamic limit L → ∞ has to be taken before the limit κ → 0 to obtain the
proper results for the 1/r Hubbard model. For this reason the two-electron
wave function for the 1/r Hubbard model in Sect. 4.2, (4.52), does not agree
with the wave functions of this section, (4.89), in the limit κ→ 0.

4.3.4 Ground-State Energy at Half Band-Filling

In complete analogy to our considerations in Sect. 4.1.4 we can reduce the
generalized Lieb–Wu equations to integral equations in the thermodynamic
limit. We formulate these equations and explicitly solve them for half band-
filling in Appendix A.3. With the auxiliary functions

J̃
(c
s)

0 (ω) =
(

Re
Im

)∫ π

−π

dk
2π

eiωH(k) , (4.101a)

J̃
(c
s)

1 (ω) =
(

Re
Im

)∫ π

−π

dk
2π

eiωH(k)ε(k)
∂H(k)
∂k

(4.101b)

the ground-state quasi-particle densities can be written as

σ0(Λ) =
∫ ∞

0

dω
2π cosh(ωU/(4t))

[
cos(ωΛ)J̃c

0(ω) + sin(ωΛ)J̃s
0 (ω)

]
,

(4.102a)

ρ0(k) =
1
2π

+
∂H(k)
∂k

∫ ∞

0

dω
π(1 + eωU/(2t))

[
cos(ωH(k))J̃c

0 (ω)

+ sin(ωH(k))J̃s
0 (ω)

]
. (4.102b)
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Fig. 4.8. Ground-state energy of
the 1/ sinh r Hubbard model at half
band-filling for κ > 10 (short-range
hopping), κ = 1.0 and κ = 0.1
(medium hopping ranges), and κ =
0 (long-range hopping) (t = 1;
from [448]).

For κ → ∞ we have J̃c
0(ω) → J0(ω), J̃ s

0(ω) → 0, and J̃c
1(ω) → −2J1(ω)/ω,

J̃ s
1(ω) → 0, where J0(ω) and J1(ω) are Bessel functions. Now that we

have limκ→∞H(k) = sin(kHM) we recover the result obtained by Lieb and
Wu [390] for the quasi-particle densities in the case of the standard Hubbard
model, (4.23).

The ground-state energy density for half band-filling is found as

(E0/L)(N = L,U) =
∫ ∞

0

2 dω
1 + eωU/(2t)

[
J̃c

0(ω)J̃c
1(ω) + J̃ s

0(ω)J̃ s
1(ω)

]
.

(4.103)

For κ → ∞ we again recover the Lieb–Wu result for the ground-state en-
ergy (4.24) [390]. Furthermore, we obtain the correct result for the ground-
state energy of the 1/r Hubbard model at half band-filling, (4.61), if we
carefully carry out the limit κ→ 0. This is shown in Appendix A.3.

The ground-state energy as a function of the interaction strength U/t for
various hopping ranges is displayed in Fig. 4.8. For small U/t all curves
have the inclination U/(4t). This corresponds to the Hartree energy for
half band-filling. For large U/t the 1/ sinh r Hubbard model transforms into
the Inozemtsev model, (4.82). We find limU→∞(UE/(Lt2)) = −4 ln2 ≈
−2.773,−2.826,−3.197,−π2/3 ≈ −3.290 for the values κ = ∞, 1, 0.1, 0.
In [448] it is shown that all the results in [444] for the spin model are com-
pletely reproduced. As a by-product [448] one even obtains an explicit solu-
tion to the coupled integral equations for the Inozemtsev model [444].

4.3.5 Metal–Insulator Transition at Half Band-Filling

For the analysis of the metal–insulator transition at half band-filling we re-
quire the quasi-particle dispersions; see Sect. 4.1.5. As shown in Appendix A.3
we can obtain a closed solution for the corresponding integral equations in
this case. We find
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ε̃QP
s (Λ) =

∫ ∞

0

dω
cosh(ωU/(4t))

[
cos(ωΛ)J̃c

1(ω) + sin(ωΛ)J̃ s
1(ω)

]
,

(4.104a)

ε̃QP
c (k) = ε0c(k) + 2

∫ ∞

0

dω
1 + eωU/(2t)

[
cos(ωH(k))J̃c

1(ω)

+ sin(ωH(k))J̃ s
1(ω)

]
, (4.104b)

with ε0c(k) = −μ− + ε(k). The chemical potential μ− follows from the condi-
tion max{k}[ε̃QP

c (k)] = 0.
This result can be further analyzed for weak and strong interactions.

For U = 0 we have ε̃QP
c (k) = 2ε0c(k) for −π < k < 0 and ε̃QP

c (k) = 0 for
0 < k < π. Thus μ−(U = 0) = μ+(U = 0) = 0 holds, and the system is
metallic. For large U/t we find instead that ε̃QP

c (k) = −μ− + ε(k). Hence,
μ−(U � W ) = W/2 and μ+(U � W ) = U − W/2. The system has an
excitation gap of the size Δμ(U � W ) = U − W . The upper and lower
Hubbard bands have the full bandwidth W1 = W2 = W for U � W , in
complete agreement with the general ideas of Mott and Hubbard.

The calculation of the energy gap in the limit of small interactions is
very difficult, as could already be seen for the case of the Hubbard model
with nearest-neighbor interactions. For the 1/ sinh r Hubbard model we could
not find a simple analytical expression for the energy gap. Nevertheless we
can make some qualitative estimate on the behavior of the energy gap. For
small U/t and all κ > 0 the function H(k) is a symmetrical function, inde-
pendent of U ; see (4.96b). As in the standard Hubbard model the decisive
U dependence of the quasi-particle dispersions, (4.104), stems from the factor
1/(1+exp(ωU/(2t)) in the ω integral. This exponential dependence is the rea-
son for an exponentially small energy gap in the Hubbard model with nearest-
neighbor hopping, (4.33). Consequently, we qualitatively find the same expo-
nential dependence of the energy gap on U/t for all κ > 0 for small U/t. Hence
the system is an insulator at half band-filling, Uc(κ > 0) = 0+. We need a new
limit, κ → 0, to change this analytical behavior. We show in Appendix A.3
that (4.104b) indeed gives Uc(κ = 0) =W , in agreement with (4.63).

Now we have completed our analytical studies of modified Hubbard mod-
els with variable hopping ranges. We will discuss the results for the metal–
insulator transition in more detail in the next section.

4.4 Mott–Hubbard Transition in One Dimension

In this section we first discuss peculiarities of our one-dimensional exactly
solvable models. At small energies all our modified Hubbard models with
finite hopping range (κ > 0) display the perfect nesting property which re-
sults in an insulating ground state at half band-filling for all finite interac-
tion strengths. We discuss the effect of umklapp scattering within the field-
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theoretical “g-ology” Hamiltonian to which our models reduce at low energies.
The nesting property is absent in the dispersion relation of the 1/r Hubbard
model, but it displays a jump discontinuity at the Brillouin zone boundary.
This results in some unphysical properties of the metal–Mott–Hubbard insu-
lator transition in this model. Despite some peculiarities the generic features
of the Mott–Hubbard transition are clearly borne out in one dimension.

4.4.1 g-ology Hamiltonian

With the exception of the 1/r Hubbard model all one-dimensional Hubbard
models display an insulating behavior at half band-filling for all U > 0.
Since the effect appears at arbitrarily small interaction strengths it should be
possible to understand this transition within a more general model description
for one-dimensional electrons with weak interactions.

In the absence of any interactions the system is metallic. In the ground
state all states in momentum space in the region |k| ≤ kF are occupied, and
the system possesses two Fermi points at k = ±kF. If the Coulomb interaction
is weak, the bandwidth W is large compared to all Coulomb parameters
U , V , etc. In this case we may linearize the dispersion relation around the
Fermi points since excitations are limited to small energy transfers. The band
edges ±W/2, and the Brillouin zone boundaries ±π/a, appear only as cut-
off parameters for otherwise formally divergent frequency and momentum
integrals.

After the linearization of the dispersion relation around the two Fermi
points we obtain the general effective low-energy Hamilton operator for one-
dimensional electrons. This field-theoretical model, the “g-ology” Hamilto-
nian, is extensively discussed in [450]; see also [417, 434, 451] and references
therein. In the following we will limit our discussion to those model aspects
that are relevant for the metal–insulator transition.

According to its derivation the g-ology model describes “left-moving” elec-
trons at k = −kF (�̂+k,σ) and “right-moving” electrons at k = +kF (r̂+k,σ). They
interact with each other such that the corresponding energy transfer in a scat-
tering process is small compared to the bandwidth. As in Fermi-liquid theory
we thereby assume that energetically low-lying states are not drastically in-
fluenced by the interaction. In particular, there is always a filled (Dirac) sea
of states with arbitrarily negative energy below the Fermi energy. This infi-
nite sea of electrons allows for an exact solution of the g-ology model for some
important generic cases, namely the Luttinger model and the Luther–Emery
model; see below. However, the existence of the Dirac sea requires some care
in practical calculations.

In the following we use the convention that all operators are normal
ordered with respect to the non-interacting ground state (Dirac sea). In
addition, momentum indices on the operators for right- and left-moving
electrons always denote momenta in regions |k − kF| < k0 � π/a and
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Fig. 4.9. Elementary scattering processes

in the g-ology model. Ĥ1: Backscattering.
Ĥ3: Umklapp scattering. Ĥ2, Ĥ4: Scatter-
ing terms of the Luttinger model.

|k + kF| < k0 � π/a around the corresponding Fermi point (k0 is a cut-
off momentum). The Hamilton operator for the g-ology model can then be
formulated as

Ĥg = Ĥ0 +
4∑

l=1

Ĥl , (4.105a)

Ĥ0 =
∑
k,σ

h̄vr
F(k − kF)r̂+k,σ r̂k,σ −

∑
k,σ

h̄v�
F(k + kF)�̂+k,σ �̂k,σ , (4.105b)

Ĥ1 =
1
L

∑
k1,k2,q

σ,σ′

gσ,σ′
1 r̂+k1,σ �̂

+
k2,σ′ r̂k2+2kF+q,σ′ �̂k1−2kF−q,σ , (4.105c)

Ĥ2 =
1
L

∑
k1,k2,q

σ,σ′

gσ,σ′
2 r̂+k1,σ �̂

+
k2,σ′ r̂k2+q,σ′ �̂k1−q,σ , (4.105d)

Ĥ3 =
1

2L

∑
k1,k2,q

σ,σ′

gσ,σ′
3

[
r̂+k1,σr̂

+
k2,σ′ �̂k2−2kF+q,σ′ �̂k1+2kF−q−G,σ + h.c.

]
,

(4.105e)

Ĥ4 =
1

2L

∑
k1,k2,q

σ,σ′

gσ,σ′
4

[
r̂+k1,σr̂

+
k2,σ′ r̂k2+q,σ′ r̂k1−q,σ + (l ↔ r)

]
. (4.105f)

The Fermi velocities vr
F and v�

F of the right- and left-moving electrons need
not necessarily be the same. The coupling strengths gσ,σ′

l are functions of the
parameters in the original lattice model under consideration. In general, an
identification of the two parameter sets is only possible for small interaction
strengths; see below.

The interaction contributions Ĥl (l = 1, . . . , 4) define the four possible
two-electron scattering processes, compatible with small energy transfers.
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They are displayed in Fig. 4.9. Ĥ1 and Ĥ3 describe processes with large
momentum transfers but only small momentum transfers are involved in Ĥ2

and Ĥ4. Ĥ1 is called the backscattering term since a right-moving electron is
scattered into a left-moving electron, and vice versa. Ĥ3 is called the umklapp
scattering term since two left-moving electrons are scattered into two right-
moving electrons, and vice versa. Since the total momentum in a scattering
process is conserved, this process is only possible on a lattice where the total
momentum is defined modulo a reciprocal lattice vector (G = 2π/a). Even
then the umklapp process is forbidden for general band-filling because such
a process requires Q = 4kF−G ≡ 0 which is fulfilled only at half band-filling
where kF = nπ/(2a) = G/4 for n = 1.

In all cases the Hamiltonian can be decomposed into two commuting
parts for the charge and spin degrees of freedom. This is a first indication
that charge and spin propagate differently in one dimension (charge–spin
separation). For the charge and the spin sector we define

gcl = gσ,σ
l + gσ,σ′

l , l = 1, . . . , 4 , (4.106a)

gsl = gσ,σ
l − gσ,σ′

l , l = 1, . . . , 4 , (4.106b)

as new coupling parameters.
When both backscattering and umklapp scattering are absent, gν

1 = 0 and
gν
3 = 0 (ν = c and/or ν = s), the general g-ology Hamiltonian reduces to the

Luttinger model [452], which was first solved exactly by Lieb and Mattis [453].
One special variant is the “chiral” Luttinger model for gν

2 = 0 in which the
left-moving and right-moving charges and/or spins are independent of each
other.

In the presence of backscattering and/or umklapp scattering the g-ology
model for the spin and/or charge degrees of freedom is exactly solvable only
for a special choice of the coupling constants. The exactly solvable “Luther–
Emery line” [454] is defined by the relations

gν
2

πh̄vF + gν
4

=
3
5

(4.107)

in the charge sector (ν = c) and/or the spin sector (ν = s), respectively [417,
434, 450].

4.4.2 Perfect Nesting in One Dimension

For modified Hubbard models we have gσ,−σ
l = U + O(U2/W ), gσ,σ

l =
O(U2/W ) for all l = 1, . . . , 4, and we should address the full g-ology model,
at least in principle. In this case we can employ renormalization group theory
to analyze which of the g parameters are relevant or irrelevant for the physi-
cal properties described by the model. Such an analysis shows [434] that the
umklapp scattering Ĥ3 and the backscattering term Ĥ1 are irrelevant for all
modified Hubbard models away from half band-filling. Hence, the Luttinger
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model describes the (small-g) fix-point of the g-ology model. In particular,
this implies that the Hubbard models with finite-range hopping are metallic
away from half band-filling.

Since the Luttinger model can be solved exactly, one can calculate the
velocities of the elementary excitations as functions of the parameters gc,s

2

and gc,s
4 as

vν =
√

[h̄vF + gν
4/π]

2 − [gν
2/π]

2 , ν = c, s . (4.108)

Since these two velocities are generally unequal, charge and spin excitations
propagate differently through the system. Because the g-ology model and the
Luttinger model, as one of its important fix-points, are the generic low-energy
Hamiltonians in one dimension, the phenomenon of charge–spin separation is
common to all one-dimensional models at low energies [410]. Therefore, in one
dimension the concept of a “Luttinger liquid” replaces Landau’s Fermi-liquid
picture of interacting electrons.

To make contact between the Luttinger model and exactly solved Hubbard
models we may compare the velocities in (4.108) with those of the elementary
excitations in the exact solutions. This allows us to identify the g parameter
as a function of U/t for all interaction strengths. In this way it is possible to
transfer all known results for the Luttinger model to the (modified) Hubbard
models at small excitation energies [408]. The comparison of the results from
a direct analysis of the Bethe ansatz equations for the Hubbard model and
those from the analogy to the Luttinger model explicitly shows that the
Hubbard model away from half band-filling belongs to the general class of
Luttinger liquids [410]. The effective values for gν

2,4(U/t) are finite, and the
system is a metal away from half band-filling. We have already made use of
this fact in Sect. 4.1.

Fig. 4.10. umklapp scattering
at half band-filling: both disper-
sion relations effectively over-
lap due to the umklapp shift
of the momenta, and thus split
for U > 0.

At half band-filling, however, the umklapp scattering becomes relevant
in the sense of the renormalization group theory [455]. It is precisely this
umklapp contribution that is responsible for the metal–insulator transition
at Ud=1

c = 0+ because one-dimensional systems with two Fermi points al-
ways fulfill the perfect nesting condition ε(kF + δk) = −ε(kF + δk − π/a)
for δk � kF. The effect of the umklapp term can easily be understood by a
look at Fig. 4.10. In the presence of umklapp scattering one branch of the
dispersion relation can be viewed as being shifted by half a reciprocal lat-
tice vector 2kF = π/a. Hence both branches effectively cross , and any finite
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interaction g↑,↓3 = U > 0 will split the dispersion relation and an excitation
gap will form. The system describes an insulator, Ud=1

c = 0+. The prop-
erty shown in Fig. 4.10 is exact for the g-ology model on the Luther–Emery
line [417, 450] on which the gap is finite:

Δμ =
|gc3|
2πα

(4.109)

(α is a cut-off parameter).
The “band crossing argument”, however, has to be used with care since

it is based on the ideas of perturbation theory for non-interacting electrons
(band structure theory). For example, the argument does not work for spin-
less fermions with nearest-neighbor interaction in one dimension for which
the argument would formally be the same. The result, however, would be
wrong. Spinless fermions at half band-filling show a transition from a metal
into an insulating charge-density wave state at a finite value of the interaction
strength, as seen from the exact solution [456]; see also Sect. 5.4. Therefore,
it is necessary to scrutinize whether the umklapp term indeed destabilizes
the Luttinger liquid fix-point. For spinless fermions this term is in fact only
marginal [455], but it is relevant for the electrons in the Hubbard model which
is a spinful system with momentum-independent interactions.

We can thus state that the perfect nesting property of all one-dimensional
Hubbard models with left- and right-moving electrons is the reason for the
insulating ground state at half band-filling and all U > 0.

4.4.3 Long-Range Hopping

The decisive advantage of the 1/r Hubbard model over the other modified
Hubbard models is the absence of the perfect nesting property, because there
are right-moving electrons only. Therefore, it corresponds to a chiral Luttinger
model which is, however, defined and solved on the lattice. In its metallic
phase at low energies the 1/r Hubbard model can be decomposed into two
independent chiral Luttinger models for the charge and spin degrees with
g-ology parameters gc,s

1 = gc,s
2 = gc,s

3 = 0. We identify the two parameters
gc4 and gs4 as functions of U/t by a comparison of the velocities in the exact
solution of the 1/r Hubbard model, (4.67) and (4.72), with those as functions
of gc,s

4 in the exact solution of the chiral Luttinger model, (4.108). The result
is (W = 2πt, vF = h̄ta ≡ t) [433]

gc4 = U
W√

(W + U)2 − 4WUn
> 0 , (4.110a)

gs4 = (−U)
W

U +W
< 0 . (4.110b)

For a chiral Luttinger model we further have Kρ = ξ2 = 1; see, e.g., [412].
According to (4.36) we may now determine the Drude weight. The resulting
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equation (4.73) shows that the Drude weight for half band-filling and for
U →W− diverges like

Dc =
e2ta

h̄2

[
1 +

U

W − U

]
. (4.111)

A diverging Drude weight seems to be impossible on behalf of the usual f -
sum rule for the conductivity. The integral over the real part of the optical
conductivity obeys (see, e.g., [433])∫ ∞

−∞
dωRe [σ(ω)] = lim

q→0

πe2

L

∑
k,σ

〈n̂k,σ〉 (4.112a)

×
{

1
q

[
ε(k + q)− ε(k)

q
+
ε(k − q)− ε(k)

q

]}
,

with σ(ω) ≡ σ(ω, q = 0). For twice-differentiable dispersion relations ε(k)
this reduces to∫ ∞

−∞
dωRe [σ(ω)] =

πe2

L

∑
k,σ

〈n̂k,σ〉
∂2ε(k)
∂k2

. (4.112b)

Hence the frequency integral over the conductivity has an upper bound. For
the 1/r Hubbard model, however, we have to insert the minimum value for q =
Δ = 2π/L, which allows us to reduce (4.112a) to∫ ∞

−∞
dωRe [σ(ω)] = L

e2

4π

∑
σ

[
〈n̂−π+Δ/2,σ〉 − 〈n̂π−Δ/2,σ〉

]
. (4.113)

The unphysical jump of the dispersion relation at the Brillouin zone bound-
ary leads to a total conductivity that diverges proportionally to the system
size. Correspondingly, the Drude weight can diverge at the transition propor-
tionally to

√
L; see (4.73) and (4.110a).

At the metal-to-insulator transition the divergence of the charge velocity
implies unphysical effects such as a diverging Drude weight and a vanishing
effective mass of the charge carriers. Obviously, the details of the metal–Mott–
Hubbard insulator transition are not properly described by the 1/r Hubbard
model.

4.4.4 Comparison with Basic Theoretical Concepts

As the last point in this section we discuss which properties of our exactly
solvable models are special to one dimension, and which can be viewed as
generic, i.e., also valid in higher dimensions. This will allow us to compare
the exact solutions of one-dimensional model systems to the more general
views on the nature of the metal–insulator transition presented in Sect. 1.4.
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Limits of Strong and Weak Interactions. All the exact solutions in this chap-
ter show that two separate bands for charge excitations are formed for half
band-filling and U �W . Their dispersion relation is given by εLHB(k) = ε(k)
and εUHB(k) = U − ε(k), respectively. The lower and upper Hubbard bands
describe the charge excitations of the half-filled ground state. The size of the
energy gap therefore is of the order of Δμexact = U −W +O(W 2/U). These
exact results are in complete agreement with Mott’s views (see Sect. 1.4)
which were first quantified by Hubbard (Sect. 3.3) as well as Brinkman and
Rice (Sect. 3.4). The charge excitations stay mobile for strong interactions.

This is in contrast to the predictions of Hartree–Fock mean-field theory
(Sect. 3.1). Here, the electrons become localized onto their corresponding
sublattice sites to optimize the exchange energy between their spins. Conse-
quently, charge excitations are immobile for U � W and the energy gap is
given by ΔμHF = U − O(W 2/U). The fact that the energy gap is correctly
reproduced to order U is often interpreted as a success for mean-field theory.
Any theory, however, that localizes electrons on the lattice sites will repro-
duce this atomic limit contribution to the energy gap, e.g., the SIC-LSDA
(Sect. 3.2). The conclusive information on the character of the insulating
state is thus contained in the corrections to the leading order.

For weak interactions we have to leave out the special case of perfect nest-
ing because there the system is always an insulator. The situation is typical
for one-dimensional systems but rather an exception in higher dimensions.
The generic case of the absence of perfect nesting can thus be discussed only
for the 1/r Hubbard model for which the g3 process is not present.

At half band-filling the 1/r Hubbard model describes a metal below the
(finite) critical coupling, Uc =W . Although the perturbation series in U/t for
the ground-state energy obviously converges for U < W , the system is not a
Fermi liquid with quasi-particle excitations near the Fermi energy. Instead, as
typical for one-dimensional systems, the metal is a Luttinger liquid in which
(collective) charge and spin excitations propagate with different velocities.

In one dimension, however, the non-interacting Fermi gas should instead
be viewed as a “Luttinger gas” such that there again is a one-to-one corre-
spondence between the elementary excitations in both systems [457]. In this
sense the physics described by the 1/r Hubbard model is qualitatively the
same for all 0 ≤ U < W . In this respect the physics in one dimension parallels
the expected situation in higher dimensions, where the metallic Fermi-liquid
state exists for 0 ≤ U < Uc, and breaks down at the metal-to-insulator
transition.

Metal–Insulator Transition. The metal–insulator transition in the 1/r Hub-
bard model is a consequence of the diverging effective charge coupling con-
stant gc4 for U → W− at half band-filling; the spin channel of the correspond-
ing Luttinger model does not display an anomaly in the metallic regime
[see (4.110)]. The Mott–Hubbard gap at Uc = W is due to charge correla-
tions, in agreement with Mott’s arguments in Sect. 1.4.
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Furthermore, the Mott–Hubbard transition in the 1/r Hubbard model
shows all the features of a generic quantum phase transition given in Mott’s
example in Sect. 1.4.6. It occurs at a finite value of the interaction strength,
Uc = W , the gap opens continuously (exponent ν = 1), and no ordering of
the magnetic moments occurs. In addition, the gap is found to be robust since
the (gaped) charge dispersion relation enters the thermodynamic quantities
at all temperatures. This scenario should be generic for higher dimensions.

As already discussed in Sect. 1.4 the quantum phase transition is usually
hidden since the magnetic moments are ordered at low enough temperature.
One-dimensional Hubbard models do not show true long-range order in the
ground state. Even in the presence of perfect nesting the spin–spin correla-
tions decay with the inverse of the distance, and signal “quasi” long-range
order only. Owing to perfect nesting, however, the point of the quantum
phase transition is shifted to Uc = 0+. The energy scale for spin excitations
is J/t = O(t/U), and the spin correlations can give rise to an exponentially
small gap for small U/t, Δμ ∼ exp (−O(J/t)). The insulating states for small
and for large interactions are continuously connected for one-dimensional
Hubbard models with the perfect nesting property, and no true long-range
order of the moments occurs. For these reasons we characterize the insulating
state as a Mott–Hubbard insulator.

The Hubbard model will display long-range magnetic order at half band-
filling in higher dimensions. In three dimensions we thus expect a Mott–
Heisenberg insulator which turns into a Mott–Hubbard insulator at some crit-
ical temperature where the long-range magnetic order is lost. Unfortunately,
there are no systematic and controlled analytical methods to investigate the
metal–insulator transition in lattice models in d = 2, 3 dimensions. The in-
vestigation of correlated electron systems in infinite dimensions (d = ∞) is
one of the few available tools for studying this question in dimensions larger
than one. We discuss the Hubbard model in infinite dimensions in the next
chapter.
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In this chapter we study the Hubbard model in infinite dimensions. The limit
d→∞ is introduced in the first section. For models with localized spins it
has been known for a long time that the results of mean-field approxima-
tions become exact in infinite dimensions. The intensive study of quantum-
mechanical models with itinerant degrees of freedom in infinite dimensions
has begun only recently. Hence, we expect further substantial progress in this
direction in the future.

In infinite dimension the dispersion relation is a random variable over
momentum space. In the second section we introduce the “random dispersion
approximation” as a generalized construction principle for itinerant mean-
field models. It is shown that Hubbard models with a random dispersion
relation can be mapped onto an effective one-dimensional model.

In the third section we discuss the simplifications for Hubbard-type mod-
els that follow in infinite dimensions. It is shown that the proper self-energy
is site-diagonal, i.e., independent of momentum for translationally invari-
ant systems. This fact allows for the formally exact mapping of the infinite-
dimensional Hubbard model onto a dynamic mean-field theory for itinerant
electrons.

In the fourth section we present exact results that can be analytically
obtained in infinite dimensions. For example, calculations in (self-consistent)
perturbation theory are feasible, variational wave functions can be explicitly
evaluated, and the Falicov–Kimball model as well as the problem of spinless
fermions with nearest-neighbor interaction become exactly solvable.

In the fifth section we describe approximate methods for the solution
of the Hubbard model in infinite dimensions. We address the possibilities
and limitations of the quantum Monte-Carlo technique, exact diagonalization
studies, iterated perturbation theory, the non-crossing approximation, and
the local-moment approach.

In the last section we present and discuss results of the approximate meth-
ods for the metal–insulator transition in the infinite-dimensional Hubbard
model. The phase diagram apparently supports Mott’s general views on the
metal–insulator transition in interacting electron systems as genuine correla-
tion effect.

Florian Gebhard: The Mott Metal-Insulator Transition, STMP 137, 185–242 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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5.1 Limit of Infinite Dimensions

In the first subsection we introduce the limit of infinite dimensions for models
of localized spins. In infinite dimensions the Curie–Weiß (or Bragg–Williams)
mean-field theory for the Ising model becomes exact. In addition, the ther-
modynamics of the Heisenberg model is identical to that of the Ising model;
quantum-mechanical fluctuations of the spins are suppressed and do not play
any role in infinite dimensions. In the second subsection we define the large-d
limit for itinerant electrons and analyze the properties of momentum space
for infinite dimensions. The kinetic energy is found to be a randomly dis-
tributed variable over momentum space, and the notion of a “Fermi surface”
looses its meaning.

Early introductions to infinite dimensions are given by Vollhardt [458]
and Müller-Hartmann [459]; for recent reviews on the subject, see [460, 461].

5.1.1 Spin Models in Infinite Dimensions

The Hamilton operator of the Heisenberg model for quantum-mechanical
spins reads

ĤHeis =
∑

R1 	=R2

J(R1 −R2)ŜR1 · ŜR2 (5.1)

(see Sect. 2.5). The spin operators Ŝz
R = (n̂R,↑ − n̂R,↓) /2, Ŝ+

R = Ŝx
R + iŜy

R =
ĉ+R,↑ĉR,↓, and Ŝ−R =

(
Ŝ+

R

)+ obey the spin algebra[
Ŝz

Ri
, Ŝ±Rj

]
−

= ±δRi,Rj Ŝ
±
Ri
, (5.2a)[

Ŝ+
Ri
, Ŝ−Rj

]
−

= 2δRi,Rj Ŝ
z
Ri
. (5.2b)

The Ising model as a classical model contains only the (commuting) z com-
ponents of the Heisenberg model:

ĤIsing =
∑

R1 	=R2

J(R1 −R2)Ŝz
R1
Ŝz

R2
. (5.3)

To keep the notation simple we further consider a nearest-neighbor interac-
tion only,

J(R1 −R2) = JδR1,R2+τ , (5.4)

where τ denotes the vectors to the Z nearest-neighbor sites.
When Z becomes large we have to scale properly the exchange coupling J

such that, e.g., the energy of the fully ferromagnetically polarized state for
J < 0, or of the Néel state for J > 0, remains finite in the limit Z → ∞.
Since each neighbor contributes an interaction energy J we obviously have
to scale
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J =
J̃

Z
(5.5)

with a new coupling J̃ which is independent of Z. In the limit of infinite
dimensions the number of nearest-neighbor sites on a d-dimensional cubic
lattice diverges like Z = 2d such that we should set J = J̃/(2d) in this case.
Furthermore, on bipartite lattices we may redefine the spins as F̂ z(R) =
Ŝz(R) exp(iQR) where Q is the nesting vector. Then, the ferromagnetic Ising
model in terms of the spins Ŝz becomes the antiferromagnetic Ising model in
terms of the spins F̂ z . This shows that the ferromagnetic Ising model (J̃ < 0)
and the antiferromagnetic Ising model (J̃ > 0) are equivalent to each other
on bipartite lattices, and the results for thermodynamic quantities do not
depend on the sign of J̃ .

Brout [462] and later Thompson [463] showed that the exact free energy
of the Ising model, (5.3), with nearest-neighbor interaction (5.4) and scaling
according to (5.5) is given by the mean-field expression of Curie–Weiß theory.
For Z →∞ we may thus replace

ĤIsing �→ HMF =
J̃

Z

∑
R,τ

[
Ŝz

R〈Ŝz
R+τ 〉+ 〈Ŝz

R〉Ŝz
R+τ − 〈Ŝz

R〉〈Ŝz
R+τ 〉

]
(5.6a)

= 2J̃
∑
R

Sz
RhR − J̃

∑
R

〈Sz
R〉hR (5.6b)

with the effective local Curie–Weiß field (spontaneous magnetization)

hR =
1
Z

∑
τ
〈Ŝz

R+τ 〉 , (5.6c)

where 〈. . .〉 denotes the thermodynamic average. The summation over the
large number of nearest neighbors thus corresponds to taking the thermody-
namic average. For the Ising model the (Hartree) decoupling

ÂB̂ �→ Â〈B̂〉+ 〈Â〉B̂ − 〈Â〉〈B̂〉 (5.7)

becomes exact in the limit Z →∞. The mean-field model of (5.6) describes
single spins in the Curie–Weiß field which is site-independent in the ferromag-
netic case, 〈Ŝz

R〉 ≡ hR ≡ h. In the antiferromagnetic case and for bipartite
lattices the sign of the Curie–Weiß field alternates between the A and B
lattice sites, 〈Ŝz

R〉 ≡ hR ≡ h exp(iQR).
In the ground state we obtain the completely ferromagnetically polarized

state for J̃ < 0 or the Néel state with alternating ↑ and ↓ spins on the A and
B lattice sites for J̃ > 0. The theory describes a second-order thermodynamic
phase transition from the (anti-)ferromagnetic state into the paramagnetic
state at the critical Curie–Weiß temperature, TC, and Néel temperature, TN,
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respectively. In natural units the spontaneous magnetization follows from the
relation [463, 464]1

2h(T ) = tanh
[
|J̃ |h(T )/T

]
. (5.8a)

It is non-zero if T < TC = |J̃ |/2. The free energy density is given by [463, 464]

f(T, h(T )) = −T
2

ln
(

4
1− 4h2

)
+ |J̃ |h2 . (5.8b)

In particular, we find f(T > TC,N, h = 0) = −T ln 2 above the Curie and Néel
temperature. The interaction between the spins becomes totally irrelevant
above the transition temperature. In contrast to the exact solution in one
dimension the mean-field model contains a phase transition which indeed
occurs for the Ising model in all dimensions d ≥ 2. Although the values of
the critical exponents provided by the mean-field model are quantitatively
unsatisfactory in finite dimensions [464], the qualitative behavior (prediction
of a phase transition) is correctly reproduced by the large-d approach.

As already mentioned in [462] the free energy of the Heisenberg model
reduces to that of the Ising model for Z →∞. Thus, its free energy density is
also given by (5.8b). We can easily understand the irrelevance of the spin-flip
terms in the Heisenberg model if we study the spin operators on nearest-
neighbor shells,

ĥx,y,z
R =

1
Z

∑
τ
Ŝx,y,z

R+τ . (5.9)

When we calculate the commutators between two of these operators one of
the nearest-neighbor sums involved cancels, and we find

[ĥα
R, ĥ

β
R′ ]− = O(1/Z) . (5.10)

This implies that the ĥα
R commute with each other in the limit Z →∞. Since

they also commute with the Hamilton operator to lowest order in 1/Z they
are conserved quantities which may be replaced by their expectation values.
After we have chosen the axis of quantization, only the z component remains
and we again reach at (5.6).

The equivalence of the free energy for the Ising and the Heisenberg model
in infinite dimensions already indicates that spatial quantum-mechanical fluc-
tuations are suppressed in the limit Z → ∞. In this way the Néel state be-
comes an exact ground state of the antiferromagnetic Heisenberg model in
infinite dimensions and this state is considerably changed by spin fluctuations
for all finite dimensions; see, e.g., [465].
1 In statistical mechanics the length of the Ising spins is unity. The results for

spin S = 1/2 are obtained by the scaling hSM → 2h, JSM → J/4. Note that often
the interaction is counted per nearest-neighbor pair.
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5.1.2 Non-Interacting Itinerant Electrons

For the Hubbard model we also have to scale our parameters to obtain a sensi-
ble model in the limit Z →∞. It is obvious that the purely local Hubbard in-
teraction U remains unchanged and the nearest-neighbor tunnel amplitude t
has to be rescaled. We again use the connection between the Heisenberg
model and the Hubbard model for strong interactions and half band-filling.
Since J = 2t2/U holds independent of dimension [see (2.43), Sect. 2.5] we
immediately find from (5.5) that

t =
t̃√
Z
, (5.11)

with a Z-independent hopping amplitude t̃. This scaling was first formulated
for the Hubbard model by Zaitsev and Dushenat [466]. A more systematic
investigation of the simplifications of itinerant electron models in infinite
dimensions started with the work of Metzner and Vollhardt [467] and Müller-
Hartmann [468].

To be specific we address non-interacting electrons on a d-dimensional
cubic lattice (Z = 2d) to exemplify the consequences of the large-d limit
on itinerant electrons. Their dispersion relation for nearest-neighbor hopping
reads

ε(k) = − 2t̃√
2d

d∑
l=1

cos(kl) . (5.12)

The dispersion relation fulfills the perfect nesting condition ε(k+Q) = −ε(k)
with the nesting vector Q = (π, π, . . . , π). The probability density for the
event that ε(k) takes a certain value ε in momentum space is given by the
one-electron density of states for non-interacting electrons,

Dσ,0(ε) =
1
L

∑
k

δ (ε− ε(k)) . (5.13)

Each cosine term in (5.12) is bounded between the values −1 and +1 and
the sum in the dispersion relation ε(k) runs over d independent terms. Con-
sequently, ε(k) becomes a random variable in the limit d→ ∞. The density
of states is Gauss distributed around zero with a standard deviation t̃ [467],

Dσ,0(ε) =
1√
2πt̃

exp

(
− (ε/t̃)2

2

)
. (5.14)

The energy variable in the density of states is unbounded. The reason for this
behavior lies in the kinetic energy of single states with special k vectors, e.g.,
k = 0 = (0, 0, . . . , 0), whose kinetic energy diverges proportionally to

√
d. In

infinite dimensions, d = ∞, and for an exponentially small density, n → 0,
the kinetic energy per particle is infinite. Consequently, the limit of small
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densities, n → 0, does not commute with the limit of infinite dimensions,
d→∞.

We may define a bandwidth W even for a density of states with an un-
bounded energy variable. We use the second moment of the distribution and
define

(W/4)2 =
∫

dεDσ,0(ε)ε2 . (5.15)

For the Gauss distribution we obtain W = 4t̃. For the simple cubic lattice in
infinite dimensions the bandwidth and the average kinetic energy of the Fermi
gas at finite densities are always finite quantities, despite the unbounded
density of states. The singular points in momentum space with diverging
kinetic energy are of measure zero and thus have no influence on extensive
quantities that are averages over momentum space. For the Bethe lattice
with infinite coordination number Z → ∞ the density of states is given
by Hubbard’s semi-ellipse (3.43). Its finite bandwidth W agrees with the
definition in (5.15).

To avoid pathological effects of the exponential tails in the density of
states it is desirable to perform calculations with a bounded density of states,
e.g., Hubbard’s semi-ellipse. In addition, van-Hove singularities, which are
typical and important for finite dimensions, are absent in the large-d density
of states. To include the effects of van-Hove singularities one should work with
the proper d-dimensional density of states. This has the further advantage
that corrections, e.g., to the ground-state energy density, are of algebraic
order in 1/d.

We may directly calculate the density of states and further properties of
momentum space with the help of Fourier transformation [468, 469]. A par-
ticularly interesting quantity is the correlation function between the kinetic
energies of two momenta k and k + q,

Dq(ε1, ε2) =
1
L

∑
k

δ (ε1 − ε(k + q)) δ (ε2 − ε(k)) . (5.16)

It gives the probability for the event that the kinetic energy changes on
average from ε1 to ε2 due to a scattering with momentum transfer q. In all
finite dimensions we expect that small momentum transfers result in small
energy changes. In contrast, in the limit d→∞ we obtain [468, 469]

Dq(ε1, ε2) =
exp

(
− (ε1 + ε2)2

4t̃2(1 + η(q))

)
t̃
√

2π(1 + η(q))

exp
(
− (ε1 − ε2)2

4t̃2(1− η(q))

)
t̃
√

2π(1− η(q))
(5.17a)

with the function

η(q) =
1
d

d∑
l=1

cos(ql) = − ε(q)
t̃
√

2d
. (5.17b)
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For q = 0 and q = Q there is a perfect correlation between the energies ε1
and ε2, D0(ε1, ε2) = Dσ,0(ε1)δ(ε1 − ε2) and DQ(ε1, ε2) = Dσ,0(ε1)δ(ε1 +
ε2), respectively. Furthermore, on the simple cubic lattice, some correlations
remain in the nesting direction, q = λQ (|λ| ≤ 1). For all other q with
|q−λQ| > O(

√
1/d), however, the two energies are completely uncorrelated ,

Dq(ε1, ε2) = Dσ,0(ε1)Dσ,0(ε2) for “almost all” q, (5.18)

since for those q we have η(q) = O(
√

1/d)→ 0 in d→∞ dimensions.
In all finite dimensions small momentum transfers result in small changes

in the kinetic energy since the dispersion relation is continuous. In infinite
dimensions, however, the kinetic energies are essentially randomly distributed
up to few constraints like the perfect nesting property. Since the dispersion
relation ε(k) is a random function of the momenta k, notions like “the Fermi
surface” as a connected object that has an “inside” and an “outside” become
totally meaningless in infinite dimensions. In this limit a (d− 1)-dimensional
“surface” in momentum space cannot have anything but a “random” topol-
ogy. Only the Fermi energy EF can still be used to separate occupied from
unoccupied states for non-interacting electrons.

In the next section we discuss a broader class of models that all display the
same mean-field properties as the Ising, Heisenberg, and Hubbard model in
infinite dimensions. We identify the randomness of the dispersion relation as
essential ingredient for the formulation of the mean-field approach to itinerant
electron systems.

5.2 Generalized Mean-Field Approaches

In this section we present an alternative approach to mean-field theories for
Ising and Heisenberg spin models. All models reduce to the Curie–Weiß the-
ory if the Fourier transform of the exchange interaction is non-zero only for
special momenta. This behavior can be obtained from Hubbard models at
half band-filling and large interactions if we assume that the dispersion rela-
tion is a random quantity over momentum space. This “random dispersion
approximation” generalizes the concept of infinite dimensions and provides
new insights into the large-d limit for itinerant electron systems. In addi-
tion, it allows for a mapping of the problem onto a one-dimensional effective
Hamiltonian.

5.2.1 Mean-Field Spin Models

Mean-field theories for spin systems, like the Ising model, (5.3), become exact
not just in the limit of a large coordination number. For example [465], we
may study a bipartite lattice and choose the exchange coupling to be the
same between any pair of an A and a B site. The antiferromagnetic Ising
model with infinite-range exchange thus reads
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J(R1 −R2) =
J

L

(
1− eiQ(R1−R2)

)
(J > 0) . (5.19)

For this case we also find that the Curie–Weiß mean-field theory becomes
exact. The antiferromagnetic Ising model with infinite-range interactions may
be written as

ĤIR
Ising = J

(
ŜzŜz − Ŝz(Q)Ŝz(−Q)

)
, (5.20a)

Ŝz =

√
1
L

∑
R

Ŝz
R , (5.20b)

Ŝz(Q) =

√
1
L

∑
R

e−iQRŜz
R . (5.20c)

The method of steepest descent [464, Chap. 3] applied to the partition func-
tion to ĤIR

Ising gives the mean-field equation (5.8a) for the spontaneous mag-
netization, and Stirling’s formula allows us to re-derive the mean-field free
energy density (5.8b). Hence, the Ising model with nearest-neighbor exchange
in infinite dimensions gives the same result as the Ising model with infinite-
range interactions.

The reason for this behavior is readily understood when we consider the
Ising model in momentum space. The Hamiltonian reads

ĤIsing =
∑

q

J(q)Ŝz(q)Ŝz(−q) . (5.21a)

The exchange coupling between the spin operators,

Ŝz(q) =

√
1
L

∑
R

e−iqRŜz(R) , (5.21b)

is given by the Fourier transform of J(R) as

J(q) =
∑
R

J(R)eiqR . (5.21c)

For a nearest-neighbor interaction on a d-dimensional simple cubic lattice we
find

J(q) =
2J̃
Z

d∑
l=1

cos(ql) = J̃η(q) (5.22)

[see (5.17b)]. In infinite dimensions, J(q) vanishes for almost all q, i.e., the
spin coupling is non-zero only for a few vectors in momentum space. In addi-
tion, J(0) and J(Q) are the only relevant couplings for the thermodynamics
because the free energy density was found to be the same for the infinite-range
and the infinite-dimensional Ising model. The reason for the irrelevance of the
couplings in the nesting direction can be understood within linear spin-wave
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theory for the infinite-dimensional Heisenberg model. This approximation
becomes exact to order O(1/d) [470] and gives the dispersion relation

ω(q) = |J̃ |
√

1− η2(q) . (5.23)

This reduces to ω(q) = |J̃ | for almost all q. The spin waves along the Q di-
rection display a finite dispersion, ω(λQ) = |J̃ sin(λπ)|, but a single direction
is irrelevant for the thermodynamics as long as there is no instability along
that line. The question of incommensurate order becomes relevant if we study
possible symmetry breakings away from half band-filling; see Sect. 5.4.5.

The Ising model in infinite dimensions is seen to reduce to the mean-field
model in (5.20). Hence, the main criterion for the applicability of mean-field
theory is the reduction of the interaction in momentum space to a few relevant
spin couplings such that the dynamics is governed by a few modes only.

The above infinite-range spin model is readily generalized to the Hubbard
model with infinite-range hopping. This model is trivial in the sense that the
kinetic and potential energy operators commute in the thermodynamic limit;
see Sect. 6.3. Consequently, we have to find a more generic construction
principle that guarantees that the coupling J(q) is non-zero only for a few
values of q if we want to extend the approach to itinerant electrons.

A close look at (5.21c) shows that we do not have to demand that the
coupling J(R) is the same for all lattice distances. Instead, we can recover the
antiferromagnetic mean-field solution if we demand that J(R) is a random
variable. If we assume that there is no coupling between sites on the same
sublattice, J(R) = J(R)(1 − exp(iQR))/2, and the values J(R) = O(1/L)
are randomly distributed around their mean J/L = (1/L)

∑
R J(R), we also

recover the mean-field model (5.20) in the thermodynamic limit. The cou-
plings J(q) for q �= 0, Q are small, of the order of O(

√
1/L), since in (5.21c)

we sum over L independent random variables of size O(1/L).
Before we carry on with our considerations we emphasize that we do not

address spin systems with random couplings J(Ri,Rj), or itinerant electron
systems with hopping amplitudes t(Ri,Rj), that individually depend on both
lattice sites. The corresponding spin models are used for the description of
spin glasses [465], and the infinite-dimensional Hubbard model with random
hopping amplitudes is studied in [471]. The random dispersion models we
will specify below are still translationally invariant.

5.2.2 Random Dispersion Approximation

Again, we use the link between the antiferromagnetic Heisenberg model and
the Hubbard model at half band-filling and strong coupling, (2.43). The
Fourier transformation of the Heisenberg coupling (2.44) into momentum
space gives

U

2
J(q) =

1
L

∑
k

ε(k)ε(k +q) =
∫ ∞

−∞
dε1 ε1

∫ ∞

−∞
dε2 ε2Dq(ε1, ε2) , (5.24)
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where we used (5.16) for the definition of the energy correlation function be-
tween the kinetic energies at the momenta k and k+q. In principle, itinerant
electron models should be reducible to mean-field theories if their dispersion
relation is uncorrelated in the sense of (5.18). For these dispersion relations
we have

Dq(ε1, ε2) = Dσ,0(ε1)Dσ,0(ε2) for “almost all” q. (5.25)

Thus, J(q) = 0 for almost all q since
∫
dε εDσ,0(ε) = 0. Consequently,

if (5.25) holds, the corresponding spin model is solved by its mean-field free
energy density. As we already saw in Sect. 5.1.2, models for itinerant elec-
trons in infinite dimensions obey this criterion. Hence, equation (5.25) can be
viewed the basic condition which allows for the exact mapping of an itinerant
electron model onto a mean-field theory.

These considerations show that the limit of infinite dimensions is a special
example for systems with a random dispersion relation. They are defined as
follows.

We randomly assign the kinetic energy ε(k) to each k point in the Brillouin
zone where the probability P (ε) of finding the energy ε(k) in the small but
finite interval Γ (ε) = [ε− (δε)/2, ε+ (δε)/2[ is given by the density of states
Dσ,0(ε) as P (ε) = Dσ,0(ε)(δε). The energy correlation function Dq(ε1, ε2)
vanishes for all but a finite number of momenta q.

Since we are interested in the half-filled case where the spin order is com-
mensurate, we do not include correlations in certain directions as occurred
on the infinite-dimensional simple cubic lattice. Later in this chapter we will
again distinguish between Mott–Hubbard and Mott–Heisenberg insulators.
Hence, we separately consider dispersion relations with and without the per-
fect nesting property.

If the dispersion relation fulfills the perfect nesting property, we set

Dq(ε1, ε2) = Dσ,0(ε1)δ(ε1 − ε2)δq,0 +Dσ,0(ε1)δ(ε1 + ε2)δq,Q (5.26)

+(1− δq,0)(1− δq,Q)Dσ,0(ε1)Dσ,0(ε2) .

In this case the half-filled Hubbard model at large interactions reduces to the
antiferromagnetic mean-field Heisenberg model,

ĤAF−MF
Heis = J

(
Ŝ · Ŝ − Ŝ(Q) · Ŝ(−Q)− L

4

)
, (5.27a)

Ŝ =

√
1
L

∑
R

ŜR , (5.27b)

Ŝ(Q) =

√
1
L

∑
R

e−iQRŜR , (5.27c)

J = J0 =
2
U

∫ ∞

−∞
dε ε2Dσ,0(ε) =

W 2

8U
> 0 . (5.27d)
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Again, this mean-field model gives the exact results (5.8) for the antiferro-
magnetic Heisenberg model in the limit of infinite dimensions [465], and the
Néel state is its ground state.

If the dispersion relation does not have any particular symmetries, the
energy correlation functions becomes

Dq(ε1, ε2) = Dσ,0(ε1)δ(ε1 − ε2)δq,0 + (1 − δq,0)Dσ,0(ε1)Dσ,0(ε2) . (5.28)

These models are sometimes called “fully-frustrated” Hubbard models [461].
For these types of dispersion relations the half-filled Hubbard model at large
interactions reduces to the ferromagnetic mean-field Heisenberg model with
an antiferromagnetic exchange interaction,

ĤF−MF
Heis = J

(
Ŝ · Ŝ − L

4

)
. (5.29)

The ground state of the fully-frustrated Hubbard models is vastly degen-
erate since all overall singlets have the same energy, E0 = −JL/4. In
the thermodynamic limit, the ground-state entropy density is S0/(kBL) =
ln(2) − O(ln(L)/L) since almost all states with Sz = 0 also have total spin
zero. This degeneracy would be lifted if we kept the interactions J(q) for
q �= 0. The ground state would be unique, and the third law of thermody-
namics would hold. The example of the half-filled “fully-frustrated” Hubbard
model at strong coupling shows that the limits of infinite dimensions and zero
temperature do not commute, in general.

Within the random dispersion approximation the properties of momentum
space are all contained in the dispersion relation ε(k) through its density of
states and its energy correlation function (5.16). Thus, the Hubbard model
with a random dispersion in any dimension can be mapped onto the one-
dimensional model

ĤRDA =
∑

|k|≤π,σ

εRDA(k)n̂k,σ + U
∑

l

n̂l,↑n̂l,↓ , (5.30)

where εRDA(k) is randomly distributed over the momenta in the first Brillouin
zone with probability density Dσ,0(ε).

We may also work with a continuous dispersion relation since we may
choose a permutation Q of the L momenta in the first Brillouin zone such
that

εRDA(k) = ε(Q−1(k)) , (5.31)

where, e.g., ε(k) = tk for a constant density of states, or ε(k) = −2t cos(k) for
the one-dimensional density of states. Now we define new fermion operators
via

ĉk,σ = d̂Q−1(k),σ , (5.32a)

ĉl,σ =

√
1
L

∑
k

eiQ(k)ld̂k,σ , (5.32b)
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which allows us to formulate the problem as

ĤQ =
∑

|k|≤π,σ

ε(k)d̂+k,σ d̂k,σ

+
1
L2

∑
k1,k2,k3,k4

UQ(k1, k2, k3, k4)d̂+k1,↑d̂k2,↑d̂
+
k3,↓d̂k4,↓ ,

UQ(k1, k2, k3, k4) = U
∑

l

exp [il (Q(k1)−Q(k2) +Q(k3)−Q(k4))] .

(5.33)

In this way we can work with a continuous dispersion relation at the expense
of the scattering potential UQ(k1, k2, k3, k4).

In principle, we should calculate the Green function for each permuta-
tion Q, and then take the average over all permutations. However, for large
enough systems, and permutations Q that are “random enough”, the Green
function should be self-averaging. Nevertheless, it is obvious that we must
not calculate with the average scattering potential 〈UQ(k1, k2, k3, k4)〉Q = U
because the average has to be done for the Green function. With this ad-
ditional approximation, the model (5.30) would reduce to the Wolff model
in which the Hubbard interaction is restricted to a single site. However, the
Green function for the Wolff model and the Hubbard model with random
dispersion relation are different from each other.

Unfortunately, an analytical solution of the model (5.33) has not been
found yet but this representation might be useful for numerical approaches.
Furthermore, the random dispersion approximation to itinerant electron sys-
tems provides some new insights into the physical meaning of the large-d
limit. First, the lack of correlations of the kinetic energy distribution in mo-
mentum space is the decisive criterion for a mean-field theory. It also allows
us to choose freely the density of states; this generalizes the concept of in-
finite dimensions to arbitrary lattice types. Second, there are real physical
situations in which the momentum k of an electron relaxes on a much shorter
time scale than its kinetic energy ε(k), e.g., in the presence of strong elas-
tic scattering by impurities. This is the physical essence of the scattering
potential UQ(k1, k2, k3, k4) which smears out the Hubbard interaction in po-
sition space. Hence, there are real physical situations for which the random
dispersion approximation will work fairly well.

For non-interacting electrons the structure of momentum space is irrel-
evant for the thermodynamics of the system. The dispersion relation ε(k)
influences the free energy only via the density of states Dσ,0(ε), a quantity
that is averaged over all k states. We thus expect that also the thermody-
namics of interacting electrons is qualitatively correctly reproduced even if we
approximate the true dispersion relation by a random one. Transport prop-
erties such as the electrical conductivity, however, might not be described
properly by such a formalism. There, correlations in momentum space are
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of utmost importance. For example, the coherent effect of Anderson localiza-
tion is completely absent in the random dispersion approximation to itinerant
electron systems.

In the next section we will derive the by now standard reformulation
of models in infinite dimensions or, more generally, with random dispersion
relation, in terms of dynamic single-site models. Again, such models are an-
alytically unsolvable in general, and approximate analytical and numerical
methods have to be employed. In some special cases, however, exact results
can be found, which we will present in Sect. 5.4. Based on the approximate
techniques discussed in Sect. 5.5 we present results on the Mott transition in
the infinite-dimensional Hubbard model in Sect. 5.6.

5.3 Simplifications in Infinite Dimensions

In this section we discuss the essential simplifications for interacting electron
systems that occur in the limit of infinite dimensions. In the first subsection
we show that the n-electron irreducible n-vertices are diagonal in position
space. In translationally invariant systems this implies that the one-electron
irreducible (“proper”) self-energy and the two-electron irreducible (“proper”)
two-electron vertex are independent of momentum. The fact that the proper
self-energy is purely local permits the construction of dynamic single-site
models that are equivalent to the Hubbard model in infinite dimensions.

5.3.1 Position-Space Collapse of Diagrams

The discussion follows [458]; see also [467]–[469], [472]. We may calculate
the average kinetic energy of interacting electrons with hopping ampli-
tudes t(Ri−Rj) from the zero-temperature Green-function formalism as [473]

Ekin =
∑

Ri,Rj ,σ

t(Ri −Rj)
∫ ∞

−∞

dω
2πi
Gσ(Rj ,Ri;ω)eiωη , (5.34a)

where Gσ(Ri,Rj ;ω) denotes the one-electron Green function of the inter-
acting system, and η = 0+ is a positive infinitesimal. On an d-dimensional
cubic lattice the distance of a lattice site from the origin of our coordinate
system is given by the number of nearest-neighbor steps from the origin to
that site (“New-York metric”), ||R|| = ∑d

l=1 |Rl|. In general, we have to scale
the hopping amplitudes at distance ||Ri −Rj || as

t(Ri −Rj) = t̃(Ri −Rj)d−||Ri−Rj ||/2 (5.34b)

since the number of neighboring sites at this distance is of the order of
O(d||Ri−Rj ||). Because the average kinetic energy is finite in the limit d→∞
the one-electron Green function must decay as
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Gσ(Ri,Rj ;ω) ∼ d−||Ri−Rj ||/2 . (5.34c)

The Green function obviously rapidly decays with distance. In the framework
of a diagrammatic expansion, however, we have to sum over all inner vertices
such that the decay of the Green function is partly compensated. The theory
does not become trivial in infinite dimensions but a complicated many-body
problem remains.

In the following we assume that we may treat the Hubbard interaction
perturbatively, and analyze the corresponding diagrammatic perturbation
theory; see, e.g., [473], for technical details. This will allow us to identify the
simplifications of the theory in infinite dimensions. Let us consider two inner
vertices R1 and R2 (R = R1−R2) of a diagram which are connected by (at
least) three independent paths. Paths between vertices are defined as con-
secutive Green-function lines. They are independent if they do not share a
common Green-function line. The summation over the R = ||R||th-neighbor
shell then provides a summation factor of the order of O(dR). However, the
(at least) three Green functions suppress the total contribution of the Rth
shell by a factor of the order ofO(d−3R/2). In total, the contribution for R ≥ 1
vanishes in d→ ∞ proportionally to d−R/2 and only the term for R = 0 re-
mains. Consequently, the two vertices R1 and R2 can be identified (“position
space collapse of diagrams” [467]). This result becomes exact in infinite di-
mensions but has earlier been used as ad hoc assumption for an analytical
evaluation of diagrams; see, e.g., [474].

The random dispersion approximation leads to the same simplifications.
To see this we analyze the Green function of non-interacting electrons at zero
temperature. If Θ(t) denotes the step function, the definition of the Green
function directly leads to

iGσ,0(R1 −R2, t) = Θ(t)
∫ EF

−∞
dεe−iεtg0ε (R1 −R2)

−Θ(−t)
∫ ∞

EF

dεe−iεtg0ε (R1 −R2) (5.35a)

with the abbreviation

g0ε (R) =
1
L

∑
k

δ(ε− ε(k))eikR . (5.35b)

In high dimensions the function g0ε (R) is of the order of unity only for R = 0
and else vanishes proportionally to O

(
d−R/2

)
. For a random dispersion re-

lation we may write

g0ε (R) =
1
L

1
(δε)

∑
ε(k)∈Γ (ε)

[cos(kR) + i sin(kR)] , (5.36)

where Γ (ε) is the energy shell |ε− ε(k)| ≤ (δε)/2. For R �= 0 the momentum
sums over the (bounded) sine and cosine functions in (5.36) have zero average
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and a standard deviation of the order of O
(√

||Γ (ε)||
)

where ||Γ (ε)|| =
LDσ,0(ε)(δε) denotes the number of k points in Γ (ε). In sum we find

g0ε (R) =

⎧⎨⎩
O(1) for R = 0

O
(√

1/L
)

for R �= 0
(5.37)

since LDσ,0(ε)(δε) = O(L) is an extensive quantity. Obviously, the ther-
modynamic limit, L → ∞, now takes over the role of the limit of infinite
dimensions, d→∞.

We emphasize that the Hubbard interaction does not become trivial in
infinite dimensions since not all inner vertices in a diagrammatic theory are
connected by three independent paths and, furthermore, there are no sim-
plifications in the time/frequency domain, i.e., the problem remains a fully
dynamic one. The Hartree decoupling of the on-site interaction does not be-
come exact in the limit of infinite dimensions. This is different for nearest-
neighbor density–density interactions. In the same way as for the Heisenberg
model they have to be scaled as

V̂ =
1
Z

∑
R,τ

n̂Rn̂R+τ . (5.38a)

Due to the necessary scaling factor 1/Z all diagrams in which two ver-
tices are connected by Green-function lines are reduced by an additional
factor 1/Z [468]. Thus, only the Hartree diagram remains in d = ∞,

V̂ ≡ V̂ H =
1
Z

∑
R,τ

[〈n̂R〉n̂R+τ + n̂R〈n̂R+τ 〉 − 〈n̂R〉〈n̂R+τ 〉] . (5.38b)

The Hartree decomposition becomes exact in infinite dimensions for all
density–density interactions with the exception of the purely local Hubbard
interaction. The Hubbard model thus appears as the “generic” model of in-
teracting electrons in the limit of infinite dimensions.

The remaining task is the identification of those objects in a diagrammatic
theory for the Hubbard model in which two vertices are always connected
by at least three independent Green-function lines. This is the case for the
vertices R1 and R2 for the graphs which belong to the one-electron irreducible
(“proper”) self-energy Σσ(R1,R2;ω). By definition [473], the proper self-
energy is one-electron irreducible, i.e., a graph does not separate into two
distinct pieces by cutting one Green-function line. Hence, there are three
independent paths from R1 to R2 in Σσ(R1,R2;ω). Consequently,

Σσ(R1,R2;ω) = Σσ(R1,R1;ω)δR1,R2 +O(
√

1/d) for d→∞ . (5.39)

When we calculate physical quantities – like the average kinetic energy – not
the self-energy but rather the product Σσ(R1,R2;ω) Gσ(R1,R2;ω) enters.
Hence, corrections to physical quantities are of the order of O(1/d) instead
of O(

√
1/d) as in (5.39).
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Although the proper self-energy is diagonal in the position-space indices
this does not imply that the position-space indices of all vertices in the
diagrams for Σσ(R,R;ω) are identical. In general, two inner vertices Ra,
Rb to this quantity are not linked by a Green-function line of the non-
interacting system (“bare Green function”, Gσ,0(Ra,Rb;ω) [473]) but rather
by a Green-function line of the interacting system (“dressed Green func-
tion”, Gσ(Ra,Rb;ω) [473]). The latter depends on the proper self-energy on
all other lattice sites via the Dyson equation,

Gσ(Ra,Rb;ω) = Gσ,0(Ra,Rb;ω) (5.40)

+
∑
R

Gσ,0(Ra,R;ω)Σσ(R,R;ω)Gσ(R,Rb;ω) .

The “skeleton diagrams” [473] are those for which, by definition, all self-
energy insertions on the Green-function lines have been removed. It is only
this diagram class for which all lattice sites can be identified in infinite di-
mensions.

These considerations show that the infinite-dimensional Hubbard model
does not simply reduce to the Wolff model [475], as we have already pointed
out in the context of the random dispersion approximation in Sect. 5.2.2.
In the Wolff model all vertices in the proper self-energy are identical, but
this only holds true for the vertices of the skeleton diagrams in the infinite-
dimensional Hubbard model. The obvious similarity between the Wolff model
and the Hubbard model in infinite dimensions already indicates, however,
that we may construct effective models with an interaction on a single site,
which become equivalent to the Hubbard model in infinite dimensions. We
discuss such a mapping in Sect. 5.3.3.

When we calculate n-electron Green functions we have to identify the
corresponding n-electron irreducible vertex insertions which become site-
diagonal in infinite dimensions. For example, for the two-electron correlation
functions the two-electron irreducible (“proper”) two-electron vertex also be-
comes purely local:

Γσ1,σ2|σ3,σ4(R1, ω1; R2, ω2|R3, ω3; R4, ω4) ≡ (5.41)
Γσ1,σ2|σ3,σ4(R1, ω1; R1, ω2|R1, ω3; R1, ω4)δR1,R2 δR1,R3 δR1,R4 .

This fact considerably simplifies the calculation of the conductivity in infinite
dimensions; see below.

5.3.2 Irrelevance of Momentum Conservation

If our system is translationally invariant, we may also interpret the sim-
plifications in infinite dimensions as “irrelevance of momentum conserva-
tion” at (some) inner vertices. If four Green-function lines with momenta
ki (i = 1, . . . , 4) meet at a vertex both energy and momentum conservation



5.3 Simplifications in Infinite Dimensions 201

hold (see, e.g., [473]). The momentum conservation on the lattice is expressed
in terms of the Laue function,

L(k) =
∑
R

exp(iRk) . (5.42)

Since the propagator in the non-interacting system depends on momentum
only via the dispersion relation we have to consider the vertex function

v(ε1, ε2, ε3, ε4) =
∑

k1,k2,k3,k4

L(k1−k2+k3−k4)
4∏

i=1

δ (εi − ε(ki)) .(5.43)

A direct calculation shows [468] that this vertex function factorizes into in-
dependent functions,

v(ε1, ε2, ε3, ε4) =
4∏

i=1

Dσ,0(εi) in d = ∞ . (5.44)

Only the term of R = 0 contributes to the Laue function, L(k) ≡ 1. We
emphasize that momentum conservation can be ignored only for those dia-
gram parts that are connected by three different Green-function lines. If two
vertices are connected by a single Green-function line, the Green function
carries the same momentum at both vertices. Equation (5.44) does not hold
at all vertices since we may not always independently sum over all four vertex
momenta.

In translationally invariant systems we have

Gσ,0(k, ω) = (ω − ε(k) + μ)−1 , (5.45a)

where the frequency variable is always to be understood as ω + iηsgn(ω).
According to (5.39) the proper self-energy is independent of momentum. With
the help of the Dyson equation (5.40) the Green function thus becomes

Gσ(k, ω) =
1

[Gσ,0(k, ω)]−1 −Σσ(ω)

=
1

ω − ε(k) + μ−Σσ(ω)
(5.45b)

= Gσ,0(k, ω −Σσ(ω)) .

The momentum dependence of the Green function is determined solely by
the dispersion relation ε(k).

The proper two-electron vertex, (5.42), is also momentum independent
and thus has even parity under the reflection k �→ −k. On the other hand
the electron velocity as the gradient of the dispersion relation has odd parity.
When we have to perform a momentum sum over the product of the two-
electron vertex and the electron current the resulting contribution will vanish.
Hence, all vertex corrections to the conductivity vanish in infinite dimen-
sions [476]–[479]. As a consequence, the knowledge of the one-electron Green
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function suffices for the explicit calculation of the conductivity in infinite di-
mensions. In natural units the functional dependence of the conductivity on
the one-electron Green function is given by [478]

σ(ω, T ) = π
∑

σ

∫ ∞

−∞
dω′

∫ ∞

−∞
dεDσ,0(ε)Aσ(ε, ω′)Aσ(ε, ω + ω′)

× fFD(ω′)− fFD(ω + ω′)
ω

, (5.46)

where fFD(x) is the Fermi–Dirac distribution, and Aσ(ε, ω) is the one-electron
spectral function. The calculation of the conductivity has enormously simpli-
fied since it now depends only on one-electron properties. For example, a gap
in the one-electron spectral density (gap for charge excitations) immediately
implies an insulating behavior. This plausible argument presented in Sect. 1.4
is seen to become exact for the Hubbard model in infinite dimensions. The
irrelevance of vertex correction also implies, however, that Anderson local-
ization by lattice disorder cannot be described in infinite dimensions [480].

5.3.3 Effective Models with Single-Site Interaction

According to (5.39) the proper self-energy is diagonal in position space in
infinite dimensions, Σσ(R1,R2;ω) = Σσ(R1,R1;ω)δR1,R2 . Models in which
the interaction between electrons is limited to a single site also display a
self-energy that depends only on this site. Hence, it must be possible to
construct an “effective” single-site model that is equivalent to the infinite-
dimensional Hubbard model. In this sense mean-field theories that become
exact in infinite dimensions not only exist for spin systems (see Sect. 5.1.1)
but also for itinerant electron systems [458, 461], [481]–[484].

The static Weiß molecular field hR in the spin models has to be replaced
by a dynamic mean-field in the case of the Hubbard model. To implement this
idea we view the dynamic Weiß field as the Green function Gbath

σ,0 (R,R;ω)
at site R of non-interacting electrons of an “electron bath”. It is precisely
the frequency dependence of the molecular field that prevents a complete
analytical solution of the dynamic mean-field theory as compared to the static
problem for the spin models. We emphasize that the bath Green function is
not identical to the Green function of the Hubbard model at U = 0. If this
was so, the infinite-dimensional Hubbard model would reduce to the Wolff
model [475]. We have already excluded this possibility in the last subsection.

There are several ways to formulate the mean-field equations which pro-
vide the exact solution of the infinite-dimensional Hubbard model; for a re-
view of methods, see [461]. Edwards [485] gives an explicit derivation of the
self-consistency equations starting from the graph-theoretical approach in
perturbation theory around the non-interacting Fermi gas. Janǐs and Voll-
hardt formulate the equations with the help of generating functionals in
strict analogy to the coherent potential approximation (CPA) for disordered
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systems. This derivation most directly illustrates the concept of a dynamic
mean-field theory [458, 482]. In the following we concentrate on the way pur-
sued in [483, 484, 486] in which the single-site problem is formulated as an
effective single-impurity Anderson model; see Sect. 2.4. This representation
allows us to discuss the results in close analogy to this thoroughly studied
model; see, e.g., [487, Chap. 11] and [488]. To simplify the discussion we
assume a translationally invariant system such that the proper self-energy
depends on frequency only.

In terms of Fermi operators ψ̂ε,σ and their canonical commutation re-
lations

[
ψ̂+

ε,σ, ψ̂ε′,σ′
]
+

= δσ,σ′δ(ε − ε′) the Hamilton operator of the single-
impurity Anderson model reads

ĤAnd =
∑

σ

∫
dεεψ̂+

ε,σψ̂ε,σ + Ed

∑
σ

n̂d
σ + Un̂↑n̂↓

+
∑

σ

[∫
dε
√
Dσ,0(ε)V (ε)ψ̂+

ε,σ d̂σ + h.c.
]

(5.47)

with n̂d
σ = d̂+σ d̂σ . The bath electrons ψ̂ε,σ hybridize with the impurity elec-

trons d̂σ with strength
√
Dσ,0V (ε). The energy Ed determines the position

of the impurity level with respect to the Fermi energy of the bath and thus
the average occupation number of the impurity level. In turn, this determines
the electron density in the original (Hubbard) model. In particular, we find
Ed = −U/2 for half band-filling in the Hubbard model such that we have
to investigate the symmetric Anderson model to study the metal–insulator
transition in the infinite-dimensional Hubbard model.

The non-interacting (U = 0) Green function of the impurity reads

GAnd
σ,0 (ω) =

[
ω − Ed −

∫
dε
π

Δ(ε)
ω − ε

]−1

, (5.48a)

Δ(ε) = πDσ,0(ε)V (ε)2 . (5.48b)

The effective strength of the hybridization between the bath electrons and the
impurity electrons is determined by Δ(ε). If it is finite, the density of states at
the Fermi energy acquires a (“Kondo”) resonance whose width depends on the
interaction strength U . A finite density of states at the Fermi energy signals
the existence of Landau quasi-particles such that the state in the original
Hubbard model is metallic. If the effective hybridization vanishes, the bath
and the impurity electrons will decouple. This obviously corresponds to an
insulating state in the Hubbard model.

Let us assume that we know the exact solution of the impurity problem
in (5.47) for a given effective hybridizationΔ(ε) such that we know the inter-
acting Green function of the impurity problem,GAnd

σ (ω). We may express this
quantity by a perturbation expansion in U with the help of a graph formal-
ism [489, 490]. We thereby obtain the same diagrams as for the local Green
function for the infinite-dimensional Hubbard model, Gσ(R,R;ω) ≡ Gσ(ω).
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Since we want to solve the infinite-d Hubbard model we have to demand that
the effective single-site model of (5.47) gives the (local) Green function of
the infinite-dimensional Hubbard model, (5.48). Hence, our first consistency
condition reads

GAnd
σ (ω) = Gσ(ω) . (5.49a)

On the other hand we learn from the diagrammatic formalism that the
skeleton graphs for the proper self-energy are identical in both descriptions.
If (5.49a) is indeed satisfied, both proper self-energies must also agree,

ΣAnd
σ (ω) = Σσ(ω) , (5.49b)

which is the second of our consistency equations. The two conditions in (5.49a)
and (5.49b) are our self-consistency equations for the mean-field theory, which
determine the non-interacting bath Green function, GAnd

σ,0 (ω).
To really see this let us choose a bath Green function GAnd,B

σ,0 (ω) to begin
with (upper index “B”). This is the same as choosing Δ(ε) or V (ε) in (5.47).
Now assume we could exactly solve the impurity problem. Then we know the
full impurity Green function GAnd,B

σ (ω; {GAnd,B
σ,0 }). The argument in {. . .}

indicates that the full impurity Green function is functionally dependent on
the bath Green function. As next step we can derive the self-energy of the
impurity problem with the help of the Dyson equation as

ΣAnd,B
σ (ω; {GAnd,B

σ,0 }) =
[
GAnd,B

σ,0 (ω)
]−1

−
[
GAnd,B

σ (ω; {GAnd,B
σ,0 })

]−1

.

(5.50a)

According to (5.49b) this self-energy must be identical to the self-energy of
the Hubbard model,

Σσ(ω; {GAnd,B
σ,0 }) = ΣAnd,B

σ (ω; {GAnd,B
σ,0 }) . (5.50b)

The Dyson equation of the Hubbard model (5.40) then gives

Gσ(ω; {GAnd,B
σ,0 }) =

∫ ∞

−∞

Dσ,0(ε)dε

ω − ε+ μ−Σσ(ω; {GAnd,B
σ,0 })

. (5.50c)

According to (5.49a) this Green function has to be identical to the Green
function of the impurity problem,

GAnd,E
σ (ω; {GAnd,B

σ,0 }) = Gσ(ω; {GAnd,B
σ,0 }) . (5.50d)

With the help of the Dyson equation of the impurity problem,

GAnd,E
σ,0 (ω; {GAnd,B

σ,0 }) =
{[
GAnd,E

σ (ω; {GAnd,B
σ,0 })

]−1

+ΣAnd,B
σ (ω; {GAnd,B

σ,0 })
}−1

, (5.50e)
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we may test whether self-consistency has been reached, i.e., whether the
bath Green function at the beginning and the end (upper index “E”) indeed
coincide,

GAnd,E
σ,0 (ω; {GAnd,B

σ,0 }) ?= GAnd,B
σ,0 (ω) . (5.50f)

The equations (5.49) indeed define the self-consistency conditions for the
effective single-impurity Anderson model. The actual iteration scheme follows
the circle of equations (5.50). When convergence has been reached, the Green
function for the infinite-dimensional Hubbard model becomes

Gσ(k, ω) =
1

ω − ε(k) + μ−Σσ(ω)
(5.51)

with the self-energy from (5.50b).
In the above derivation we used translational invariance to relate the self-

energy to the local Green function (5.50c). A more general analysis of a single
site at R0 embedded in a host shows [461, 491] that the local Green function
can be cast into the form

Gσ(R0, ω) =
1

ω + μ− Sσ(R0, ω)−Σσ(R0, ω)
, (5.52a)

where the so-called Feenberg self-energy Sσ(R0, ω) is determined by the host
Green function GR0

σ (R1,R2;ω) of a system in which the impurity site R0

has been removed,

Sσ(R0, ω) =
∑

R1,R2

t(R1,R0)t(R0,R2)GR0
σ (R1,R2;ω) . (5.52b)

Since the “impurity site” is not really a special site but has been chosen for
the sake of the analysis, the cavity Green function can be expressed by the
interacting Green function as

GR0
σ (R1,R2;ω) = Gσ(R1,R2;ω)− Gσ(R1,R0;ω)Gσ(R0,R2;ω)

Gσ(R0,R0;ω)
.(5.52c)

Naturally, these relations are only exact in infinite dimensions.
A particularly simple case is the Bethe lattice since the removal of the

impurity site disconnects all sites R1 �= R2. A Bethe lattice is built from a
root site with bonds to Z neighbors, which serve as root sites for the next
shell. It is self-similar, bipartite, but obviously not translationally invariant.
For a finite number of shells one obtains a Cayley tree. In the limit of infinite
connectivity, Z →∞, (5.52b) gives

Sσ(R0, ω) =
∑
R1

|t(R1,R0)|2Gσ(R0,R1;ω) : Bethe lattice . (5.53)

If all lattice sites were equal, we would find the self-consistency relation

Gσ(ω) =
1

ω + μ− (W/4)2Gσ(ω)−Σσ(ω)
(5.54)
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for the Bethe lattice with infinite coordination number; this result can also
be obtained from (5.50c). In the case of antiferromagnetic order on two Bethe
sublattices A and B we have (Z =∞)

GA,σ(ω) =
1

ω + μ− (W/4)2GB,σ(ω)−ΣA,σ(ω)
, (5.55a)

GB,σ(ω) =
1

ω + μ− (W/4)2GA,σ(ω)−ΣB,σ(ω)
. (5.55b)

On the Bethe lattice with infinite coordination number the self-consistency
equations are simple algebraic equations. However, the Bethe lattice is not
translationally invariant, and the notion of momentum is meaningless on this
lattice.

The principle obstacle against the analytical solution of the infinite-
dimensional Hubbard model lies in the fact that the single-impurity Anderson
model can be solved analytically only for the special case Δ(ε) = Δ and a
constant density of states with the help of the Bethe ansatz [492]. We are far
from a general solution of the problem with an arbitrary Δ(ε) and a general
density of states Dσ,0(ε), and approximate analytical and numerical tech-
niques have to be employed to find the self-energies Σσ(ω) from the exact
impurity Green function. Before we come to those in Sects. 5.5 and 5.6 we
discuss some cases for which analytical results can be derived.

5.4 Analytical Results in Infinite Dimensions

In this section we present results that can be obtained analytically in infi-
nite dimensions. In the first two subsections we discuss achievements within
the perturbative approach to the Hubbard model, for both small and large
interaction strengths. The limit allows us to calculate diagrams explicitly,
and even to perform self-consistent diagram summations with a comparably
small numerical effort. In the third subsection we briefly return to Gutzwiller-
correlated variational wave functions, which we introduced in Sect. 3.4. Their
evaluation leads to the same graph formalism as for the Hubbard model but
lines and vertices are independent of time or frequency indices. The self-
consistent but static single-site problem thus leads to an explicit closed set of
self-consistency equations. In the fourth subsection we present the solution
of the simplified Hubbard or Falicov–Kimball model. In this model one of the
two spin species is localized. The dynamics of the mean-field theory thereby
so drastically simplifies that we can formulate an explicit closed set of self-
consistency equations. In the fifth subsection we treat spinless fermions with
nearest-neighbor interactions in infinite dimensions. As shown in Sect. 5.3
the Hartree decoupling becomes exact for this interaction, which allows us
to determine analytically the phase diagram in infinite dimensions, including
1/d corrections and disorder effects.
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5.4.1 Perturbation Theory for Small Interactions

Perturbation theory in the interaction parameter provides the microscopic
justification for Fermi-liquid theory [493]; see Sect. 1.4.1. The limit of infinite
dimensions allows for the explicit calculation of diagrams in the perturbation
expansion. The discussion follows [468]; see also [458].

In a translationally invariant system the zero-temperature Green function
can be written in terms of the self-energy Σσ(ω) as

Gσ(k, ω) =
1

ω − ε(k) + EF −Σσ(k, ω)
(5.56)

in all dimensions d. If the perturbation series converges, the self-energy is
bounded. In particular, the imaginary part of the self-energy vanishes at
the Fermi energy (ω = 0) with a power law, Im{Σσ(ω)} ∼ ω2. The Fermi
surface of the interacting system thus is defined by the relation EF,σ = ε(k)+
Σσ(k, 0). Although the shape of the Fermi surface changes because of the
electron–electron interaction, the volume enclosed by it remains preserved
(Luttinger theorem [493]), nσ =

∑
k,σ Θ (EF − ε(k)−Σσ(k, 0)) (Θ(x) is the

step function). The arguments of Luttinger and Ward [493] are strictly valid
only in infinite dimensions since they neglect momentum conservation at
inner vertices in their derivation for dimensions d > 1 [474].

In the limit of infinite dimensions the self-energy becomes momentum
independent; see Sect. 5.3. Hence, the Fermi energy is only shifted, EF,σ =
E0

F +Σσ(0), and the “Fermi surface” retains its shape. In the last section we
have shown that only the Fermi energy, not the Fermi surface, is a reasonable
concept in infinite dimensions because of the random structure of momentum
space. In the sense of a 1/d expansion we may deduce, however, that the Fermi
surface in d = 3 dimensions is not strongly affected by interaction effects, even
if there are no additional symmetry arguments for a conserved shape of the
Fermi surface.

With the help of the definition of the density of states (see Appendix A.2)
it is not difficult to show [468] that the density of states at the Fermi energy
in the metallic phase is not changed by the interaction in infinite dimensions.
This is a direct consequence of the fact that the interacting Green function
obeys

Gσ(k, ω) = Gσ,0(k, ω −Σσ(ω)) (5.57)

for a translationally and spin-rotationally invariant metallic system in infinite
dimensions. Since both the real and the imaginary part of Σσ(ω = 0) vanish
for a Fermi liquid, and the imaginary part of the one-electron Green function
gives the one-electron density of states, the result

Dσ(ε = 0) = Dσ,0(ε = 0) (5.58)

immediately follows. It is typical for a single-impurity Anderson model [489]
and does not come as a surprise in view of the connection between the two
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models; see Sect. 5.3. If the density of states at the Fermi energy does not
fulfill (5.58) the theory does not describe a regular Fermi liquid. This hap-
pens, for example, for Edward’s improved alloy-analogy approximation [485];
compare Sect. 3.3.8.

We can derive further results for the infinite-dimensional Hubbard model
in its paramagnetic metallic phase that are characteristic for a Fermi liq-
uid [468, 494]. The momentum distribution 〈n̂k,σ〉 (see Appendix A.2) only
indirectly depends on k via the dispersion relation ε(k). It has a discontinuity
at the Fermi energy of size ZF = m/m∗ = (1−Σ′σ(0))−1, where Σ′σ(0) is the
derivative of the self-energy at ω = 0 and m∗ is the effective electron mass.
The slope of the density of statesDσ(ε) near the Fermi energy is renormalized
accordingly:

1
ZF

=
m∗

m
=
D′σ(ε = 0)
D′σ,0(ε = 0)

. (5.59)

In infinite dimensions the one-electron density of states Dσ(ε) near the
Fermi energy determines the effective mass and thereby the factor ZF ≤ 1,
which gives the weight of the quasi-particle resonance in the spectral func-
tion Aσ(k, ω) [493].

We can formulate the standard perturbation expansion for the Hubbard
interaction in all dimensions with the help of the usual diagrammatic theory.
However, the actual calculation of diagrams becomes technically rather com-
plicated already in second order. As shown by Metzner and Vollhardt [467]
for the example of the correlation energy to second order in U2/t, the evalua-
tion of diagrams is drastically simplified in infinite dimensions. Furthermore,
the self-energy can be calculated analytically in second-order self-consistent
perturbation theory [468]. In addition, electron–hole and electron–electron
RPA diagrams can be summed up exactly in infinite dimensions [495]. This
allows us to study the influence of the respective diagram classes on the
density of states and the effective mass. A detailed comparison between the
summation of various diagram classes for the Hubbard model at half band-
filling is given by Freericks [496].

Within perturbation theory the results of these calculations become ex-
act for small interaction strength in infinite dimensions. To aim at finite
dimensions we may start from the proper self-energy, which is purely local in
infinite dimensions, and successively improve on it by including the contribu-
tions from neighboring shells [474, 497]. Since this series expansion rapidly
converges in d ≥ 3 and is numerically well behaved, we may numerically
exactly evaluate diagrams even in finite dimensions.

For half band-filling we may use a trick that allows us to apply formally
results of the perturbation theory in U/t also for strong interactions. We cal-
culate the self-energy relative to the paramagnetic Hartree–Fock theory, i.e.,
we include the chemical potential terms with μ = U/2. In this way we also ob-
tain the signatures of the upper and lower Hubbard bands in the one-electron
density of states for U >∼ W . The reason for this is the special structure of
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Fig. 5.1. Perturbative result for
the one-electron density of states
in the three-dimensional Hubbard
model at half band-filling for U/t̃ =
0, 1, 3, calculated from second-order
perturbation theory relative to the
Hartree–Fock solution (from [474]).

the Green function at half band-filling in the atomic limit. From (3.30) we
find that the atomic self-energy at half band-filling is given by

Σatom
σ (ω, n = 1) =

U

2
+
U2

4ω
. (5.60)

Again, the frequency variable is to be understood as ω + iηsgn(ω), where
η = 0+ is a positive infinitesimal and sgn is the sign function. We empha-
size that the 1/ω singularity is merely the consequence of the definition
of Σatom

σ (ω) and bears no relation to the physics of the atomic limit; see
Sect. 3.3.1.

Since the self-energy at half band-filling is only quadratic in U in the
atomic limit, second-order perturbation theory around the non-interacting
limit gives a qualitatively correct structure of the density of states even for
large interactions as long as the system stays metallic. It not only gives the
quasi-particle peak around ω = 0, but also displays the features of the upper
and lower Hubbard bands centered around ω = ±U/2 (for U � W ). We
emphasize that the theory properly locates the position of the Hubbard bands
but not necessarily their respective widths since the theory becomes exact
in the atomic limit (no electron hopping), and not necessarily in the limit of
strong interactions (U �W ).

The result of second-order perturbation theory relative to Hartree–Fock
theory at half band-filling in three dimensions is shown in Fig. 5.1. Since the
self-energy is momentum dependent in finite dimensions, (5.58) is fulfilled
only approximately. The formation of the upper and lower Hubbard bands is
clearly seen for intermediate values of the interaction strength. Examples for
the k-dependent self-energy can be found in [474].

The particularly symmetric situation at half band-filling also permits a
qualitatively correct description of the periodic Anderson model with the
help of second-order perturbation theory relative to Hartree–Fock theory;
for details, see [477]. Naturally, this kind of perturbation theory is better
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known for the symmetric single-impurity Anderson model [489, 490]. Since
the infinite-dimensional Hubbard model can be mapped onto a self-consistent
single-impurity Anderson model, we may also try the perturbative approach
on the iteration of the mean-field equations (“iterated perturbation the-
ory” [461, 484, 486]); see Sect. 5.5.5.

5.4.2 Perturbation Theory for Large Interactions

Despite the considerable simplifications in infinite dimensions the Hubbard
model for strong interactions cannot be solved exactly in general. For exam-
ple, the Hubbard model at U = ∞ and less than half band-filling (T̂ model,
see Sect. 2.5.4) cannot be solved for general n < 1. Since we are mostly in-
terested in the Mott transition we focus on the infinite-dimensional Hubbard
model at half band-filling for which various exact results can be obtained
in the limit U/W � 1. Unfortunately, an analytical solution of the infinite-
dimensional Hubbard model for all U/W cannot be deduced from the large-U
approach [466, 498].

Ground State. At half band-filling and large interactions the Hubbard model
can be mapped onto the Heisenberg model; see Sect. 2.5.4. As we have already
derived in Sect. 5.1.1, the Heisenberg Hamiltonian reduces to the Ising model
in infinite dimensions, and the ground state is readily identified.

If the dispersion relation obeys the perfect nesting property, the Néel state
is the ground state. The Néel state provides a convenient starting point for a
perturbative analysis of the large-U Hubbard in infinite dimensions [466, 498,
499]. Since we expect a finite radius of convergence for the expansion around
the limit of large interactions the antiferromagnetic order should persists in
a finite region of interactions strengths. In dimensions d ≥ 3 we also know
that the antiferromagnetic order prevails up to the Néel temperature. Hence,
the antiferromagnetic Mott–Heisenberg insulator covers a substantial part of
the phase diagram of the half-filled Hubbard model in infinite dimension.

The Hubbard model whose dispersion relation does not have the perfect
nesting property is more challenging. If the hopping is perfectly random (see
Sect. 5.2.2) the half-filled Hubbard model at large interactions reduces to
the ferromagnetic Heisenberg model with an antiferromagnetic coupling. As
shown in Sect. 5.2.2 this implies that all states with zero total spin are ground
states. Consequently, the Mott–Hubbard insulator is highly degenerate in in-
finite dimensions, its entropy density is (S/L) = kB ln(2) in the thermody-
namic limit. In the singular limit of infinite dimensions this degeneracy is not
lifted in higher orders in the perturbation theory in W/U since those terms
that would generate a mixing of the states are of order 1/d, or smaller. Thus,
the Mott–Hubbard insulator in infinite dimensions has a finite ground-state
degeneracy. It is very demanding to formulate an (approximate) theory that
properly describes a transition from the unique metallic Fermi-liquid ground
state into the highly degenerate Mott–Hubbard insulator.
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Upper and Lower Hubbard Bands. Electron–hole symmetry means that it is
sufficient at half band-filling to address the lower Hubbard band, which de-
scribes the motion of an extra hole in the background of 2L−1 spins (T̂ model
for N = L − 1). The contribution of the upper Hubbard band to the full
density of states is found by shifting the lower Hubbard band by U . The
problem of a single hole in a spin background can be solved exactly in var-
ious cases: (i) for a ferromagnetic spin background; (ii) if all hole paths are
retraceable [500]; (iii) in infinite dimensions for the Néel and the random spin
background [501].

For general lattices and/or dimensions the spin background strongly in-
fluences the motion of the hole. In fact, as shown by Nagaoka [502], the ferro-
magnetic background is the most favorable for the hole motion; see Sect. 2.5.4.
In this case the hole motion is completely free, and the lower Hubbard band
displays the full noninteracting bandwidth. For all other spin backgrounds,
the Green function for the creation of a hole at site R1 and its annihilation
at site R2 at some later time can be calculated exactly only in the other two
cases (ii) and (iii).

Case (ii) covers one dimension and the Bethe lattice with an arbitrary co-
ordination number. By definition, there are no paths on these lattices, which
do not retrace each other when the local hole Green function (R1 = R2) is
calculated. Furthermore, any given spin configuration gives the same result
since the motion of the hole from R1 into the system and back to R1 does
not change it. Consequently, the hole motion is independent of the spin con-
figuration and we obtain the non-interacting density of states for the lower
(and upper) Hubbard band, just as in case (i). In particular, the bands have
the full width of the non-interacting case, W1,2 =W .

In infinite dimensions, case (iii), the Néel state traps the hole, i.e., the
Green function is site diagonal because the hole must return to the point of its
generation, R2 = R1, to recover the original spin configuration. In addition,
only self-retraceable paths are allowed, and the density of states reduces to
that of the Bethe lattice with infinite coordination number. Formally, the
width of the Hubbard bands is given by W1,2 = W such that they again
display the full bandwidth. The situation is more complicated for a random
spin background, a situation equivalent to temperatures large compared to
the spin exchange energy J , i.e., above the Néel temperature. There, loops
contribute [498] and the hole self-energy for the hypercubic lattice in the
paramagnetic phase obeys

2Σ(ω) = ω − 3
G(ω)

, (5.61)

where G(ω) is the local hole Green function. This equation and the Dyson
equation (5.45b) solve the problem of a single hole on an infinite-dimensional
cubic lattice. Again, the width of the lower Hubbard band is found to be
close to the full bandwidth, W1 ≈W [498].
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The results in the last two subsection set bounds on approximate theo-
ries for the infinite-dimensional Hubbard model but they do not cover the
whole range of interaction strengths. Explicit analytical results for all U/W
can be achieved only if we further simplify the dynamics of the mean-field
theory. In the next two subsections we present two problems in infinite di-
mensions whose mean-field theory can be solved exactly. Our first example
are variational wave functions where the evaluation of expectation values is
a time-independent problem. In the second example, the simplified Hubbard
model, one spin species cannot move such that the dynamic problem reduces
to a self-consistent solution of the CPA equations.

5.4.3 Variational Wave Functions

As shown in Sect. 3.4, we can exactly evaluate the class of Gutzwiller-
correlated variational wave functions in infinite dimensions. They are defined
as

|Ψ〉g = gD̂|Ψ0〉 . (5.62)

As in standard perturbation theory for the Hubbard model, a diagrammatic
expansion can be formulated for the one-electron density matrix,

Pσ (f ,h) =
g〈Ψ |ĉ+f ,σ ĉh,σ|Ψ〉g

g〈Ψ |Ψ〉g
, (5.63)

which allows us to determine the variational ground-state energy. In the
formulation that is most suitable for the one-dimensional problem the ver-
tex (g2 − 1) is purely local and lines correspond to the one-electron density
matrix Pσ,0(f ,h) = 〈ĉ+f ,σ ĉh,σ〉0.

As for the Hubbard model the calculation of Pσ(f ,h) reduces to an effec-
tive single-site problem in infinite dimensions [467, 472]. Since the diagrams
are time/frequency independent the self-consistent mean-field theory can be
formulated explicitly. We denote the dressed lines by

P σ(f ,h) = Pσ,0(f ,h) +
∑

g1,g2

Pσ,0(f , g1)Sσ(g1, g2)Pσ,0(g2,h) , (5.64a)

where Sσ(f ,h) is the “self-energy” in the variational theory. It is connected
to the (purely local) “proper self-energy” S∗σ(f ) via the Dyson equation

Sσ(f ,h) = S∗σ(f )

[
δf ,h +

∑
g

Pσ,0(f , g)Sσ(g,h)

]
, (5.64b)

where we have used the fact that the proper self-energy is diagonal in position
space in infinite dimensions.

The effective single-site problem can be exactly solved for Gutzwiller-
correlated variational wave functions [467, 472] and provides the following
closing relation for the self-consistency scheme
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P σ(f ,f) =
S∗−σ(f )

1− g2 − S∗σ(f )S∗−σ(f)
. (5.64c)

The equations (5.64) are exact for Gutzwiller-correlated wave functions in
infinite dimensions and constitute the variational mean-field theory. Since the
variational theory is a time-independent problem the explicit closing relation
for the single-site problem (5.64c) could be found. For the dynamic mean-field
theory for the Hubbard model this could not be achieved.

Because of the lattice sums in (5.64a) and (5.64b) the variational mean-
field equations can actually be evaluated as a function of g and further vari-
ational parameters contained in |Ψ0〉 only for special cases [467, 472]. We
have already encountered the same situation for Hartree–Fock theory; see
Sect. 3.1. There, we were also limited to the discussion of those solutions
of the equations which were particularly symmetric (translationally invariant
or Néel-type antiferromagnetism on bipartite lattice structures). Fortunately,
in the case of a Gutzwiller-correlated wave function we may apply a modi-
fied graph formalism in which the proper self-energy not only becomes local
but completely vanishes in infinite dimensions [503]; see Sect. 3.4. Expecta-
tion values for general Gutzwiller-correlated wave functions can be explicitly
calculated in this modified formalism, a 1/d expansion can be carried out,
and its generalization to Nf -fold degenerate bands is feasible. In particular,
the results in d = ∞ (Nf = ∞) become identical to those of the Kotliar–
Ruckenstein (Barnes–Coleman) mean-field theory [504]; see Sect. 3.5.

5.4.4 Falicov–Kimball Model

The evaluation of Gutzwiller-correlated wave functions was possible in infi-
nite dimensions since no time/frequency dependence had to be taken into
account. The dynamics of the “simplified Hubbard” [505, 506] or “Falicov–
Kimball” model [507] is also considerably reduced compared to that of the
Hubbard model since the electrons of one spin species cannot hop. The Hamil-
ton operator of the model is given by

ĤFK =
∑

R1,R2

t(R1 −R2)d̂+R1
d̂R2

+ U
∑
R

n̂d
Rn̂

f
R −

∑
R

(
μdn̂d

R − Ef n̂f
R

)
.

(5.65)

The notation of the mobile (d̂R) and immobile electrons (f̂R) results from
the application of the model to systems of strong correlations between con-
duction and f electrons [507]. The model is also used for the description
of crystallization [508]. In this case we describe a system of mobile elec-
trons and immobile ions. We restrict ourselves to nearest-neighbor hopping,
t(R1−R2) = (−t)δR1−R2,τ . For U � t the model reduces to the Ising model
and thus provides a canonical generalization of this spin model to itinerant
electron systems.
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Although the f electrons have a zero hopping matrix element they are
not localized because their distribution on the lattice depends on temperature.
Hence, the model is still very complicated. If they were fixed, the model could
be solved exactly in one dimension [509]. On bipartite lattices the electrons
order in a charge-density wave state for finite U/t and half band-filling (Nf =
Nd = L/2) below some finite critical temperature Tc(d ≥ 2, U > 0) > 0 [508].
For T < Tc(U) the f electrons (d electrons) preferably arrange on the A
(B) lattice sites.

In infinite dimensions the model again reduces to an effective single-site
problem. Brandt and Mielsch [510] were the first to formulate and solve the
model in this way. Another formulation in terms of path integrals is given
by Janǐs [511]. On the Bethe lattice with infinite coordination number van
Dongen and Vollhardt [512] found a representation of the mean-field theory
in terms of a tight-binding Hamilton operator with interaction only on the
root site of the Bethe lattice; for details, see [513].

The Hubbard model reduces to a single-impurity Anderson model. The
occupation of the single site dynamically changes with time. In the Falicov–
Kimball model, however, the f electrons cannot move away from the site.
Hence, the single-site problem can exactly be solved in the presence of an
arbitrary bath Green function that mimics the dynamic change in the d elec-
tron occupancy on the site. We denote the Matsubara Green function of the
bath as

Gatom
d,0 (iωn) =

1
iωn + μd −Δ(iωn)

, (5.66)

where ωn = π(2n+ 1)T are the Matsubara frequencies [473], and Δd(iωn) is
a general function of frequency that has to be determined self-consistently.
These quantities are Hubbard’s “scattering corrections” of Sect. 3.3.5.

The exact atomic partition function in the presence of the bath Green
function becomes

Z=2

{
exp

[∑
n

[
ln
((
Gatom

d,0 (iωn)
)−1

)
− ln(iωn)

]
eiωnη

]
(5.67a)

+ exp

[
−βEf +

∑
n

[
ln
((
Gatom

d,0 (iωn)
)−1 − U

)
− ln(iωn)

]
eiωnη

]}
.

The partition function Z is given by two contributions since the lattice site
is either unoccupied (free case) or occupied by an f electron such that the
f -level energy and the interaction U contribute.

We differentiate the atomic free energy fatom = −T lnZ with respect
to Ef which gives us the f -electron density,

nf =
2
Z exp

[
−βEf +

∑
n

[
ln
((
Gatom

d,0 (iωn)
)−1 − U

)
− ln(iωn)

]
eiωnη

]
.

(5.67b)
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In addition, we obtain the exact atomic Matsubara Green function of the
d electrons by the differentiation of −βfatom with respect to Δd(iωn) ∼
[Gatom

d,0 (iωn)]−1 since ln(Z) is the generating function for d-electron fluctua-
tions on the site. The expected result is

Gatom
d (iωn) =

1− nf

[Gatom
d,0 (iωn)]−1

+
nf

[Gatom
d,0 (iωn)]−1 − U . (5.67c)

As discussed in Sect. 3.3.5 this result is identical to the alloy-analogy approx-
imation for the Hubbard model.

Now that we have solved the atomic problem in the presence of an arbi-
trary bath, we are left with the implementation of (5.49) to solve exactly the
Falicov–Kimball model in infinite dimensions:

Gatom
d (iωn) = Gd(iωn) ≡ Gd(R,R; iωn) , (5.68a)

Σatom
d (iωn) = Σd(iωn) . (5.68b)

From (5.67c) and (5.68a) we find that

1− (1 − nf )UGatom
d,0 (iωn) (5.68c)

=
1
2

[
1− UGd(iωn) +

√
(1 − UGd(iωn))2 + 4UnfGd(iωn)

]
holds such that we may eliminate the bath Green function in favor of the
local Green function of the d electrons. The Dyson equation for the atomic
problem,

Σatom
d (iωn) =

[
Gatom

d,0 (iωn)
]−1 −

[
Gatom

d (iωn)
]−1

= Unf +
U2nf (1 − nf)[

Gatom
d,0 (iωn)

]−1

− U(1− nf )
(5.68d)

=
Unf

1− (1− nf )UGatom
d,0 (iωn)

,

(5.68b), and (5.68c) then provide the proper self-energy of the d electrons in
the Falicov–Kimball model in infinite dimensions:

Σd(iωn) =
U

2
− 1

2Gd(iωn)
+

√(
1

2Gd(iωn)
− U

2

)2

+
Unf

Gd(iωn)
. (5.68e)

Here, the proper self-energy is still a functional of the local Green function at
all frequencies since the occupation number of the f electrons still contains
this dependence. Furthermore, the f -electron occupancy is site-dependent,
nf ≡ nf (R), such that Σd(iωn) ≡ Σd(R; iωn). The Dyson equation for the
lattice problem,(

iωn + μd −Σd(R1, iωn)
)
Gd(R1,R2; iωn) (5.68f)

= δR1,R2 +
∑
R

t(R1 −R)Gd(R,R2; iωn) ,
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links the Green function and self-energy and thereby completes the system of
equations that have to be solved self-consistently, namely (5.68e) and (5.68f).

The equations (5.68) are equivalent to the CPA equations for impurity
scattering in metals [510, 511]. This does not come as a surprise since the
coherent potential approximation becomes exact in infinite dimensions [480].
The decisive difference lies in the fact that the configuration of the “impuri-
ties” (f electrons) may change as a function of temperature. At half band-
filling on bipartite lattices the electrons order on alternating sublattices in the
low-temperature phase. Besides half band-filling, however, it is not clear yet
how the translational symmetry is actually broken. This problem occurs in all
self-consistent theories, e.g., in Hartree–Fock theory; see Sect. 3.1. The phase
diagram at half band-filling is extensively discussed in [510, 512]. Since the
nearest-neighbor interaction factorizes into its Hartree contributions in infi-
nite dimensions we may even exactly solve the extended simplified Hubbard
model in infinite dimensions. A thorough discussion of the thermodynamics
for the Bethe lattice can be found with van Dongen [512].

The Falicov–Kimball model does not describe a Fermi liquid, not even
in its translationally invariant metallic phase. In the presence of impurity
scattering the imaginary part of the self-energy at the Fermi energy is always
finite. After analytical continuation [473] we immediately see from (5.68e)
that Im{Σ(ω)} = 0 at T = 0 only if U = 0 or nf = 0. Hence, the Falicov–
Kimball model is not a suitable starting point for the description of the
dynamic properties of the Hubbard model. Nevertheless we can use it to
construct a thermodynamically consistent approximation for the free energy
of the Hubbard model [482, 514]; see Sect. 3.3.8. Furthermore, we can study
the metal–insulator transition contained in the model, as we now discuss.

On the Bethe lattice the local part of the Green function for non-
interacting electrons reads [515]

Gd(R,R;ω,U = 0) ≡ Gd(ω,U = 0)

=
4
W

⎡⎣2ω
W
−

√(
2ω
W

)2

− 1

⎤⎦ , (5.69a)

where W = 4t̃ is the bandwidth. The density of states is the Hubbard semi-
ellipse

Dd,0(ε) =
4
πW

√
1−

(
2ε
W

)2

(|ε| ≤W/2) . (5.69b)

At half band-filling (μd(n = 1) = U/2) and for the special density of states of
the Bethe lattice the Dyson equation (5.68f) for the Falicov–Kimball model
gives

Gd(ω) = Gd(ω + U/2−Σd(ω), U = 0) (5.70)
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Fig. 5.2. Density of states
of the Falicov–Kimball model
at half band-filling on the
Bethe lattice with infinite coor-
dination number in the trans-
lationally invariant phase for (a)
U/W � 1 (the dashed line
is the result for U = 0), (b)
U/W = (U/W )c = 1/2, and (c)

U/W � 1 (W = 4t̃, from [512]).

for the local interacting Green function; see Sect. 3.3.5. The self-energy is ob-
tained from (5.68e), and the self-consistency problem for the Falicov–Kimball
model on the half-filled Bethe lattice reduces to the following third-order
equation for the Green function

[G̃d(ω)]3 − 2ω̃[G̃d(ω)]2 + G̃d(ω)
(
1 + ω̃2 −

(
Ũ/2

)2)− ω̃ = 0 , (5.71)

where G̃d(ω) = WGd(ω)/4, Ũ = 4U/W , and ω̃ = 4ω/W ; see Sect. 3.3.5.
Hence, we obtain a closed but lengthy expression for the exact Green func-
tion on the Bethe lattice with infinite coordination number; for a thorough
discussion, see [512].

The exact result for the Falicov–Kimball model for Z → ∞ is shown in
Fig. 5.2. For weak interactions the density of states broadens and flattens
out; in particular, its value at ε = 0 (“at the Fermi energy”) is reduced.
Luttinger’s theorem is not fulfilled, so the model does not describe a metallic
Fermi-liquid state [516]. With the help of (5.71) the density of states at ε = 0
is readily calculated from Dd(ε = 0) = −Im {Gd(ε = 0)} /π as

Dd(ε = 0) =

⎧⎪⎪⎨⎪⎪⎩
4
πW

√
1−

(
2U
W

)2

for U ≤ Uc =W/2

0 for U ≥ Uc =W/2

. (5.72)

It continuously vanishes at the critical coupling Uc = W/2 and the single
band splits into the upper and lower “Hubbard” bands. For U � W the
“center of gravity” of the two bands lies at ±U/2. In this limit the density
of states for both bands is semi-elliptic again but their width is only W1 =
W2 = W/

√
2. The gap Δμ continuously opens at the transition, Δμ(U →

U+
c ) = [W/(3

√
3)](U −Uc)3/2; see Sect. 3.3.5. This continuous band splitting

persists in infinite dimensions even if long-range interactions that Hartree–
Fock factorize are taken into account [512]. In the presence of long-range
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Coulomb interactions, however, Mott predicts a discontinuous transition [517,
Chap. 4.2]. A “first-order” transition with a discontinuous gap as a function
of U at U = Uc either has more subtle than purely energetic reasons, or
important effects are neglected in the limit d→∞ or in the Falicov–Kimball
model. Nevertheless, the present example shows that long-range interactions
alone do not necessarily lead to a first-order transition or to a jump of the
gap as a function of the interaction strength.

The transition at U = Uc = W/2 is not a “true” metal–Mott insulator
transition since the state for U < Uc is not a metallic Fermi-liquid state. Thus
it appears to be more natural to analyze a model of spinless fermions to study
the metal–insulator transition where the metallic state is a Fermi liquid. In
the following we present some results on this model in infinite dimensions.

5.4.5 Spinless Fermions

The Hamilton operator for spinless fermions with nearest-neighbor interac-
tion reads

ĤSF =
∑

R1,R2

t(R1 −R2)d̂+R1
d̂R2

+
V

Z

∑
R,τ

n̂Rn̂R+τ − μ
∑
R

n̂R , (5.73)

where usually the hopping is restricted to nearest neighbors. For V = 0 the
model describes a Fermi-liquid metal. For V/W → ∞ and for half band-
filling (n = N/L = 1/2) the model can be mapped to the Ising model with
antiferromagnetic exchange interaction. Thus, on bipartite lattices and for
V � W the ground state is an insulating charge-density wave for which
either the A or the B lattice sites are dominantly occupied. Consequently,
there must be a metal–insulator transition at half band-filling at a critical
interaction Vc. As mentioned in Sect. 1.5.2, the model can be used to study
the charge-ordering in the Verwey transition [518].

In one dimension the model is Bethe-ansatz solvable since it can be
mapped onto the anisotropic Heisenberg model [519, 520]. At V = 0 it cor-
responds to the XY model (Fermi liquid), and at V � t it becomes equiv-
alent to an Ising model in the z direction (charge-density wave). In the case
V d=1

c = 2t the model is equivalent to the isotropic Heisenberg model. At this
value the phase transition takes place from the metallic to the charge-density
wave state. For dimensions d ≥ 2 the charge-density wave is stable for suf-
ficiently strong interactions V even for finite temperatures [521]. There are
strong indications that the critical interaction at T = 0 is given by V d≥2

c = 0+

on bipartite lattices for all d ≥ 2 [522].
In the limit of infinite dimensions the Hartree decoupling becomes ex-

act; see Sect. 5.3.1. This allows a detailed study of the phase diagram of the
model [523], and a 1/d expansion to first order can be carried out explic-
itly [524]. Furthermore, the effects of local energetic disorder of the lattice
sites can be studied [525], as we now discuss.
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Phase Diagram in Infinite Dimensions. At half band-filling and on bipartite
lattices the charge-density wave provides the solution of the Hartree equa-
tions with the lowest energy. Similar to the Hubbard model with perfect
nesting the system is an insulator with a commensurate charge-density wave
at all interaction strengths, V d=∞

c = 0+. At finite doping δ = 1/2 − n the
energetically optimal self-consistent solution of the Hartree equations is not
known. The stability analysis of the translationally invariant solution against
symmetry breaking shows that the model displays a surprisingly rich phase
diagram as a function of doping, temperature, and interaction strength. It
not only includes the charge-density wave and the homogeneous state but
also phase separation between these two phases, and ordered phases with
incommensurate wave vectors. Further details can be found in [523].

The 1/d corrections [524] quantitatively, but not qualitatively, change the
phase diagram. Typically, the transition temperatures are monotonously re-
duced. The corrections for d = 1 are formally the largest, which indicates
that the series will not converge there. Of course, the series expansion in 1/d
cannot possibly provide any information on its radius of convergence. A sim-
ilar problem occurs for the case of the 1/d expansion for variational wave
functions; see Sect. 3.4.7.

Influence of Disorder. At half band-filling the system forms a charge-density
wave at arbitrarily small interaction strength, V d=∞

c = 0+ [523]. In the pres-
ence of disorder the transition is shifted to a finite value that depends on the
density of states and the strength of the impurity potential [525]. In infinite
dimensions coherent localization effects are absent, only energetic aspects of
the random local impurity potential are relevant. The random distribution
of the lattice site energies εR shall be characterized by their second moment
γ2 = 〈ε2R〉. In the charge-density wave two neighboring sites are dominantly
occupied by an electron and a hole. At small V/t̃ this is energetically disadvan-
tageous since it presumes a correlation between the lattice site energies, which
is actually not present. If the disorder is strong enough (γ >∼ W ) the transi-
tion is shifted from zero in the absence of disorder to V d=∞

c (γ >∼W ) ∼ γ. At
small interactions the metallic state is thus found to be stabilized by the dis-
order since it suppresses the perfect nesting instability. For all finite disorder
strengths γ > 0 the critical nearest-neighbor interaction is finite; for details,
see [525].

5.5 Approximate Solutions of the Hubbard Model

In principle, every approximate treatment of the single-impurity Anderson
model can be used to close formally the self-consistency equations for the
infinite-dimensional Hubbard model. We start this section with a specifica-
tion of our model variants, and summerize those constraints on approximate
theories that we could obtain from the exactly solvable limits in the last



220 5. Hubbard Model in Infinite Dimensions

section. Next, we discuss the merits and limitations of two numerical tech-
niques, namely quantum Monte-Carlo calculations and exact diagonalization
studies. The rest of the section is devoted to three analytical approximations
to the infinite-dimensional Hubbard model, namely the iterated perturba-
tion theory, the (iterated) non-crossing approximation, and the most recent
local-moment approach.

5.5.1 Model Specifications

In the last two sections of this chapter we again focus on the Hubbard model
and its metal–insulator transition at half band-filling in the absence of an ex-
ternal magnetic field. The infinite-dimensional Hubbard model in a magnetic
field is studied in [526]–[528], and superconductivity in infinite dimensions is
discussed in [529, 530]. Furthermore, the periodic Anderson model [477, 531],
various other multi-band models [532], and the mutual influence between the
electron–electron interaction and lattice vibrations [496, 499, 533] or lattice
irregularities [471, 523, 534] can be treated along the same lines; for a recent
review, see [461].

Even if we concentrate on the one-band Hubbard model and its metal-to-
insulator transitions, we still have to specify the density of states for the non-
interacting system, Dσ,0(ε). If we want to avoid (slightly) pathological effects,
we should not use the Gaussian of the cubic lattice in infinite dimensions as
the bare density of states. Its exponential tails may give rise to a small but
finite density of states in the gap of the Mott–Hubbard insulator such that its
identification becomes a more subtle problem. We cannot use a Lorentzian
density of states either since the average kinetic energy is unbound in this
case. Here, the non-interacting system is already rather pathological because
it reduces to a model with infinite-range hopping in the thermodynamic limit.
Although a closed solution for the self-consistency equations can be found, the
system is always metallic [484] since the kinetic energy necessarily dominates
the potential energy. For actual calculations the density of states of the Bethe
lattice with infinite coordination number, (5.69b), is most advisable since it
allows us to carry out some steps of the calculations analytically.

In addition to the non-interacting density of states we must also specify
the correlation function between the kinetic energies at distance q in momen-
tum space,Dq(ε1, ε2); see Sect. 5.2. The standard choices are (i) the condition
for perfect nesting (5.26), and (ii) the condition for a perfectly random dis-
persion relation (5.28). Although case (i) allows for antiferromagnetic order,
the Mott–Heisenberg insulator is excluded in the “fully frustrated” case (ii),
and its phase diagram shows the metal and the Mott–Hubbard insulator only.

5.5.2 Constraints on Approximate Treatments

According to Mott’s general arguments [517], the Hubbard model with per-
fectly random dispersion relation should display a transition between the
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metallic Fermi-liquid state and the Mott–Hubbard insulator. The value for
the critical interaction strength should be of the order of the bandwidth,
Uc ≈ W ; compare Sect. 1.4.6. Although the very existence of this transi-
tion is indicated by all numerical and analytical treatments of the infinite-
dimensional Hubbard model, a formal proof does not exist yet.

The proof for the existence of the metallic state for U > 0 and thus
Uc > 0 presented in [535] works only if we are able to separate low and
fast time scales (high and low energy excitations), and, moreover, the single-
impurity Anderson model has to scale to its “Toulouse limit”, which was
first studied in the connection of the Kondo model [536]. If these conditions
are met, the iterated Toulouse limit for the Anderson model gives a self-
consistent metallic solution of the infinite-dimensional Hubbard model for
some finite U > 0. However, we may only speculate whether these conditions
are ever fulfilled; see also Sect. 5.6.4.

In the same way a rigorous proof for the existence of the insulating phase
for some U > Uc �= ∞ has not been achieved yet. The derivation formulated
in [486] is based on the same assumptions that lead to the alloy-analogy ap-
proximation for the Hubbard model; see Sect. 3.3.5. Hence, we are only left
with the same plausibility arguments that constitute the Hubbard approxi-
mations for the description of the Mott–Hubbard insulator.

Nevertheless, we can formulate some “minimal” requirements on a good
approximate theory for the Hubbard model with a perfectly random disper-
sion relation and a semi-elliptic density of states at half band-filling.

1. It describes a Fermi liquid for U < Uc. In particular, the density of
states at the Fermi energy is given by its value in the absence of interac-
tions (5.58), the imaginary part of the self-energy vanishes quadratically
at the Fermi energy, and the quasi-particle renormalization factor (5.59)
is finite.

2. It describes an insulator with a gap in the one-electron density of states
for U > Uc, the entropy of the Mott–Hubbard insulator is expected to
be finite in infinite dimensions; see Sect. 5.2.2.

3. For large U/W the width of both the upper and the lower Hubbard band
is given by W1,2 = W (see Sect. 5.4.2) and the atomic limit, W = 0, is
properly reproduced.

As we will see in the next section, these conditions are necessary but far
from sufficient to decide whether the transition between the metal and the
Mott–Hubbard insulator is discontinuous or not.

In the presence of perfect nesting an approximate theory should also prop-
erly describe the Mott–Heisenberg insulator at half band-filling. Ideally, such
a theory covers the metallic Fermi liquid, the Mott–Hubbard insulator, and
the Mott–Heisenberg insulator. For a semi-elliptic density of states and in the
presence of perfect nesting we may formulate the following additional criteria
for a good approximate theory for half band-filling.
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4. The Néel temperature behaves like kBTN(U) = (W/4)2/U −O(W 3/U2)
for U/W � 1; see Sect. 5.1.1. For small interaction strengths, we expect
kBTN(U → 0) ∼ exp (−1/(Dσ,0(0)U)); see Sect. 3.1.2.

5. The one-electron density of states for strong interactions is given by the
sum of two Hubbard ellipses of width W ; see Sect. 5.4.2.

The five criteria derived here allow us to assess the quality of various numer-
ical and analytical approaches which we discuss in the rest of this section.
Explicit results for the infinite-dimensional Hubbard model are presented in
the next section.

5.5.3 Quantum Monte-Carlo Calculations

Quantum Monte-Carlo calculations are the numerical standard approach to
correlated electron systems. A particularly efficient algorithm for the Kondo
and Anderson models was developed by Hirsch and Fye, and Gubernatis,
Hirsch, and Scalapino [537]. This program is usually employed in the Monte-
Carlo studies of the Hubbard model in infinite dimensions to solve the single-
impurity problem [478, 483, 486], [538]–[541]. The quantum Monte-Carlo
method is almost a science on its own and we will not try an attempt to
discuss it here. Hence, we only sketch possibilities and limitations of this
technique. The discussion follows [539, 540].

We seek the Green function of the impurity problem at imaginary times,
GAnd

σ (τ), iterated to convergence. From this quantity we may directly infer
the free energy of the Hubbard model in infinite dimensions [473]. To this
end we have to solve the impurity problem for a given bath Green function.
For a numerical treatment the four-fermion term in the Hubbard interaction
is decoupled with the help of a discrete Hubbard–Stratonovich transforma-
tion [542]. This results in a partition function over Ising variables on a chain
with L sites. In this way we have split the temperature interval [0, β] into L
equidistant partsΔτ = β/L. Since the limit L → ∞ cannot explicitly be real-
ized the method is principally limited to temperatures kBT > O (W/L). The
partition of the temperature interval itself is already a source for systematic
errors since we may extrapolate to L → ∞ only. The partition function can
exactly be summed for L ≤ 16. Beyond that it can only approximately be
calculated within the quantum Monte-Carlo method, which provides another
source of systematical and statistical errors. Fortunately, at half band-filling
(symmetric Anderson model) the minus-sign problem does not play a role
because of electron–hole symmetry.

After the single-impurity Anderson model has been solved numerically
for one bath Green function we have to repeat the process until conver-
gences of the self-consistency equations is obtained. Then we know the
imaginary-time Green function at discrete points in the interval [0, β]. How-
ever, we are interested in GAnd

σ (ω) on the real axis, or, equivalently, the self-
energy Σσ(ω), which allows us to obtain the spectral function Aσ(k, ω) of the
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infinite-dimensional Hubbard model. The continuation of the imaginary-time
Green function to the real axis is mathematically an ill-conditioned prob-
lem [543, 544] since the data set is limited and the Green function GAnd

σ (τ)
is without any significant structures. As the next step we thus have to use
an approximation scheme, e.g., the maximum entropy algorithm, to continue
the Green function to the real axis; see, e.g., [544]. This method is particu-
larly problematic when we have to decide whether there is a structure in the
density of states near the Fermi energy that only has a width Δ�W . This
Abrikosov–Suhl or Kondo resonance contains the essential physics and its
existence or not decides whether the Hubbard model at a given interaction U
describes a metal or an insulator. The approach can be stabilized, if we pro-
vide information on the behavior of the Green function at large energies from
approximate theories, e.g., from NCA calculations [540]. Unfortunately, this
can lead to “slightly” unphysical results.

These principle problems (discretization of the temperature interval, ap-
proximate evaluation of the partition function, extrapolation via maximum
entropy) already occur for the calculation of the impurity Green function
GAnd

σ (τ) for a given bath Green functionGAnd
σ,0 (τ). For the Hubbard model the

whole procedure has to be iterated to convergence. Near the metal–insulator
transition, however, the procedure converges only slowly. This is the typical
critical slowing-down for all systems close to a phase transition. Moreover, the
convergence is not monotonic, i.e., rapid oscillations between the insulating
and the metallic solution occur in some interval around the critical inter-
action Uc. Some groups [461] interpret this behavior as coexistence of both
solutions in some “critical interval” (M. Rozenberg, private communication,
1996). In contrast, other researchers find that the oscillations vanish when
the numerical precision is increased (T. Pruschke, Habilitation thesis, 1995).
In the vicinity of the phase transition very low temperatures thus cannot be
reached because the iteration itself and not the single quantum Monte-Carlo
calculation becomes too time-consuming and numerically inaccurate.

The quantum Monte-Carlo technique is a genuine finite-temperature ap-
proach. Within the restrictions discussed above, i.e., for not too low temper-
atures, it gives (numerically) exact results. Its second major advantage lies in
the fact that it also allows us to calculate (local) two-electron propagators at
finite temperatures, e.g., the magnetic susceptibility. This task is still rather
difficult for other approximate methods. Consequently, the Néel temperature,
which signals the transition into the antiferromagnetic Mott–Heisenberg in-
sulator, can be calculated accurately and efficiently with this technique, as
long as the interaction strength is not too large, U <∼ 1.5W .

5.5.4 Exact Diagonalization Studies

Instead of the discretization of the temperature interval at finite tempera-
tures we may discretize the single-impurity Anderson model, (5.47), in energy
space [545, 546]; see also [547]. In this way the Anderson model is specified
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by L parameters Δ(εn), which have to be determined self-consistently. Typi-
cally, L ranges from five to twelve, at the most. Obviously, the result cannot
be more precise than the discretization of the bandwidth, εn =W/L.

The truncated impurity problem is solved exactly, and the self-consistency
cycle provides the bath Green function for the next iteration, i.e., the new
set of parameters Δ(εn). However, a new problem results from the fact that
the bath Green function contains more information (poles) after the iteration
than before. Since the number L of parameters Δ(εn) must not be changed
within the same iteration procedure, we need to invent an approximation
scheme to redetermine the parameter set for the next iteration from the out-
come of the last iteration. To this end we may either employ Padé approxi-
mants, a Gauss quadrature as in error analysis [545], or an optimization of
spectral moments with the help of a continued fraction expansion [547, 548].
The latter method is similar in spirit to the solution of the Hubbard model
on clusters [549]. The full optimization of a Gauss quadrature is numerically
costly for large L, and the continued fraction expansion misses the physics at
low energies. Hence, a combination of the two methods was proposed in [546].

In addition to the fact that a projection has to be performed after every
step of the iteration procedure, this approach has the following problems:
(i) the data, e.g., the eigenenergies, are discrete, and (ii) extrapolation to
L → ∞ is not straightforward. The second point implies that larger L give
better results but the convergence may be very slow. The first point implies
that we have to “smear out” the discrete spectrum to obtain continuous
curves, e.g., for the density of states. The width Δω of the smearing function
can be used as measure for the energy resolution and thus for the precision
of the technique. As in the quantum Monte-Carlo calculations convergence
problems arise in the vicinity of the Mott–Hubbard transition.

The discretization of the energy interval is numerically more efficient at
zero temperature than the quantum Monte-Carlo procedure, yet it cannot
be used too close to the Mott–Hubbard transition. There, the smallness of
the gap and the small width of the quasi-particle peak set new small energy
scales that cannot be resolved adequately by numerical methods. In the next
three subsections we discuss three analytical approximations to the infinite-
dimensional Hubbard model. Since they are not exact their predictions on the
Mott–Hubbard and Mott–Heisenberg transition are also only approximate.

5.5.5 Iterated Perturbation Theory

The simplest way to obtain some insight into the single-impurity Anderson
model at half band-filling is second-order perturbation theory in U/t rela-
tive to non-magnetic Hartree–Fock theory, i.e., we set the chemical potential
μ = Ed = U/2. As shown by Yamada and Yosida [489, 490] this approach
works surprisingly well for the single-impurity Anderson model; for a review,
see [488]. Therefore, we may hope to find a good first approximation to the
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infinite-dimensional Hubbard model as well [461, 484, 538]. Since the ap-
proach is not exact it cannot prove the existence of a transition at a critical
interaction strength, and the results, especially in the critical region, must be
analyzed with care. However, the approximation provides a first glimpse into
the problems of the description of the Mott–Hubbard transition in infinite
dimensions.

As already explained in Sect. 5.4.1, second-order perturbation theory rela-
tive to the paramagnetic Hartree–Fock solution reduces to the correct atomic
limit for vanishing hopping. From this we may infer that the perturbatively
motivated ansatz [484, 538]

ΣAnd
σ (iωn, {GAnd

σ,0 }) = U2

∫ β

0

eiωnτ
[
GAnd

σ,0 (τ)
]3

(5.74)

for the proper (Matsubara) self-energy will qualitatively work both for weak
and large interaction strengths. For a given bath Green function this equation
defines the starting point for the iteration procedure (“iterated perturbation
theory”). Other self-consistent approaches discussed in Sect. 5.4.1 use the
non-interacting local Green function or the self-consistently determined lat-
tice Green function Gσ(k, ω) (including ladder and bubble sums) instead of
the bath Green function. Therefore, these approaches are different from each
other. The above description is limited to the paramagnetic half-filled Hub-
bard model. A generalization of (5.74) to densities below half band-filling is
ambiguous; see [550] for an example.

It is clear from the beginning that the theory will give a good approxima-
tion for small interaction strengths in the Fermi-liquid phase, and that it will
not miss the existence of the upper and lower Hubbard bands. However, it is
not custom-made for the Mott insulator since it does not explicitly contain
the formation of local moments. Therefore, we cannot expect a good descrip-
tion of the transition to the antiferromagnetic Mott–Heisenberg insulator or
the degenerate Mott–Hubbard insulator.

5.5.6 Non-Crossing Approximation

Another well-known approach to the Kondo model and the single-impurity
Anderson model is the “non-crossing approximation” (NCA) in which a cer-
tain class of diagrams is summed; for a review, see [551]. The comparison
with known exact results for the Kondo model from the Bethe ansatz shows
that the NCA is a reliable approximation for the Kondo model, as long as
the temperature/frequencies are not too small. Quantitatively, ω/TK

>∼ 0.1,
T/TK

>∼ 0.1 have to hold, where TK is the effective low-energy scale of the
system (“Kondo temperature”). This implies that the NCA misses the Fermi-
liquid physics at low temperatures. Beyond that temperature/frequency
range, however, the results are accurate.

The original NCA was designed for the half-filled single-impurity Ander-
son model at large interaction U . For our purposes we need a “generic” ex-
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tension to finite interactions. Such a generalization was proposed by Pruschke
and Grewe [552], and was subsequently used in the context of the infinite-
dimensional Hubbard model [460, 478, 540]. Although less thoroughly tested
than the NCA for the large-U limit, its extension to the case of finite in-
teraction strength appears to be applicable in the temperature regions cited
above.

In contrast to the iterated perturbation theory with its single equa-
tion (5.74) for the self-energy, the equations of the NCA are based on four self-
energies for the four possible ionic configurations (↑↓, ↑, ↓, ◦) of the site with
local energies E↑↓ = U − 2Ed, Eσ = −Ed, and E◦ = 0. The four ionic resol-
vents PM (z) are written in terms of their self-energies ΣM (z) (M =↑↓, ↑, ↓, ◦)
as [552]

PM (z) =
1

z − EM −ΣM (z)
(5.75)

with

Σ◦(z) =
∑

σ

∫
dε
π
Δ(ε)fFD(ε)Λ0,σ(z, ε)Pσ(z + ε) , (5.76a)

Σσ(z) =
∫

dε
π
Δ(ε)fFD(−ε)Λ0,σ(z − ε, ε)P◦(z − ε)

+
∫

dε
π
Δ(ε)fFD(ε)Λ2,σ(z + ε, ε)P↑↓(z + ε) , (5.76b)

Σ↑↓(z) =
∑

σ

∫
dε
π
Δ(ε)fFD(−ε)Λ2,σ(z, ε)Pσ(z − ε) , (5.76c)

where fFD(ε) denotes the Fermi–Dirac distribution and Δ(ε) was defined
in (5.48). In the basic version of the theory the vertex functions are given by

Λ0,σ(z, z′) = 1 +
∫

dx
π
fFD(x)Δ(x)P−σ(z + x)P↑↓(z + z′ + x) , (5.77a)

Λ2,σ(z, z′) = 1 +
∫

dx
π
fFD(−x)Δ(x)P−σ(z − x)P◦(z − z′ − x) ,(5.77b)

but a more complicated expression may also be used [552]. The approximation
obtained in this way is derivable from a generating functional, and thus is
conserving. For a given hybridization function Δ(ε) we can calculate the ionic
resolvents (5.75) from (5.76) and (5.77).

The local partition function is found as

Zloc =
∑
M

∮
C

dz
2πi
PM (z) , (5.78a)

and the local Matsubara Green function of the impurity becomes
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GAnd
σ (iωn) =

1
Zloc

∮
C

dz
2πi

e−βz

[
P◦(z)Λ0,σ(z, iωn)Pσ(z + iωn)

+P−σ(z)Λ2,−σ(z + iωn, iωn)P↑↓(z + iωn)
]
. (5.78b)

With the help of (5.77) the Green function can be expressed explicitly in
terms of the ionic resolvents and their spectral densities; see [552]. Obviously,
even for a given hybridization function Δ(ε) the evaluation of the local Green
function is not simple and requires considerable numerical effort. The self-
consistency is obtained via the cycle of equations (5.50), which we derived in
Sect. 5.3.3. Apparently, the theory is directly applicable at all band fillings,
in contrast to the iterated perturbation theory.

5.5.7 Local Moments in Hubbard’s Approximations

Both the iterated perturbation theory and the non-crossing approximation
use a single self-energy for the description of the Green function of the Hub-
bard model. In the insulator with a gap in the single-particle spectrum and,
hence, two distinct Hubbard bands it is in many respects more natural to use
two self-energies to describe two (separate) Hubbard bands.

A description based implicitly on local moments is already contained in
Hubbard’s third paper [553]; see Sect. 3.3. On the Bethe lattice the alloy-
analogy approximation gives the following expression for the local Green
function, (3.46a),

Gσ(ω) =
1
2

[
1

ω + U/2− (W/4)2Gσ(ω)
+

1
ω − U/2− (W/4)2Gσ(ω)

]
.

(5.79)

This can be cast into the form

Gσ(ω) =
1
2

[GA,σ(ω) +GB,σ(ω)] , (5.80a)

where

GA,σ(ω) =
1

ω − (W/4)2Gσ(ω)−ΣA,σ(ω)
, (5.80b)

GB,σ(ω) =
1

ω − (W/4)2Gσ(ω)−ΣB,σ(ω)
(5.80c)

denote the Green functions for the case in which the site was originally pre-
dominantly occupied by an ↑ electron (A) or by a ↓ electron (B) when we
created/annihilated the σ electron on that site. In the paramagnetic insu-
lator the A and B sites are equally likely to be surrounded by other A and
B sites such that the Feenberg self-energy is given by Sσ(ω) = (W/4)2Gσ(ω);
see (5.54).
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Obviously, there are two self-energies in the alloy-analogy approximation
to the Hubbard model:

ΣAAA
A,σ (ω) = −σU

2
, (5.81a)

ΣAAA
B,σ (ω) = +σ

U

2
, (5.81b)

which correspond to the self-energies for the upper and lower Hubbard bands,
shifted by the chemical potential μ = U/2. As shown in Sect. 5.4.4, the
alloy-analogy approximation becomes exact for the Falicov–Kimball model
in infinite dimensions.

The local moments are static in the Falicov–Kimball model but dynamic
in the Hubbard model. This has been taken partially into account in the (full)
Hubbard-III approximation which can be written in the same form as (5.80)
but with the frequency-dependent self-energies

ΣH.-III
A,σ (ω) = −σU

2
− U(W/4)2Gσ(ω)
U − σU/2− 3(W/4)2Gσ(ω)

, (5.82a)

ΣH.-III
B,σ (ω) = σ

U

2
+

U(W/4)2Gσ(ω)
U + σU/2− 3(W/4)2Gσ(ω)

(5.82b)

(compare also [461, 554]). As shown in Sect. 3.3 for the alloy-analogy approx-
imation and the (full) Hubbard-III approximation, the two self-energies can
always be combined to give a single self-energy. In the metallic phase this
combined self-energy has to fulfill the Fermi-liquid properties as discussed in
Sect. 5.4. The Hubbard approximations fail to reproduce Fermi-liquid behav-
ior in the metallic phase because the scattering is still elastic at the Fermi
surface as for the impurity scattering in the Falicov–Kimball model.

It is important to note that the Fermi-liquid conditions pose restrictions
onto a theory only in the vicinity of ω = 0. They do not invalidate the local-
moment picture at frequencies ω = ±|m|U/2 where |m| is the size of the local
moments.

5.5.8 Local-Moment Approach

In the preceding subsection we used Hubbard’s approximations to illustrate
the idea and importance of local moments for the description of the Mott–
Hubbard insulator. Of course, this description is seen in the Hubbard ap-
proximations only a posteriori. Logan, Eastwood, and Tusch [555, 556] were
the first to use the local-moment approach from the outset.

Mott–Heisenberg Insulator. In the case of antiferromagnetism a description
with two self-energies is evidently necessary since the translational symme-
try is broken down to the two sublattices. On the Bethe lattice the self-
consistency equations are given by (5.55),
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GA,σ(ω) =
1

ω − (W/4)2GB,σ(ω)−ΣA,σ(ω)
, (5.83a)

GB,σ(ω) =
1

ω − (W/4)2GA,σ(ω)−ΣB,σ(ω)
, (5.83b)

and we have to specify the equations for the self-energies on the two sublat-
tices.

The essential dynamic process on a given site is the spin flip that remains
when a σ electron is added to a site and the −σ electron leaves the site
afterwards. Spin-flip excitations are described by the transverse spin polar-
ization propagator Πσ,−σ(R1,R2) = 〈〈Ŝσ(R1)Ŝ−σ(R2)〉〉. Its RPA form for
the local part reduces to

Πσ,−σ
α (ω) =

0Πσ,−σ
α (ω)

1− U0Πσ,−σ
α (ω)

; α = A,B (5.84)

in infinite dimensions where

0Πσ,−σ
α ω) = i

∫ ∞

−∞

dω′

2π
GLM-HF

α,−σ (ω′)GLM-HF
α,σ (ω′ − ω) (5.85)

is the independent-electron part of the propagator. The independent-electron
Green functions are defined in terms of the “Hartree–Fock” self-energies

ΣLM-HF
A,σ (ω) = −σU |m|

2
, (5.86a)

ΣLM-HF
B,σ (ω) = +σ

U |m|
2

(5.86b)

as

GLM-HF
σ (ω) =

1
2
[
GLM-HF

A,σ (ω) +GLM-HF
B,σ (ω)

]
(5.87a)

with

GLM-HF
A,σ (ω) =

1
ω − (W/4)2GLM-HF

B,σ (ω)−ΣLM-HF
A,σ (ω)

, (5.87b)

GLM-HF
B,σ (ω) =

1
ω − (W/4)2GLM-HF

A,σ (ω)−ΣLM-HF
B,σ (ω)

. (5.87c)

The moment is self-consistently obtained from

|m| =
∫ 0

−∞
dω

(
DLM-HF

A,↑ (ω)−DLM-HF
A,↓ (ω)

)
, (5.88)

whereDLM-HF
A,σ (ω) is the density of states of the corresponding Green function.

We want to scatter a σ electron off the spin-flip excitation described in
terms of Πσ,−σ

α (ω). A spin flip occurs if a σ electron hops onto a site, and the
resulting −σ electron hops off into the surrounding medium. To correctly de-
scribe this process [555, 556] we need the Green function that avoids multiple
spin-flip scatterings at that site. It is given by
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Gα,σ(ω) =
1

[Gα,σ(ω)]−1 +Σα,σ(ω)
; α = A,B . (5.89)

In terms of these objects the approximation for the self-energy finally becomes

Σα,σ(ω) = U2

∫ ∞

−∞

dω′

2πi
Gα,−σ(ω − ω′)Π−σ,σ

α (ω′) ; α = A,B . (5.90)

Equations (5.84)–(5.90) together with the self-consistency equations (5.83)
constitute the local-moment approximation for the Mott–Heisenberg insu-
lator in its basic form. The theory is naturally extended by using the full
local Green function Gα,σ(ω) or Gα,σ(ω) in the calculation of the spin-flip
propagator in (5.85), and is robust to such renormalizations [555, 556].

Mott–Hubbard Insulator. Thus far all moments have been ordered on their
corresponding sublattice sites. In agreement with Mott’s general arguments
presented in Sect. 1.4, local moments are always present for finite interaction
strengths which, however, need not be ordered [517, Chap. 4.9]. Therefore,
we will still have A and B sites predominantly occupied by a ↑ or ↓ electron.
Hence, the above equations (5.84)–(5.90) remain valid but the self-consistency
equations are not given by (5.83) as in the antiferromagnetic case but by

GA,σ(ω) =
1

ω − (W/4)2Gσ(ω)−ΣA,σ(ω)
, (5.91a)

GB,σ(ω) =
1

ω − (W/4)2Gσ(ω)−ΣB,σ(ω)
(5.91b)

with

Gσ(ω) =
1
2

[GA,σ(ω) +GB,σ(ω)] , (5.91c)

because every A site is surrounded by as many B sites as A sites in infi-
nite dimensions, and the Feenberg part of the self-energy changes according
to (5.53).

If a spin at some site is equally likely to be surrounded by ↑ and ↓ electrons,
it does not cost any energy to flip this spin, in contrast to the case in a Néel
antiferromagnet where this energy is finite. Consequently, the RPA condition

U0Πσ,−σ(ωs) = 1 (5.92)

for the spin-flip pole must give ωP
s = 0 for the paramagnetic insulator. It can

be shown that this is indeed consistent with the definition (5.88) of the local
moment if we perform our calculation of the spin propagator in (5.85) using
the independent-electron Green functions GLM-HF

α,σ (ω) [555, 556].

After this brief review of present-day approximation schemes for the Hub-
bard model in infinite dimensions we now discuss their predictions for the
Mott transition.
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5.6 Metal–Insulator Transitions

In the final section of this chapter we present and compare the results of
the various approximate methods discussed in the preceeding section for the
Mott–Heisenberg insulator, the metallic phase, and the Mott-Hubbard insu-
lator. The transition between the paramagnet to the Mott–Heisenberg insu-
lator is a common thermodynamic phase transition that is well understood.
On the contrary, the nature of the quantum phase transition between the
Fermi-liquid ground state and the Mott–Hubbard insulator is still a matter
of debate. However, we will argue that both the quasi-particle weight of the
metal and the gap of the insulator vanish at a common critical interaction
strength. In this way the phase diagram of the infinite-dimensional Hubbard
model confirms Mott’s general views on the metal–insulator transition.

5.6.1 Mott–Heisenberg Insulator

The transition from the paramagnetic to the antiferromagnetic phase is a
second-order thermodynamic phase transition. It shows up as a divergence
in the momentum-dependent magnetic susceptibility in the paramagnetic
phase [483, 540, 541]. Alternatively, we can compare the free energy densities
of the paramagnetic and antiferromagnetic phases in the iterated solutions
to find the optimal phase [538, 539].

The limiting behavior of the Néel temperature is known for both strong
and weak coupling; see Sect. 5.4. In the intermediate regime the transition
temperature is comparably large, of the order of 10−2W , and is thus within
the reach of the quantum Monte-Carlo technique. The result of such a calcu-
lation for the hypercubic lattice [483] is shown in Fig. 5.3. The correspond-
ing curve for the (non-bipartite) infinite-dimensional diamond lattice can be
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the Néel temperature TN in
the infinite-dimensional half-
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2 (from [483]).
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Fig. 5.4. One-electron den-
sity of states N(ω) ≡ Dσ(ω)
of the paramagnetic metal
(U = 3) of the infinite-
dimensional half-filled Hub-
bard model on a hypercubic
lattice as a function of fre-
quency for various temper-
atures, calculated with the
quantum Monte-Carlo me-
thod; the units of energy are
such that W = 2

√
2 (from

[478]).

found in [541]. At the transition the susceptibility diverges with a power law
and exponent ν = 1 [540, 541]. The sublattice magnetization also displays
Curie–Weiß behavior with critical exponent β = 1/2 [541].

The Néel temperature approaches its limiting value kBTN(U � W ) =
(W/4)2/U for large U/W ; see Sect. 5.4.2. As is seen from Fig. 5.3, the
agreement is already satisfactory for U >∼ W . The reason for this can be
understood from the behavior of the magnetic moment in the z direction,
μ2 = 1 − 2〈D̂〉/L, whose size as a function of the interaction strength just
above the transition is also shown in Fig. 5.3. Above U ≈ W the moments
have almost reached their saturation value, i.e., the density of holes and
double occupancies is very small. As seen from the figure, local moments
are well formed above the thermodynamic phase transition for all interaction
strengths, in agreement with Mott’s general arguments presented in Sect. 1.4.

The approximate analytical treatments discussed in the last section do not
yet provide a detailed description of the Néel temperature as a function of
the interaction strength. Exact diagonalization studies and the non-crossing
approximation have not been applied to this case, and the iterated perturba-
tion theory approach apparently fails for the antiferromagnet. As seen from
Fig. 42 of [461], the Néel temperature as a function of the interaction strength
is not well reproduced by iterated perturbation theory in its present form. The
local-moment approach [555, 556] has so far been applied to the ground state.
It becomes exact in the strong-coupling limit, e.g., it reproduces the known
results for a single hole in an antiferromagnetic background; see Sect. 5.4.2.
If the excitation energy for a single spin flip is taken as an estimate for the
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Fig. 5.5. Specific resistivity as a function of temperature in the paramagnetic
metallic phase of the infinite-dimensional Hubbard model (U = 3) on a hypercubic

lattice at half band-filling; the energy units are such that W = 2
√

2, the units
of ρ(T ) are [πe2a/(2h̄)]−1 ≈ 10−4 Ohm-cm (from [478]).

Néel temperature, a good agreement with the quantum Monte-Carlo data for
U >∼W can be obtained [556]. Hence, the local-moment approach appears to
capture the essential features of the Mott–Heisenberg insulator.

5.6.2 Correlated Metal

In the absence of perfect nesting we expect to find a metallic state at all tem-
peratures for interactions that are not too strong. According to (5.46) the
one-electron spectral function Aσ(ε, ω) alone already determines the conduc-
tivity of the infinite-dimensional Hubbard model. The one-electron density
of states is given by Dσ(ω) =

∫
dεAσ(ε, ω). Its temperature dependence for

a hypercubic lattice as obtained from quantum Monte-Carlo calculations is
shown in Fig. 5.4 for U = 3W/(2

√
2) ≈W .

For low temperatures the density of states of the metallic phase displays
the Kondo or Abrikosov–Suhl resonance, which signals the existence of Lan-
dau quasi-particles in the spectral function. The system apparently is a Fermi
liquid. Nevertheless, the upper and lower Hubbard bands are already clearly
visible in the metallic regime.

To reach temperatures lower than those accessible to quantum Monte-
Carlo calculations we may employ the non-crossing approximation. Results
for the specific resistivity are shown in Fig. 5.5. The agreement with quan-
tum Monte-Carlo results is excellent for all temperatures for which the latter
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technique provides reliable data. The NCA shows that the resistivity in-
creases with a T 2 power law at small temperatures, as indeed expected for
a Fermi liquid. Whereas the resistivity actually goes to zero for T → 0, the
non-crossing approximation for the Anderson model extrapolates to a finite
(negative) intersection at T = 0 [478], as seen from the inset of Fig. 5.5. This
error had to be expected; see our discussion in Sect. 5.5.6.

At zero temperature iterated perturbation theory is constructed to work
well for the description of the Fermi-liquid features, and its results are reliable
if we are not too close to the Mott–Hubbard transition. Preliminary results for
the local-moment approach show that it, too, can be adapted to ensure Fermi-
liquid properties in the metal (D. Logan, private communication, 1996).

Although all theories on the infinite-dimensional Hubbard model are only
approximate, it is only the large-d approach that allows a quantitative analy-
sis of the resistivity for correlated electrons over the whole temperature range
for appreciable interaction strengths. High-temperature expansions give a de-
creasing electronic resistivity for T → ∞, and the resistivity increases pro-
portionally to T 2 in the regime of the validity of Fermi-liquid theory. Hence,
a maximum in the resistivity is expected for some intermediate temperature.
For the parameters chosen in Fig. 5.5 the Fermi-liquid regime is restricted
to TFL

<∼ 0.03W/(2
√

2), which corresponds to the width of the quasi-particle
peak in the density of states at zero temperature. The temperature for the
maximum resistivity is Tmax ≈ 0.1W/(2

√
2), and generally close to the tem-

perature below which Fermi-liquid theory is valid. At finite hole density the
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system is a correlated metal for all interaction strengths; for further results
for the conductivity for less than half band-filling, see [478, 550, 557].

Thermodynamic quantities are discussed in detail in [461, 538, 539]. As
an example we display the entropy density as a function of temperature for
two values of the interaction strengths in Fig. 5.6. The calculations were done
on a Bethe lattice by using the iterated perturbation theory approximation.
The figure shows that the metallic state for U = W/2 reaches the entropy
of S/L = ln(2) on a temperature scale of kBTS=L ln 2 ≈ 0.04W . Around this
temperature, the charge excitations are most efficiently scattered by the spin
excitations such that this temperature agrees well with the temperature Tmax

for which the specific resistivity reaches its maximum.

5.6.3 Mott–Hubbard Insulator

As already discussed in Sect. 5.4.2 the Mott–Hubbard insulator in infinite
dimensions has a finite entropy density. This is also seen in Fig. 5.6 where
the result of iterated perturbation theory for the Bethe lattice with infinite
coordination number is shown for U = 2W . As discussed in Sect. 5.2.2,
this result is exact for U � W and follows naturally from the fact that
every singlet is a ground state for the corresponding Heisenberg model in the
absence of any nesting. Of course, a residual entropy at zero temperature is
artificial and again shows that the limit of infinite dimensions can be singular
as far as the interaction between localized spins is concerned.

In the insulator the Hubbard bands are separated by an energy gap. The
result of quantum Monte-Carlo calculations for U = 6W/(2

√
2) ≈ 2W is

shown in Fig. 5.7. In the Mott–Hubbard insulator the two Hubbard bands
change their shape only slightly as a function of temperature. Owing to the

Fig. 5.7. One-electron density
of states N(ω) ≡ Dσ(ω) of
the infinite-dimensional Hubbard
model in the Mott–Hubbard insula-
tor (U = 6) on a half-filled
hypercubic lattice as a function
of frequency at various tempera-
tures, calculated with the quan-
tum Monte-Carlo method; the en-
ergy units are such that W = 2

√
2;

the temperature is β = 1.44 (full
line) and β = 28.8 (dashed line)
(from [478]).
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Fig. 5.8. Optical conductivity
in the Mott–Hubbard insula-
tor of the infinite-dimensional
Hubbard model (U = 6) on
a hypercubic lattice at half
band-filling as a function of
frequency at temperatures β =
1.44 (full line) and β = 28.8
(dashed line); the energy units

are such that W = 2
√

2, the
units for the conductivity are
πe2a/(2h̄) ≈ 104 (Ohm-cm)−1

(from [478]).

exponential tails in the Gaussian bare density of states,Dσ,0(ε), the density of
states, Dσ(ε), exactly vanishes only at ω = 0. It is also seen that the Hubbard
bands display their full width, W1,2 ≈ W , which has to hold in the limit of
large interaction strengths; see Sect. 5.4.2. Various approximate treatments
fulfill this criterion for a good approximation to the Mott–Hubbard insulating
phase of the infinite-dimensional Hubbard model. We showed this explicitly
for the Hubbard-III approximation in Sect. 3.3.6. Furthermore, both the it-
erated perturbation theory and the local-moment approach predict the full
bandwidth W1,2 = W for the upper and lower Hubbard bands for U � W .
The proofs in these cases are lengthy and bare little relation to the fact
that these approaches are exact in the atomic limit [556]. Hence, the large-U
limit alone, although non-trivial to obtain, does not allow us to discriminate
between the various analytical approximation schemes.

Finally, Fig. 5.8 displays the optical conductivity σ(ω) in the insulating
phase at U = 6W/(2

√
2) as a function of temperature. At high temperatures

the conductivity is finite at ω = 0 but rapidly goes to zero as the tempera-
ture is lowered: a Drude peak as expected for a metal, (1.3), does not form,
the system is insulating. For a Gaussian density of states the energy gap in
the one-electron density of states does not fully develop. Therefore, thermal
excitations always contribute to an exponentially small conductivity at ω = 0
for T > 0, but they are not visible on the scale of the figure. As already seen
in the metal, the position of the broad maximum around ω ≈ U (optical
excitations between the lower and upper Hubbard bands) only slightly shifts
as a function of temperature.

5.6.4 Mott–Hubbard Transition

As pointed out in Sect. 5.6.1 we observe a standard thermodynamic phase
transition into the antiferromagnetically ordered Mott–Heisenberg insula-
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tor at the Néel temperature, and the transition can easily be monitored by
quantum Monte-Carlo calculations. The situation is different for the Mott–
Hubbard transition, which is a quantum phase transition at zero temperature.
Since an exact solution does not exist we will discuss two different conceivable
scenarios in the following.

Scenario I: Discontinuous Transition. In this scenario one assumes that there
is a region of interaction strengths for which the self-consistency equations
give both a metallic and an insulating solution. This scenario is supported
by the iterated perturbation theory approximation; see [461] for details. If
we begin the iteration with a “metallic” input guess, we find a converged
solution with a finite quasi-particle weight ZF = m/m∗ ≥ 0 up to a critical
value UM→I

c at which ZF goes to zero. On the other hand, if we start with
an “insulating” input guess, we find a converged solution with a finite gap Δ
down to and including a critical value U I→M

c with UM→I
c > U I→M

c , and thus
a “coexistence region” U I→M

c ≤ U ≤ UM→I
c . Within iterated perturbation

theory and on the Bethe lattice with infinite coordination number the critical
interaction strengths are found in [461] as U I→M

c,IPT ≈ 1.3W and UM→I
c,IPT ≈

1.7W . Actually, the critical value for the transition from the metallic into
the insulating state could be much higher. The numerical analysis of iterated
perturbation theory at zero temperature by Macarie and d’Ambrumenil [558]
suggests that UM→I

c,IPT
>∼ 3W . Thus, it is conceivable that the coexistence region

is rather large, and possibly infinite.
In the case of a coexistence region the absolute energy determines the

true ground-state phase. As an illustration let us assume that the transition
happens at some U within the critical interval. Coming from the metallic
side we would then observe that the quasi-particle weight jumps to zero, and
likewise the gap opens discontinuously. Furthermore, the energy would be
continuous but its first derivative with respect to U , the mean number of
double occupancies, would show a jump discontinuity.

If the transition occurs at one of the boundaries, it can be of second
order at best. We will find that either the quasi-particle weight drops to
zero discontinuously, if Uc = U I→M

c , or the gap jumps to a finite value, if
Uc = UM→I

c . In either case the transition is still a discontinuous one. Within
the iterated perturbation theory some numerical and analytical arguments
are presented in [461] which locate the transition at Uc,IPT = UM→I

c ; see,
however, [558]. It would imply that the gap is already pre-formed and the
energy scales for the metal (width of the Kondo resonance in the one-electron
density of states) and the insulator (size of the gap) are indeed well separated:
close to the transition the density of states in the metallic phase is strictly
zero between the Kondo resonance and the upper (lower) Hubbard band.

A finite coexistence region at zero temperature would have severe conse-
quences for finite temperatures. In this case the phase diagram would display
a line of first-order transitions Uc(T ≤ TCP) in the thermodynamic sense,
which terminates in a second-order critical point TCP [461].
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Scenario II: Continuous Transition. In this scenario one assumes that the
quasi-particle weight ZF vanishes at the same critical interaction strength
where the gap opens. Thus the transition is continuous and (at least) of sec-
ond order. This scenario agrees with our concept of the Mott–Hubbard tran-
sition as a quantum phase transition at zero temperature. At finite tempera-
tures a phase transition in the thermodynamic sense does not exist. Instead,
there is a crossover region from the paramagnetic metal to the paramagnetic
Mott–Hubbard insulator; see Sect. 1.2.1.

The solution of the 1/r Hubbard model supports the idea of the Mott–
Hubbard transition as a continuous quantum phase transition. Unfortunately,
an exact solution of the infinite-dimensional Hubbard model does not seem
to be within reach. Although we cannot rule out a discontinuous transition,
we will argue in the following that there is no convincing evidence in favor
of this scenario in the infinite-dimensional Hubbard model; the scenario of a
continuous phase transition appears to be the more natural one.

A discontinuous transition at zero temperature and a “first-order” phase
transition at finite temperatures do not seem to be compatible with Mott’s
general ideas on the effect of a short-range potential for the Mott transition.
Furthermore, it is difficult to reconcile such behavior with our concept of the
Mott–Hubbard transition as a quantum phase transition at zero temperature;
see Sect. 1.2.1. In principle, the limit of infinite dimensions could produce
new, unphysical effects but this appears to be unlikely since the interaction
becomes even more “local” in this limit. After these preliminary remarks we
discuss the situation for zero and finite temperature in more detail.

Zero Temperature. The exactly solvable 1/r Hubbard model supplies an ex-
ample where an approximate solution would predict a first-order transition.
As discussed in detail in Sect. 4.2.4, the exact solution shows that the Mott–
Hubbard transition in this model at Uc = W is of third order, i.e., only the
third derivative of the ground-state energy with respect to the interaction
strength displays a jump discontinuity. In addition, the transition is con-
tinuous because the gap opens continuously at the transition. However, the
approximate variational theory in Sect. 3.4.10 would predict a “coexistence
region” and a first-order transition. The variational metallic and insulating
wave functions give UM→I

c,var = ∞ and U I→M
c,var = 0, respectively, and a first-order

transition at Uc,var = W with a jump discontinuity in the number of double
occupancies follows. Both variational states are excellent for large and small
interaction strengths but their deviations from the exact wave function are
crucial near the transition.

The example of the variational approach to the Mott–Hubbard transi-
tion indicates that approximate theories readily predict coexistence regions
which, however, might be absent in the exact solution. In this case, the mag-
nitude of the coexistence interval might be taken as the region for which the
approximation is unreliable. These remarks also apply to the results of iter-
ated perturbation theory. Fourth-order iterated perturbation theory at half
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band-filling shows that the overall features of the self-energy change only
slightly [559], but it is also seen that (iterated) perturbation theory as a
whole becomes unreliable for U >∼W .

In the absence of long-range order all numerical and analytical calcula-
tions indicate that the Mott-Hubbard transition should occur in the region
W <∼ Uc

<∼ 1.5W . As seen from Fig. 5.3, the local moments are well devel-
oped at the transition, and the local-moment approach of Sect. 5.5.8 should
be applicable. In this case U I→M

c,LM = 1.21W is found, at which the gap closes
linearly, i.e., the gap exponent is ν = 1 [556]. This is consistent with the
predictions from exact diagonalization studies [461] which, however, are not
too reliable close to the transition, i.e, they cannot really access the critical
regime. The local-moment approach is presently under investigation in the
metallic regime. It remains to be seen whether or not a (large) coexistence
region will be found, although this appears to be unlikely (D. Logan, private
communication, 1996).

As we have seen, approximate theories at zero temperature cannot be used
to decide whether or not a coexistence region exists. We may ask whether
there are arguments in favor of a discontinuous transition which are inde-
pendent of the details of the microscopic description. If one assumes that
the high and low energy scales are well separated in the metallic phase close
to the transition, one can indeed show that UM→I

c > U I→M
c , i.e., the tran-

sition is discontinuous. Unfortunately, this “projective self-consistent tech-
nique” [461, 560] only proves that the basic assumption of separate energy
scales is self-consistently fulfilled. The method cannot exclude, however, that
there is always a finite spectral weight between the Kondo resonance and the
upper (lower) Hubbard band, which leads to a continuous transition.

As pointed out by Nozières (P. Nozières, private communication, 1996),
the electrons in the Kondo resonance have to screen the local moments to
guarantee Fermi-liquid behavior; otherwise the metallic state cannot persist.
If we assume a preformed gap we have to face Nozières exhaustion problem
when we approach UM→I

c : there will not be enough mobile electrons to com-
pletely screen the local moments. Hence, there are severe problems to stabilize
the Fermi-liquid phase for U < UM→I

c . The exhaustion problem does not oc-
cur if we abandon the idea that we can strictly separate itinerant and local
features of the electrons. This implies, however, that the density of states in
the metallic phase is finite everywhere between the upper (lower) Hubbard
band, and a preformed gap in the metallic phase does not exist.

Finite Temperatures. At finite temperatures quantum Monte-Carlo calcula-
tions are exact within the limitations discussed in Sect. 5.5.3. In principle,
it should be possible to decide with this method whether or not a finite
coexistence region exists at finite temperatures. Indeed, as used in [461], per-
sistent oscillations between the insulating and the metallic solution in the
self-consistency procedure are taken as indication for a (large) coexistence
region (M. Rozenberg, private communication, 1996).
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These oscillations could be reproduced by others but were seen to disap-
pear when the numerical accuracy was increased (T. Pruschke, Habilitation
thesis, 1995). The non-crossing approximation and the fully converged nu-
merically stable quantum Monte-Carlo calculations suggest that the Mott–
Hubbard transition occurs at Uc ≈ 1.3W , with only a small coexistence re-
gion of much less than a tenth of the bandwidth, if there is any (T. Pruschke,
Habilitation thesis, 1995, and private communication, 1996); see also Fig. 5.9.
Hence, neither the quantum Monte-Carlo data nor the non-crossing approx-
imation provide evidence for a coexistence region at temperatures accessible
to these approaches.

It is seen that the arguments from quantum Monte-Carlo calculations in
favor of a discontinuous Mott–Hubbard transition in the infinite-dimensional
Hubbard model are, at best, inconclusive.

5.6.5 Comparison with Basic Theoretical Concepts

Despite the fact that the details of the Mott–Hubbard transition have not
fully been resolved for the infinite-dimensional Hubbard model we can com-
pare its main features with the basic theoretical concepts presented in
Chap. 1.

Zero Temperature. In the absence of perfect nesting, Mott’s general concepts
on the Mott–Hubbard transition can be tested because the antiferromagnetic
phase does not interfere. However, as pointed out in Sect. 5.4.2 the Mott–
Hubbard insulator in infinite dimensions has a finite entropy, which shows
that the neglect of ordering is not a realistic approximation at low temper-
atures. Nevertheless, the charge gap in the Mott–Hubbard insulator can be
large compared to the Néel temperature such that the insulating signatures of
the Mott–Hubbard insulator prevail when the ordering of the moments ceases
to exist. Therefore, the quantum phase transition between the metal and the
Mott–Hubbard insulator is an essential concept that allows us to understand
the overall phase diagram even in the presence of antiferromagnetism at low
temperatures.

The exact results for the infinite-dimensional Hubbard model in the lim-
its of small and large interactions completely agree with Mott’s predictions:
the half-filled system is a correlated metal (Fermi liquid) at small interaction
strengths, but it is a Mott–Hubbard insulator with a gap of sizeΔ(U �W ) =
U −W for large interaction strengths. In addition, the upper and lower Hub-
bard bands display the full bandwidth.

Unfortunately, different scenarios have been proposed for the Mott–
Hubbard transition (see Sect. 5.6.4) and it is not yet clear which of them
will prevail. A discontinuous transition could be an artefact of the approx-
imation scheme, and a continuous quantum phase transition seems to be
more likely: the metallic and insulating states do not coexist, the gap in the
Mott–Hubbard insulator opens continuously at Uc where the quasi-particle
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Fig. 5.9. Phase diagram
of the infinite-dimensional
Hubbard model on a hyper-
cubic lattice at half band-
filling as a function of inter-
action strength calculated
with the quantum Monte-
Carlo method; the energy
units are such that W =
2
√

2 (from [540]).

weight of the metallic phase goes to zero. This scenario is certainly in better
agreement with Mott’s views and is also in harmony with exact results in one
dimension. Owing to the lack of an exact solution of the infinite-dimensional
Hubbard model, however, this issue cannot be settled now.

Phase Diagram at Half Band-Filling. The phase diagram for an infinite-
dimensional hypercubic lattice is shown in Fig. 5.9. Two thermodynamic
phases are found: the paramagnetic phase above the Néel temperature and the
antiferromagnetically ordered state below TN. As has been shown by Fig. 5.3
of Sect. 5.6.1, preformed moments order at the thermodynamic phase transi-
tion. Thus, the antiferromagnetic state is characterized as a Mott–Heisenberg
insulator.

Above the Néel temperature the paramagnetic state is conducting but
the conductivity is large (“metallic”) for “small” U/W and (very) small (“in-
sulating”) for “large” U/W . In between there is a large crossover regime
(shaded black in the figure). The boundaries of the crossover regime in the
figure have been determined qualitatively from numerical instabilities in the
quantum Monte-Carlo calculations (left boundary) and a vanishingly small
compressibility in the NCA calculations (right boundary) [540]. Thus we may
roughly identify the shaded part of the phase diagram as the crossover re-
gion between semimetal and semiconductor; see Fig. 1.1 of Sect. 1.2.1. Of
course, its limits may not be understood as true phase boundaries at finite
temperatures.

In the numerical simulation the phase boundaries can naturally be ex-
tended into the antiferromagnetic phase because we may choose a reference
system with the same density of states but an energy correlation function
without the perfect nesting property. In this case the crossover region ex-
tends down to zero temperature and, most likely, terminates in a single critical
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point Uc ≈ 1.3W , the critical value for the quantum phase transition between
the Fermi-liquid metal and the Mott–Hubbard insulator. In the presence of
antiferromagnetism the Mott–Hubbard quantum phase transition is hidden
behind the Mott–Heisenberg phase. However, the gap for current-carrying
excitations in the Mott–Hubbard insulator persists for T > TN, beyond the
ordering of the moments. Without the concept of a hidden quantum phase
transition this insulating behavior could not be understood.

All three essential phases discussed in Sect. 1.4 can actually be found
in the phase diagram of the infinite-dimensional Hubbard model: the anti-
ferromagnetic Mott–Heisenberg insulator, the paramagnetic correlated metal
(good conductor at T > 0), and the paramagnetic Mott–Hubbard insula-
tor (bad conductor at T > 0). In addition, the crossover regime between
semimetallic and semiconducting behavior could be estimated.

As noted in [461, 538] the dominant features of the phase diagram of vana-
dium sesquioxide (see Fig. 1.12 of Sect. 1.5.3) are qualitatively reproduced by
the infinite-dimensional Hubbard model, Fig. 5.9. As discussed in Sect. 1.5.3
this observation confirms that Mott’s views on the metal–insulator transi-
tion are correct. Furthermore, the comparison of the phase diagrams shows
that the simple Hubbard model is indeed able to describe basically the Mott
transition. However, as we pointed out in Sect. 1.1, all other interactions of
the electrons may and will modify the nature of the Mott transition in real
materials. For example, the lattice degrees of freedom in effect transmute
the Mott–Hubbard quantum phase transition in V2O3 to a thermodynamic
phase transition for TN < T ≤ T lattice

c where the lattice distortion plays the
role of the order parameter [561]. The description of this transition is beyond
the scope of the purely electronic Hubbard model.

To gain further insight into metal–insulator transitions due to electron–
electron interactions we study various other models for interacting electrons
in the next chapter.
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In this chapter we collect further models that contain the Hubbard interaction
and seem to be suitable to describe a metal–insulator transition. In view of
the vast literature on the subject, the given list of models necessarily cannot
be exhaustive.

In the first section we complete our study of the Hubbard model with a
short discussion on generic model extensions. First, we investigate some prob-
lems of the Bethe-ansatz approach for degenerate bands. Next, we list some
exact results for the Hubbard model with an additional nearest-neighbor in-
teraction. Finally, we briefly discuss the Hubbard model with general nearest-
neighbor interactions, which has simple ground states in certain parameter
regions.

In the second section we exclusively discuss models in which the number of
double occupancies is dynamically conserved. Thus, these models are possible
candidates for the description of high-temperature superconductivity. The
Harris–Lange model, which can be derived from a large-U expansion of the
Hubbard Hamiltonian, and the Montorsi–Rasetti model as its “simplified”
version are all prototypes. Both the Harris–Lange model and the U(2|2)-
supersymmetric Hubbard model can be solved exactly in one dimension.

In the third section we are concerned with three exactly solvable mod-
els for which the operators for the kinetic energy and the potential energy
commute. First, the Hubbard model with infinite-range hopping is found
to be trivial in the thermodynamic limit. Next, a reduced version of the
1/r Hubbard model is shown to exactly reproduce Stoner’s theory of ferro-
magnetism (“1/r Stoner model”). Lastly, the interaction in the “Landau–
Hubbard model” is reduced to momentum-independent forward scattering
only, which makes it exactly solvable in all dimensions. It displays a metal–
insulator transition at Uc =W , and illustrates Mott’s concept of the splitting
of the Hubbard bands.

6.1 Degenerate and Extended Hubbard Models

In this section we first discuss the SU(Nf )-symmetric Bethe-ansatz equa-
tions. For half band-filling and Nf > 2, they describe a first-order metal–
insulator transition. Unfortunately, the Hubbard-type model that corre-

Florian Gebhard: The Mott Metal-Insulator Transition, STMP 137, 243–262 (2000)
c© Springer-Verlag Berlin Heidelberg 2000
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sponds to these equations has not yet been identified. Next, we present exact
statements on the extended Hubbard model that contains a nearest-neighbor
interaction besides the Hubbard on-site term. Finally, we study the most gen-
eral nearest-neighbor Hubbard model, and determine the region in parameter
space for which a given (simple) variational wave function is an exact ground
state. These statements are (almost) independent of lattice structure and
dimension, and mostly apply to models with a conserved number of double
occupancies, which we discuss in the next section.

6.1.1 Band-Degenerate Hubbard Model in One Dimension

A natural extension of the Bethe-ansatz equations for the Hubbard model can
be achieved by their SU(Nf)-invariant formulation in the case of a Nf -fold
band degeneracy. The discussion follows [562].

The degenerate Bethe-ansatz equations were first formulated in [563], and
are written in the diction of [562] as

2πIj +
M1∑
α=1

Θ
(
2 sin(kj)− 2Λ(1)

α

)
= kjL ,

j = 1, . . . , N , (6.1a)

2πJ (m)
α +

Mm∑
j=1

Θ
(
2Λ(m)

α − 2Λ(m)
β

)
=

Mm−1∑
β=1

Θ
(
Λ(m)

α − Λ(m−1)
β

)
+

Mm+1∑
β=1

Θ
(
Λ(m)

α − Λ(m+1)
β

)
,

α = 1, . . . ,Mm , (6.1b)

where m takes the values m = 1, . . . , Nf , and we assign M0 = N , MNf
= 0,

Λ0
j = sin(kj), and Θ(x) = −2arctan

[
x
/
(U/(2t))

]
. Depending on the inte-

ger parity of the total electron number N and the number of electrons per
band Mm, the quantum numbers Ij and J (m)

α are integers or half-odd in-
tegers. The analysis of (6.1) proceeds as described in Sect. 4.1. As well as
the ground-state properties [563, 564] one may also obtain all critical expo-
nents [562].

The main problem of the SU(Nf )-generalized Lieb–Wu equations (6.1)
is the fact that one cannot specify which Hubbard-type model they actually
describe [565, 566]. The Hamiltonian must dynamically exclude interactions
between more than two electrons per lattice site. Otherwise the validity of
the Yang–Baxter equations cannot be guaranteed [562, 564]. In the contin-
uum limit the equations belong to a model in which the electrons inter-
act with a 1/(sinh r)2 potential. Furthermore, the model transforms into the
SU(Nf ) Heisenberg model in the limit of strong interactions and half band-
filling. For U = 0 the equations describe a Fermi gas with Nf degenerate
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bands. In the limit Nf → ∞ one recovers a model that corresponds to a
Bose gas with local interactions. Also the analysis of small systems does not
allow the unambiguous identification of the Hamiltonian, which apparently
contains Hubbard X terms and long-range interactions [562].

The study of (6.1) offers two advantages. First, the equations contain a
metal–insulator transition at half band-filling where the critical coupling is
finite for Nf > 2: Uc(Nf > 2) > 0 [562]–[567]. Since the transition occurs at a
finite interaction strength it can be studied in detail [562]. In particular, it is
found to be discontinuous in so far as the gap jumps from zero to a finite value
at the critical value [562]. Second, merits and failures of 1/Nf expansions can
be studied for these equations; see [565].

Nevertheless it would be highly desirable to know the quantum-mechanical
model whose ground-state properties are in fact described by (6.1). Other-
wise we cannot even qualitatively assess whether the model and its features
are generic for real systems with degenerate bands.

6.1.2 Extended Hubbard Model

The Hubbard model with an additional, spin-independent nearest-neighbor
interaction is usually called the “extended Hubbard model”. The Hamilton
operator thus reads

Ĥext = T̂ + UD̂ +
V

Z

∑
R,τ

(n̂R − 1)(n̂R+τ − 1) , (6.2)

where τ denotes the vectors to the Z nearest-neighbor sites and n̂R =
n̂R,↑ + n̂R,↓ is the operator for the electron density at site R. The scal-
ing is performed in such a way that the model is properly defined in the limit
Z →∞. T̂ and D̂ are, as before, the operators for the kinetic energy and the
number of double occupancies; see Sect. 2.1, (2.20b).

As we discussed in Sect. 2.4, the model (6.2) could possibly describe essen-
tial electronic properties of one-dimensional metallic or semiconducting ma-
terials such as polymers, metal halides, or charge-transfer salts where U , V
are positive (repulsive interactions). Unfortunately, there are far fewer ex-
act statements possible on the physical properties of the model Ĥext in (6.2)
than for the Hubbard model itself. In principle, the extended Hubbard model
can be treated with all the approximation schemes that were presented in
Chap. 3. In addition, one can employ the simplifications that arise in the
limit of infinite dimensions; see Chap. 5. We do not elaborate these interest-
ing approaches here, but concentrate on exact statements on the extended
Hubbard model in one dimension [568], and the U -V phase diagram at half
band-filling.

Exact Results in One Dimension. In one dimension and for U = ∞ the
extended Hubbard model reduces to the problem of spinless fermions with
nearest-neighbor interaction, which has been solved exactly [569]; see also
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Sect. 5.4. Now, the quarter-filled band, n = 1/2, is the interesting case for
the metal–insulator transition since it corresponds to a half-filled band for
spinless fermions. We then obtain a metal–insulator transition at V = 2t. For
V < U =∞ and n �= 1/2, n �= 1 the system is metallic.

For quarter-filled bands another point in the U -V phase diagram allows an
exact solution, namely V = ∞ [570]. In this case double occupancies cannot
decay, and the spin of the unpaired electrons is irrelevant since they cannot be
nearest neighbors. Hence, the problem again reduces to free spinless fermions,
which move on a shortened chain. Thus, the V = ∞ model can be solved for
all densities. One obtains a phase transition between a metal and an insulator
for n = 1/2 at (V = ∞, U = 4t) [570]. The general low-energy properties of
the extended Hubbard model can be studied within the g-ology model [571];
see Sect. 4.4.1. We shall not elaborate further on this approach here.

Phase Diagram at Half Band-Filling. In the absence of the kinetic energy
(atomic limit) we are left with a model of classical statistical mechanics [572].
For V < U/2, all sites are singly occupied in the ground state. If a finite
kinetic energy was present, the unique ground state in d > 2 dimensions
would be a spin-density wave state. Therefore, the phase for V < U/2 is
called the “spin-density wave”. For V > U/2, and on a half-filled bipartite
lattice, the ground state is a charge-density wave with a period of twice the
lattice distance since the additional V term implies an attractive interaction
between double occupancies and holes. The line v = V/U = 1/2 in the U -V
parameter space thus separates the spin- and charge-density wave states.

Within perturbation theory we may now investigate how far the inclusion
of the kinetic energy will influence the phase separation line between the
charge- and spin-density wave states [573]. For weak interactions, U, V → 0,
there is no shift in the phase separation line, vc(U → 0, V → 0, d) = 1/2. For
strong interactions, U, V → ∞, the spin-density wave is slightly stabilized
over the charge-density wave in all finite dimensions d due to the exchange
interaction. In infinite dimensions the phase separation line stays at its value
for the atomic problem, i.e., vc(U → ∞, V → ∞, d = ∞) = 1/2. In general,
vc(U →∞, V →∞, d <∞) > 1/2, but the deviations are rather small. The
results imply that the influence of the kinetic energy on the stability of both
phases is rather weak.

The extended Falicov–Kimball model for which one spin species is im-
mobile (T̂↓ ≡ 0) is exactly solvable in infinite dimensions [574]. The phase
separation line in this model is given by vFK

c (U, V, d =∞) = 1/2 for all V/U .
The transition between the two phases is continuous, in contrast to the case
of the Hubbard model.

Our analytical results for the extended Hubbard models are seen to be
rather limited. As we discuss in the rest of this chapter, we may alterna-
tively investigate other Hubbard-type models which, by construction, allow
for a more detailed analysis. However, the relevance of these models for real
systems is less well established.
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6.1.3 Generalized Hubbard Models

We close this section with a brief look at exact results for the most general
Hubbard model with nearest-neighbor terms. The model may be written
as Ĥgen =

∑
R,τ Ĥ

gen
R,R+τ /2 [575, 576] with the two-site term (m ≡ Rm)

Ĥgen
l,m =

∑
σ

(
ĉ+l,σ ĉm,σ + h.c.

)[
−t+X (n̂l,−σ + n̂m,−σ)

]
+
μ

Z
(n̂l + n̂m)

+
U

Z

(
(n̂l,↑ − 1/2)(n̂l,↓ − 1/2) + (l ↔ m)

)
+ V (n̂l − 1)(n̂m − 1)

+Y
(
ĉ+l,↑ĉ

+
l,↓ĉm,↓ĉm,↑ + h.c.

)
+
Jxy

2

(
Ŝ+

l Ŝ
−
m + h.c.

)
+ JzŜ

z
l Ŝ

z
m ,

(6.3)

where Z is the number of nearest neighbors. Usually, the analysis is restricted
to half band-filling where electron–hole symmetry simplifies the discussion.

Instead of looking for the exact ground state for some fixed set of cou-
plings, we may select a (simple) trial state, and determine the region in
parameter space for which it is a (possibly degenerate) ground state. For
example, we may ask under which conditions the Brinkman–Rice insulator

|BR〉 =
∏

Rl∈A
ĉ+Rl,↑

∏
Rm∈A′

ĉ+Rm,↓|vacuum〉 (6.4)

is a ground state of Ĥgen for arbitrary disjoint sets of lattice points A and A′.
Since the hopping term would create double occupancies, we have to de-
mand X = t from the outset.

We want to determine the region in parameter space for which a state |ψ0〉
is a ground state. The idea is to show that our chosen state not only gives an
upper bound for the ground-state energy, but also provides a lower bound.
The latter condition generally imposes constraints on the model parameters.
This allows us to determine analytically parameter regions in (6.3) in which
the physical properties of the system at zero temperature are known. Unfor-
tunately, the corresponding ground states, like the Brinkman–Rice insulator,
are very simple, and we may very well conclude that the electron dynamics
is not particularly interesting in these parameter regions.

There are several ways to establish the lower bound property for Ĥgen

for a given state |ψ0〉. First, one may try to write the Hamiltonian as a
sum over a part Ĥgen

0 , for which the chosen |ψ0〉 is an eigenstate, and a
positive semidefinite part that annihilates |ψ0〉 [577]. Obviously, the approach
is ingenious but not very systematic.

The second method makes use of Gerschgorin’s theorem for n×nmatrices:
if one sums the absolute values of all matrix entries in row i, the maximum
sum of all n rows is an upper bound for the absolute value of the largest
eigenvalue. Bounds obtained with this method are, in general, superior to
those of the first method [578].
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The third method is the “optimal ground state” approach [576]. If we
split the total Hamiltonian Ĥgen into a sum of sub-Hamiltonians Ĥgen

l,m/2, the
sum over the exact ground-state energies of the sub-Hamiltonians is a lower
bound to the ground-state energy of the total Hamiltonian [579]. For the
two-site Hamiltonians Ĥgen

l,m/2 the eigenstates and eigenenergies are readily
determined [576]. From the eigenstates of the two-site problem one may con-
struct (variational) states |ψ0〉 for the full Hamiltonian. If the upper bound
obtained from |ψ0〉 agrees with the lower bound, |ψ0〉 is called an “optimal”
ground state. In general, the bounds obtained in this approach are superior
to the previous two, and the method is very systematic.

For example, the paramagnetic states |σ, σ′〉 are two-site ground states
for X = t, Jxy = Jz = 0, and have the two-site energy Epara = −U/(2Z) +
2μ/Z. They are the lowest of all eight different two-site eigenenergies, if the
inequality

U/Z ≥Max
(

2|t|+ 2μ
Z
, V + |Y |,−V +

2|μ|
Z

)
(6.5)

holds. Accordingly, the state |BR〉 in (6.4) is found to be an optimal ground
state, if (6.5) is fulfilled [576]. This case includes the insulating phase of the
Harris–Lange model for V = Y = μ = 0 and U ≥ 2|t|Z for all lattice types.
We will discuss these models in the next section.

6.2 Models with Conserved Double Occupancies

In this section we discuss various models that dynamically conserve local elec-
tron pairs. For this reason they could possibly be relevant for the explanation
of high-temperature superconductivity.

The number of double occupancies remains unchanged during a hopping
process if we include terms for the correlated hopping of electrons. They
were called “Hubbard X” or “bond-charge” terms in Sect. 2.4. These terms
naturally appear within a large-U expansion of the repulsive Hubbard model
on the operator level. This expansion was systematically performed for the
first time by Harris and Lange [580]. For this reason we will denote the
resulting model as the “Harris–Lange model”.

The Harris–Lange model is exactly solvable in one dimension and most
closely resembles Mott’s Gedanken example of Sect. 1.4.6. It describes the
lower and upper Hubbard charge bands with the dispersion relation of non-
interacting electrons. The Harris–Lange model displays a transition from the
Brinkman–Rice insulator for U > Uc = W to a “superconductor” in which
“η”-paired electrons appear. This transition also occurs in higher dimensions.

The Montorsi–Rasetti model is the “simplified” version of the Harris–
Lange model. Although now one spin species is immobile, an analytical so-
lution of this model has not yet been obtained. One can show, however, that
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there is again an insulating state for half band-filling above Uc = W , for an
arbitrary lattice structure.

As last model with a conserved number of double occupancies we discuss
the supersymmetric Hubbard model. In one dimension it can be solved ex-
actly via the Bethe ansatz. Its ground state shows long-range order of paired
electrons (“η pairing”) and thus has superconducting properties.

6.2.1 Bond–Charge Interactions and Harris–Lange Model

In the atomic limit the occupation of the lattice sites is conserved. The num-
ber of double occupancies is a good quantum number, and the one-electron
Green function displays two poles at the energies zero and U . If we allow for
the kinetic energy as a perturbation, the two energy levels broaden into the
upper and lower Hubbard bands; see Sect. 1.4. In Sect. 3.3 we used Green
functions to discuss the upper and lower Hubbard bands. Of course, these
two bands can also be described in terms of operators. Harris and Lange [580]
were the first to carry out such an operator perturbation theory in the kinetic
energy T̂ , which we now discuss.

We split the Fermi annihilation operator into a part that destroys an
electron on a singly occupied site and another part that destroys an electron
on a doubly occupied site:

ĉR,σ = (1 − n̂R,−σ)ĉR,σ + n̂R,−σ ĉR,σ . (6.6)

The corresponding creation operator can be treated accordingly. We may
split the kinetic energy operator into

T̂ = T̂ 0
LHB + T̂ 0

UHB + T̂+ + T̂− , (6.7a)

T̂ 0
LHB = (−t)

∑
R,τ ,σ

(1− n̂R,−σ) ĉ+R,σ ĉR+τ ,σ (1− n̂R+τ ,−σ) , (6.7b)

T̂ 0
UHB = (−t)

∑
R,τ ,σ

n̂R,−σ ĉ
+
R,σ ĉR+τ ,σn̂R+τ ,−σ , (6.7c)

T̂+ = (−t)
∑

R,τ ,σ

n̂R,−σ ĉ
+
R,σ ĉR+τ ,σ (1− n̂R+τ ,−σ) =

(
T̂−

)+

. (6.7d)

The zeroth-order operator T̂ 0
LHB for the lower Hubbard band describes the

hopping of holes. Doubly occupied sites can move in the upper Hubbard
band via T̂ 0

UHB. Their number is conserved by both hopping processes. The
operator T̂+ (T̂−) increases (decreases) the number of double occupancies by
one.

As with the Foldy–Wouthuysen transformation for the Dirac equation
[581, Chap. 20] we apply a canonical transformation that eliminates the op-
erators T̂± to a given order in t/U ,

ĉR,σ = eiŜ(c̄)c̄R,σe
−iŜ(c̄) (6.8)
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with
(
Ŝ(c̄)

)+ = Ŝ(c̄). As shown by Harris and Lange [580] the transformation
operator to lowest order in t/U reads

Ŝ(c̄) =
it
U

(
T̂+(c̄)− T̂−(c̄)

)
, (6.9)

which can easily be verified since [D̂, T̂±]− = ±T̂±.
For all physical operators that do not contain a factor of U/t we may

make the replacement

ĉR,σ = c̄R,σ (6.10)

because the error is only of order (t/U) and we do not have to distinguish
between the operators ĉR,σ and c̄R,σ to lowest order in t/U . The energies
obtained from the Harris–Lange model thus agree with those of the Hubbard
model to order t(t/U)−1 and t(t/U)0. If we neglect all correction terms to
order t/U and higher, the transformed Hubbard Hamiltonian becomes the
Harris–Lange model,

ĤHL(γ) = T̂ 0
LHB + (γ − 1)T̂ 0

UHB + D̂ . (6.11)

Since T̂LHB and T̂UHB separately conserve the number of double occupancies
we included the real parameter γ as a model modification. The expansion
of the Hubbard model around the atomic limit gives γ = 2. The opera-
tor T̂ 0

LHB = P̂D=0T̂ P̂D=0 is the Gutzwiller-projected kinetic energy operator
and just describes the T̂ model; see Sect. 2.5, (2.40).

The Harris–Lange model with γ = 2 is the natural starting point for
a t/U expansion of the Hubbard Hamiltonian. The Hamiltonian for γ = 0
may be viewed as a special version of the Hubbard model with an additional
“bond-charge” interaction ĤX

ĤHL(γ = 0) ≡ ĤBC(t,X = t, U)

= T̂ + tĤX + UD̂ , (6.12a)

ĤX =
∑

R,τ ,σ

ĉ+R,σ ĉR+τ ,σ (n̂R,−σ + n̂R+τ ,−σ) , (6.12b)

where ĤX is just the Hubbard X term; see Sect. 2.4, (2.21). The number
of double occupancies is conserved for X = t, [T̂ + tĤX , D̂]− = 0 but
this is no longer the case for general values of X/t. In the context of high-
temperature superconductivity ĤBC(t,X, U) has been introduced and stud-
ied by Hirsch [582]; hence it is sometimes called the “Hirsch model”.

6.2.2 Harris–Lange Model in One Dimension

In one dimension one can exactly solve the Harris–Lange model for γ = 0
and γ = 2 [578, 583, 584]. The value γ = 1 corresponds to the exactly
solvable T̂ model on chain segments. Bariev solved another model with a
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similar structure via the Bethe-ansatz technique [585]. Other one-dimensional
models with correlated hopping can be found in [586, 587]. In the following
we concentrate on the Harris–Lange model.

As in the T̂ model, which covers the sector without any double occupan-
cies, we can recover the spectrum of the Harris–Lange model for γ = 0 and
γ = 2 from a model of spinless fermions. In the thermodynamic limit the
spectrum for NC charges (holes and double occupancies) is given by

E =
NC∑
j=1

ε(kj) + UD (6.13)

in both cases. Here, ε(k) is the bare dispersion relation, D is the number of
double occupancies, and kj are true momenta which are quantized in units
of (2π/L). Since the orientation of the spins on the singly occupied sites plays
no role, each energy level is 2N−2D-fold degenerate.

The result for the ground-state energy density in the thermodynamic limit
is given by [583, 584]

E0(U ; d)/L = −(2t/π) sin[(n− 2d)π] + Ud . (6.14)

This energy has to be minimized with respect to the density of double oc-
cupancies d = D/L. Concepts based on variational theories such as the
Gutzwiller-correlated wave function (see Sect. 3.4) could become exact for
this model. In the thermodynamic limit the average number of double occu-
pancies is given by (W = 4t is the bandwidth)

d =

⎧⎪⎪⎨⎪⎪⎩
n/2 for U ≤ −W

n/2− [arccos(−U/W )]/(2π) for −W ≤ U ≤ Uc(n)

0 for Uc(n) ≤ U
, (6.15)

with Uc(n) = −W cos(nπ). The model displays local pairs (double oc-
cupancies) and thus superconducting correlations for all U < Uc(n). For
1/2 < n < 3/2 this phase extends to positive values of U , Uc(n) > U > 0,
where the density of local pairs continuously decreases to zero at U = Uc(n).
For U > Uc(n) the ground state does not contain any double occupancies,
and one recovers the physics of the one-dimensional T̂ model.

For γ = 0 one of the highly degenerate states for attractive interaction
and an even electron number is the fully “η-paired state”,

|Ψ0(U ≤ −W )〉 =
(
Ĉ+

)N/2

|vacuum〉 , (6.16)

where Ĉ+ =
∑

l ĉ
+
l,↑ĉ

+
l,↓ =

∑
k ĉ

+
k,↑ĉ

+
−k,↓ creates local double occupancies with-

out center-of-mass momentum. This state displays long-range order in the
BCS pair amplitude and is thus characterized as “superconducting”. In the
region −W < U < Uc(n) the ground state still possesses 2D paired electrons:

|Ψ0(−W < U < Uc(n)〉 =
(
Ĉ+

)D

|T̂ model〉N−2D . (6.17)
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|T̂ model〉N−2D denotes the ground state of the T̂ model with theN−2D < N
remaining electrons in the subspace of zero double occupancies. Hence we
obtain paired electrons even for a formally repulsive interaction. It should
be kept in mind, however, that the Harris–Lange model stems from a large-
U expansion, and the validity of the expansion in t/U terminates at larger
values of U than the critical value Uc(n).

At half band filling, n = 1, we obtain a transition from a superconduc-
tor to a Brinkman–Rice insulator; see Sect. 3.4 and 6.1.3. The number of
double occupancies vanishes together with the Drude weight of the electrical
conductivity at the transition at Uc(n = 1) = W in a continuous but not
differentiable manner [583],

d(n = 1, U →W ) =
1
2π

√
2(W − U)
W

. (6.18)

The ground-state energy per lattice site near the transition behaves like
E0(n = 1, U →W ) ∼ (1− U/W )3/2.

The overall phase diagram remains qualitatively the same in higher dimen-
sions [583]. This can be proven with the help of the techniques discussed in
Sect. 6.1.3. For example, (6.5) shows that the Brinkman–Rice insulator (6.4)
is the exact ground state for U ≥W for all lattice types.

The one-dimensional Harris–Lange model is the model that comes closest
to Mott’s Gedanken example of Sect. 1.4.6. In fact, we can interpret the
spectrum in (6.13) in terms of an upper and a lower Hubbard band [588]. The
spin degrees of freedom are spectators only and give rise to a large degeneracy
of the eigenenergies. The charges are described by two Hubbard bands with
dispersion relations εLHB = ε(k) and εUHB(k) = U + ε(k), where k is the
momentum of a charge excitation. The width of both bands isW1 =W2 =W .
At half band-filling the system is an insulator since the charge gap is finite
for U ≥ W , Δμ = U −W and closes at Uc = W , in accordance with Mott’s
ideas. As already discussed above, there is an insulator-to-superconductor
transition at Uc, but in this regime the model no longer resembles Mott’s
example since there the number of double occupancies is (approximately)
conserved only for U �W .

6.2.3 Montorsi–Rasetti Model

A special case of the Harris–Lange model is the Montorsi–Rasetti model [589].
In this model the spin is not conserved during a hopping process. The Hamil-
ton operator reads

ĤMR(γ) = −t
∑
R,τ

∑
σ,σ′
Ĥ0

R,σ;R+τ ,σ′(γ) + UD̂ − μN̂ , (6.19)

Ĥ0
R1,σ;R2,σ′(γ) = ĉ+R1,σ ĉR2,σ′

(
1− n̂R1,−σ

− n̂R2,−σ′ + γn̂R1,−σn̂R2,−σ′
)
.
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As in the case of the Harris–Lange model the hopping of the electrons pre-
serves the number of double occupancies for all γ.

The hopping amplitudes for processes with and without a spin flip are
equal. Hence we may introduce two new fermion operators,

d̂R = (ĉR,↑ + ĉR,↓) /
√

2 , (6.20a)

f̂R = (ĉR,↑ − ĉR,↓) /
√

2 , (6.20b)

which allows us to transform the model onto a simplified Harris–Lange model
for which one electron species is immobile:

ĤMR(γ) = (−t)
∑
R,τ

M̂f
R,R+τ (γ)d̂+Rd̂R+τ

+U
∑
R

n̂d
Rn̂

f
R − μ

∑
R

(
n̂d

R + n̂f
R

)
, (6.21)

with n̂f
R = f̂+

R f̂R and n̂d
R = d̂+Rd̂R. The f electrons are not dynamically

mobile and interact with the d electrons via a local repulsion. In addition,
the hopping of the d electrons via the operators

M̂f
R1,R2

(γ) = 1− n̂f
R1
− n̂f

R1
+ γn̂f

R1
n̂f

R2
(6.22)

is modified in such a way that the number of double occupancies between
f and d electrons remains conserved. The Montorsi–Rasetti model and the
Harris–Lange model share the same relationship as the Falicov–Kimball
model and the Hubbard model.

Since the Falicov–Kimball model can be solved exactly only in infinite di-
mensions, the Montorsi–Rasetti model cannot analytically be solved in gen-
eral [590], in contrast to the claims in [589]. Nevertheless, we can deduce
some analytical statements using the methods described in Sect. 6.1.3. For
example, the model contains a transition to the Brinkman–Rice insulator
at half band-filling for a finite interaction strength, Uc = W , for arbitrary
lattices [577, 578].

In both the Falicov–Kimball model and the Montorsi–Rasetti model only
one electron species is dynamically mobile. Consequently, there is no minus-
sign problem in quantum Monte-Carlo calculations, and numerical studies
can most efficiently be carried out. Detailed numerical studies to the Falicov–
Kimball and Montorsi–Rasetti model can be found in [591].

6.2.4 Supersymmetric Hubbard Model

In Chap. 4 we viewed (modified) Hubbard models as systematic extensions
of Heisenberg models. We identified the exchange coupling with squares of
hopping matrix elements, which allowed us to construct exactly solvable one-
dimensional Hubbard models. Naturally, there are many other ways to gen-
eralize Heisenberg models. In the approach discussed below the global sym-
metry group of the model is enlarged.
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Heisenberg models have two fermionic degrees of freedom per lattice site
and are SU(2)-invariant. Obviously, we may add one bosonic degree of free-
dom for holes in a suitable, i.e., supersymmetric way. In this manner we obtain
the tJ model (see Sect. 2.5) at its SU(1|2)-supersymmetric point J = 2t. It
is exactly solvable in one dimension [592].

Correspondingly, we may add the double occupancies as another bosonic
degree of freedom, and obtain the supersymmetric Hubbard model with
SU(2|2) symmetry, which can be extended into U(2|2) with sixteen gen-
erators if we add the operator for the Hubbard interaction

D̂x =
∑
R

D̂x
R =

∑
R

(n̂R,↑ − 1/2)(n̂R,↓ − 1/2) . (6.23)

With a term for the chemical potential μ and for an external magnetic
field h = gμBH0/2 the Hamilton operator explicitly reads [593]

Ĥsusy = t
∑
R,τ

Ĥ0
R,R+τ + UD̂x − (μ− h)N̂↑ − (μ+ h)N̂↓ ,

Ĥ0
R1,R2

= ŜR1 · ŜR2 − ĈR1 · ĈR2 − D̂x
R1

(6.24)

−
∑

σ

[
L̂+

R1,σL̂R2,σ − Û+
R1,σÛR2,σ

]
,

where ŜR and ĈR denote the Heisenberg vector operators for the SU(2) spin
and charge transformations; see Sect. 2.5. In addition, the operators

L̂R,σ = ĉR,σ(1− n̂R,−σ) , (6.25a)

ÛR,σ = ĉR,σn̂R,−σ (6.25b)

are used to describe the hopping of holes in the lower and the hopping of
double occupancies in the upper Hubbard band, respectively. Their number
is conserved during a hopping process between two lattice sites. The model
is a special case of an even more general model that can be derived from
symmetry considerations on a one-band model [575].

It does not come as a surprise that the model in (6.24) is Bethe-ansatz
solvable in one dimension since the operator Ĥ0

R,R+τ acts as the permutation
operator between the 4 × 4 states of two neighboring lattice sites. The cor-
responding Bethe-ansatz equations for Ĥsusy are a systematic generalization
of the Lieb–Wu equations and can be found in [593].

The phase diagram in the ground state as a function of the density and
the interaction strength U/t is rather similar to the one-dimensional Harris–
Lange model at γ = 0; see Sect. 6.2.2. For example, the unique ground state
for attractive interaction and an even electron number is solely formed by
paired charges (“η pairing”),

|Ψ0(U < 0)〉 =
(
Ĉ+

)N/2

|vacuum〉 , (6.26)
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where Ĉ+ =
∑

l ĉ
+
l,↑ĉ

+
l,↓ =

∑
k ĉ

+
k,↑ĉ

+
−k,↓ creates local double occupancies with

zero center-of-mass momentum. This state displays long-range order in the
BCS pairing amplitude and is thus characterized as “superconducting”.

In analogy to the Harris–Lange model there is a region 0 ≤ U ≤ Uc(n, d)
in the parameter space of the supersymmetric Hubbard model for which the
ground state still contains 2D paired electrons,

|Ψ0(0 ≤ U ≤ Uc(n, d)〉 =
(
Ĉ+

)D

|tJ model〉N−2D . (6.27)

|tJ model〉N−2D denotes the ground state of the supersymmetric tJ model for
the N − 2D < N remaining electrons in the subspace of no double occupan-
cies [592]. In one dimension one finds Umax

c (n, d = 1) = Uc(n = 1, d = 1) =
4t ln 2. Thus we obtain paired electrons for a formally repulsive interaction
strength, in analogy to the Harris–Lange model.

The phase diagram should qualitatively stay the same in higher dimen-
sions. In particular, η pairing at repulsive interaction occurs, but bounds on
the precise value for Uc(n, d ≥ 2) have not been given yet. Nevertheless, the
critical interaction should be positive around half band-filling.

The evidence for superconductivity in a Hubbard model with formally
repulsive interactions is weakened by the observation that there are also parts
hidden in Ĥ0 that describe an attraction between electrons. The effective
Hubbard interaction therefore is U eff = U−2t such that the superconducting
regime is effectively much smaller. In addition, the local pairs can move as
a whole. The energy gain due to correlated hopping facilitates the formation
of these pairs when the on-site repulsion is not too strong.

6.3 Models with Commuting Operators

In this section we discuss three models for which the operators for the kinetic
and the potential energy commute. Our first example is the Hubbard model
with infinite-range hopping, which reduces to the atomic Hubbard model in
the thermodynamic limit, i.e., it describes an insulator for all U/t. Next,
we study a reduced version of the one-dimensional 1/r Hubbard model. For
this model the Stoner theory of ferromagnetism becomes exact and it thus
provides an example of itinerant ferromagnetism. As our last model with
commuting operators we discuss the Landau–Hubbard Hamiltonian for which
the interaction is diagonal in momentum space. This implies the assumption
of an (unphysical) infinite-range interaction and correlated hopping.

The metal–insulator transition in models with commuting operators is
necessarily the result of the crossing of energy levels (“level crossing transi-
tion”), since an exact eigenstate of both operators remains an exact eigen-
state independent of the relative mixing of both operators, i.e., the interaction
strength. In general, the ground-state energy as a function of the interaction
strength is not differentiable at the transition (“first-order” phase transition).
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6.3.1 Hubbard Model with Infinite-Range Hopping

In Sect. 5.3 we introduced a ferromagnetic Heisenberg model with infinite-
range interactions. If the couplings between two arbitrary lattice sites are
identical, J(R1 − R2) = J/L, the mean-field theory gives the exact ther-
modynamics of the model. We may now ask in how far the Hubbard model
simplifies, if we allow for an infinite-range hopping,

t(R1 −R2) = −t . (6.28a)

The dispersion relations becomes

ε(k) = −tLδk,0 , (6.28b)

which fully specifies the Hubbard model with infinite-range hopping. A Kondo
lattice model with infinite-range hopping is discussed in [594].

The model was first completely solved in [595]. It is obvious that, in the
thermodynamic limit, the orbital k = 0 will be occupied with unit probability
as soon as at least two electrons are in the system. All other k orbitals have
no kinetic energy and k = 0 is only a single point in k space. Hence, the
kinetic and potential energy operators commute in the thermodynamic limit,

[T̂ , D̂]− = 0 +O(1/L) . (6.29)

The kinetic and potential energy operators can thus be simultaneously di-
agonalized. In this sense the model is trivial [595] since the system always
behaves as if it was in the atomic limit.

We introduce the fugacity z = exp(βμ) to write the free energy density
in the thermodynamic limit as

f = fkin + fpot = −2t− 1
β

ln
(
1 + 2z + z2e−βU

)
(6.30)

since we may separately diagonalize the kinetic and potential energy; see
Sect. 2.5.4. The average number of double occupancies d(n,U, T ) is given
by (2.38)

e−βU =
(1− n+ d)d
(n/2− d)2

(6.31)

and thus has the form of a law of mass action between the singly occupied sites
(occupation probability (n/2 − d) for ↑ and ↓ spins), and holes (occupation
probability (1 − n+ d)) and double occupancies (occupation probability d).
A comparison with (3.58c) and its generalization to finite temperatures [596]
shows that the Gutzwiller approximation (see Sect. 3.4) becomes exact for
the Hubbard model with infinite-range hopping.

The ground state for n ≤ 1 has no double occupancy as follows from (6.31),
and each lattice site is at most singly occupied. The energy for the annihi-
lation of an electron is given by μ−(n ≤ 1) = 0, while the addition of an
electron for at least half band-filling requires the energy μ+(n ≥ 1) = U .
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Thus, at half band-filling and for finite interactions, the system is an insula-
tor with an energy gap Δμ(n = 1) = U . Obviously, the model is unphysical
since it describes a “metallic” state for n �= 1 only in the sense that the
energy gap vanishes, Δμ(n < 1) = Δμ(n > 1) = 0. In contrast, the system
is always insulating since the electrons at k = 0 cannot be excited, and all
other electrons do not move at all. The system displays only the properties
of the atomic limit.

The model is also pathologic in several other aspects. For example, the
limit of strong interactions (states at k = 0 are emptied) and the thermody-
namic limit (states at k = 0 are always occupied) do not commute. Further-
more, the thermodynamic pressure does not vanish even for vanishing electron
density (n → 0) if we first perform the thermodynamic limit, since the two
electrons at k = 0 produce a finite energy density. The only significance of
the model lies in the fact that the (thermal) Gutzwiller approximation pro-
vides the exact results for the average number of double occupancies for this
very special case.

6.3.2 Stoner Model with Long-Range Hopping

As discussed in Sect. 2.5.5 it is difficult to construct Hubbard-type models
that display genuine itinerant ferromagnetism. The Lieb–Mattis theorem for-
bids one-dimensional itinerant ferromagnetism for nearest-neighbor hopping,
and models with a more complicated dispersion relation are often unsatis-
factory in other respects. For example, flat-band models become ferromag-
netic at arbitrarily small interaction strength, or Tasaki’s split-band model
describes an insulator beyond the ferromagnetic transition. Below we dis-
cuss a one-dimensional model with long-range hopping and Coulomb inter-
actions for which Stoner’s theory of ferromagnetism becomes exact. It thus
provides an exactly solvable example of one-dimensional itinerant ferromag-
netism. However, as an indirect consequence of the Lieb–Mattis theorem, this
ferromagnetism is not free of pathologies either.

The model construction starts from the 1/r Hubbard model of Sect. 4.2,
whose hopping amplitude decays like the inverse of the distance r between
two sites. Its dispersion relation is linear, ε(k) = t(k mod 2π), within the
Brillouin zone. The Hamilton operator reads

ĤStoner = T̂ + UD̂0 ,

T̂ =
∑

|k|<π,σ

ε(k)ĉ+k,σ ĉk,σ , (6.32)

D̂0 = N̂↑N̂↓/L+
∑

0<q≤2π−Δ

ρ̂N↑ (q)ρ̂N↓ (−q) + ρ̂U↑ (q)ρ̂U↓ (−q) .

We set Δ = 2π/L and the bandwidth is W = 2πt. The operators ρ̂N,U
σ (q)

were defined in (4.54). The operator ρ̂Nσ (q) scatters an electron inside the
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Brillouin zone (“normal process”), whereas ρ̂Uσ (q) scatters an electron out of
the Brillouin zone (“umklapp process”). The kinetic energy of a state will
not be changed by the action of D̂0,

[T̂ , D̂0]− = 0 . (6.33)

Since the model describes long-range hopping of the electrons and also con-
tains long-range hopping contributions in the interaction term, the Lieb–
Mattis theorem [597] does not apply. Hence the ground state of this one-
dimensional model could be ferromagnetic.

Although a simultaneous diagonalization of both operators in ĤStoner is
possible in principle we have not succeeded in the explicit construction of all
eigenstates of this model. The spectrum, however, can be conjectured from
the effective Hamilton operator we have already derived for the 1/r Hub-
bard model in Sect. 4.2. To this end we have only to neglect those parts
in Ĥeff

1 , (4.59), by which the two configurations of a doublet mix. In this way
we obtain the effective Hamilton operator for the 1/r Stoner model

Ĥeff
Stoner = Ĥeff

0 + Ĥeff
2 , (6.34)

Ĥeff
2 =

∑
−π<K<π−Δ

{[
U

2
−
(
πt− U

4π
(2K+Δ)

)]
d̂+Kd̂Kê

+
K+ΔêK+Δ

+
[
U

2
+
(
πt− U

4π
(2K+Δ)

)]
ŝ+K,↑ŝK,↑ŝ

+
K+Δ,↓ŝK+Δ,↓

}
with Ĥeff

0 from (4.58).
If we add an external magnetic field (H0) and the chemical potential

μσ = μ− σ(gμBH0)/2 we may compactly write

Ĥeff
Stoner =

∑
−π<K<π

{∑
σ

hs
K,σn̂

s
K,σ + hd

Kn̂
d
K + he

Kn̂
e
K

+ J̃K
[
n̂d
K−Δn̂

e
K − n̂s

K−Δ,↑n̂
s
K,↓
]}

(6.35a)

with hs
K,σ = (tK)/2 − μσ, hd

K = −(tK)/2 − 2μ+ U , he
K = −(tK)/2, and the

new coupling

J̃K =
W + U

2

(
2K−Δ

2π
− 1

)
≤ 0 . (6.35b)

Here we also introduced the notations n̂s
K,σ = ŝ+K,σŝK,σ etc. The coupling J̃K

is now ferromagnetic whereas it was antiferromagnetic in the 1/r Hubbard
model; see (4.60).

As for the 1/r Hubbard model we obtain an effective Ashkin–Teller model
whose thermodynamics can be determined with the help of the transfer-
matrix method. The analysis of the ground state of the model in (6.35) is
simple. As for the 1/r Hubbard model we may focus on two electrons each
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in neighboring orbitals. For two electrons we occupy the neighboring orbitals
K,K + Δ with the configuration • ◦ K,K+Δ

if U ≤ W holds; otherwise,
if U > W , we choose one of the three energetically equivalent spin-triplet
configurations ↑↑K,K+Δ, ↓↑K,K+Δ, or ↓↓K,K+Δ. For U > W the singlet
configuration is higher in energy than the triplet configuration for all orbitals.

Since these statements are independent of the orbital K the symbolic
ground state only contains • ◦ K,K+Δ

pairs in the regime −π < K < KF =

π(2n− 1) and holes ◦K in the regime KF < K < π, if U ≤W . For U > W we
obtain a 3N/2-fold degenerate ground state of the outer product of N/2 pairs
of spin-triplets for −π < K < KF = π(2n− 1) and holes ◦K for KF < K < π.
In this class of states we also find the fully polarized ferromagnetic state. For
the 1/r Hubbard model the ground state could be interpreted as a product
over singlet pairs (resonating valence bond or RVB picture). The ground state
of the 1/r Stoner model for U > W is seen to be a product over RVB triplet
pairs, and thus is vastly degenerate.

The ground-state energy in the thermodynamic limit is ready calculated
as

(E0/L)(n,U/W ) =

{
W (n2 − 2n)/4 + Un2/4 for U ≤W
W (n2 − n)/2 for U ≥W

. (6.36)

These are precisely the results of Stoner’s theory; see Sect. 3.1, (3.12). The
ground-state energy for U ≤ W is composed of the energy of the Fermi gas,
(E0/L)(n,U = 0) = W (n2 − n)/4, and the Hartree term, (E0/L)Hartree =
Un2/4. After the transition at UStoner

c =W we find the ground-state energy
of the fully ferromagnetically polarized state.

The density of states of the non-interacting system is constant, Dσ(ε) =
1/W for |ε| ≤ W/2, such that the critical coupling strength UStoner

c indeed
obeys the Stoner criterion (3.11),

UStoner
c Dσ,0(0) = 1 . (6.37)

This justifies the term “Stoner model” for the toy model of (6.32). Due to the
particular dispersion relation, however, the magnetization does not gradually
reach its saturation value for U values above the transition. Instead, the fully
ferromagnetically polarized state is among the huge class of states that can
be formed from N/2 triplet pairs. In this sense the Lieb–Mattis theorem
is not fully spoiled because a ground-state singlet with spin S = 0 is still
degenerate with the ferromagnetic state with spin S = N/2 for electron
numbers N mod 4 = 0.

The transition at n = 1 also is a metal–insulator transition because the
fully ferromagnetically polarized state at half band-filling is an insulator. The
transition is of “first-order” since the ground-state energy is not differentiable
with respect to the interaction parameter U . The reason for that lies in the
nature of this level crossing transition. The paramagnetic Fermi sea remains
eigenstate also for U > W but it has a higher energy than the ferromagnetic
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state. The transition is pathologic for yet another reason. At arbitrarily weak
magnetic field we obtain a transition from a paramagnetic state with zero
magnetization into the fully polarized ferromagnetic state.

The significance of this model lies in the fact that we can give an explicit
example for Stoner ferromagnetism for itinerant electrons without infinite-
range interactions and/or hopping ranges. Unfortunately, the model is much
too special to formulate general criteria for the existence of ferromagnetism in
a one-band system. However, it confirms the tendencies of the Lieb–Mattis
theorem that the hopping has to be long-ranged and that a lattice (finite
bandwidth) are necessary conditions for the occurrence of itinerant ferro-
magnetism.

6.3.3 Landau–Hubbard Model

Landau’s Fermi-liquid theory provides the standard description of electron–
electron interactions in metals at low temperatures; see Sect. 1.4.1. Moreover,
it can be linked to an exactly solvable model since the Landau quasi-particles
keep their momentum during a scattering process. This can be seen from
Landau’s energy functional of a normal Fermi liquid, which gives the change
in internal energy due to the presence of quasi-particle excitations of den-
sity δnp,σ [598]

E−E0 =
∑
p,σ

(ε(p)−μ)δnp,σ+
1
2

∑
p,σ;p′,σ′

f(p, σ; p′, σ′)δnp,σδnp′,σ′ .(6.38)

E0 is the ground-state energy of the interacting Fermi system, and terms
of the order (δnp,σ)3 in the Taylor expansion of E − E0 have been ne-
glected. Both terms in (6.38) are of second order in the density of quasi-
particle excitations since (ε(p) − μ) itself is of order (δnp,σ). Indeed, the
energy functional (6.38) describes a dilute gas of quasi-particles whose mo-
mentum is conserved, i.e., only forward scattering with non-singular ampli-
tudes f(p, σ; p′, σ′) is allowed. In this case, the physics of Fermi-liquid theory
can be worked out in all detail [598].

Of course, Landau’s model only describes low-lying quasi-particle excita-
tions of the filled Fermi sea. Nevertheless, we may readily generalize (6.38)
to a model for interacting electrons with pure forward scattering,

Ĥforward =
∑
k,σ

ε(k)n̂k,σ +
∑

k,σ;k′,σ′

V (k, σ; k′, σ′)n̂k,σn̂k′,σ′ . (6.39)

Obviously, the operators for the kinetic and potential energy commute with
each other, i.e., the model (6.39) is a classical, Ising-type model. Unfortu-
nately, the spin-1/2 Ising model cannot be solved explicitly for general in-
teraction V (k, σ; k′, σ′) and orbital-dependent “magnetic fields” ε(k). Hence,
we have to introduce a further approximation to obtain a completely solvable
model.



6.3 Models with Commuting Operators 261

In analogy to the derivation of the Hubbard model in Sect. 2.3.2 we ne-
glect all terms except those that are independent of the (momentum) indices
in V (k, σ; k′, σ′). This defines the Landau–Hubbard model as

ĤLH =
∑
k,σ

ε(k)n̂k,σ + U
∑

k

n̂k,↑n̂k,↓ , (6.40)

where we absorbed some terms in the chemical potential. The model was
apparently independently introduced in [599]–[601]. The simplification of a
momentum-independent interaction term allows an explicit solution since
now the k orbitals are independent of each other. Their ordering and occu-
pation, however, are determined by the dispersion relation and the interaction
strength.

The model is formally equivalent to the atomic limit of the Hubbard model
with orbital-dependent energies. Consequently, the free energy density reads

f(U, T, μ) = −(T/L)
∑
k

ln
(
1 + 2e−β(ε(k)−μ) + e−β(2ε(k)+U−2μ)

)
(6.41)

[see (2.38), Sect. 2.5.4]. All thermodynamic quantities are readily derived
from (6.41) [601].

In the ground state those k levels with energies ε(k) ≤ μ−U/2 are doubly
occupied and those with μ−U/2 ≤ ε(k) ≤ μ are singly occupied with either
an ↑ or ↓ electron. This already shows that the model does not describe a
Fermi liquid in the metallic phase for U �= 0. In particular, the ground state
is highly spin-degenerate for all finite interaction strengths. Below half band-
filling we always find an empty k orbital left for the addition of an extra
electron, and this energy level is thermodynamically close in energy to the
last occupied one. Hence, the system is metallic for n < 1, even at U = ∞.
In one dimension, and for U = ∞, the spectrum and its degeneracies agree
with the result for the Hubbard model, i.e., the T̂ model. Furthermore, the
non-interacting limit and the atomic limit of the Hubbard model are properly
reproduced.

At half band-filling, and for U < W , there are some singly occupied
and empty k orbitals, and the chemical potential is continuous. For U > W ,
however, all orbitals are singly occupied in the ground state, and the chemical
potentials are given by μ− = W/2, μ+ = U −W/2, respectively. The gap is
given by Δμ = μ+−μ− = U−W , and the model describes a metal–insulator
transition at Uc =W .

Certainly, the Landau–Hubbard model is the simplest model conceivable
that illustrates the band-splitting effect of the Coulomb interaction: in the
presence of a −σ electron in the orbital k the dispersion of the σ electron
is ε(k) + U , otherwise it is ε(k). These are the two Hubbard bands that,
within the model, have the full bandwidth W , independent of U , and split
for all k orbitals for arbitrarily small U > 0. The gap Δμ = U −W opens
at Uc =W when the two bands cease to overlap.



262 6. Further Models with Hubbard Interaction

The model is rather unrealistic since we expect Fermi-liquid theory to hold
at small excitation energies. Clearly, a momentum-dependent coupling U(k)
with U(k) → 0 for ε(k) → EF would allow a more realistic description of
the metallic phase. The Hubbard bands as signatures for the local-moment
formation should only show up at higher energies, at least as long as the
interaction is small. The present model displays different behavior because
the interaction is of infinite range,

U
∑

k

n̂k,↑n̂k,↓ = (U/L)
∑

R1,R2,R3,R4

δR1+R2,R3+R4 ĉ
+
R1,↑ĉR2,↑ĉ

+
R3,↓ĉR4,↓ ,

(6.42)

and also contains terms that describe an infinite-range (correlated) electron
hopping. Nevertheless, the model may serve as an instructive toy model to
illustrate the concept of the split upper and lower Hubbard bands. In addi-
tion, it is possibly the simplest model that can be cast into the concept of free
particles with a “statistical interaction” [602]. We will not further elaborate
on this interesting new development [603].

With these considerations on various modifications on the Hubbard model
and their metal–insulator transitions we close our presentation of analytical
approaches to the metal–Mott insulator transition.
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In this book we have reviewed our present-day understanding of the Mott
transition as a genuine correlation effect. We used exact and approximate
treatments of model Hamiltonians to support our basic concepts on the
canonical phase diagram. We summarize our results in this last chapter.

Basic Concepts: The Canonical Phase Diagram

As discussed in Chap. 1, the interaction between electrons leads to magnetic
moments. In general, as pointed out by Mott [604, 605], these moments have
formed at temperatures far above their ordering (Néel) temperature TN(U)
below which the undoped system is a (antiferromagnetic) Mott–Heisenberg
insulator. The sublattice magnetization plays the role of the order parameter
in this thermodynamic phase transition.

The more subtle and interesting question is the conducting behavior
at temperatures above TN(U). A material can effectively remain insulating
(Mott–Hubbard insulator) even above the Néel temperature where the order
of the moments ceases to exist. Such behavior can essentially be understood
as the consequence of a quantum phase transition at zero temperature: even if
the long-range order of the moments was absent, the electron correlations will
drive the metal into the Mott–Hubbard insulator at some finite interaction
strength Uc.

The canonical (U, T ) phase diagram for an undoped system then displays
three generic phases and their respective transitions; an (antiferromagnetic)
Mott–Heisenberg insulator below the Néel temperature TN(U), a correlated
metal above TN(U) and for sufficiently low interaction strengths, and finally
a paramagnetic Mott–Hubbard insulator above TN(U) and larger interaction
strengths. Note that there is no sharp distinction between the paramagnetic
metal and the paramagnetic Mott–Hubbard insulator for T > TN(U) ≥ 0
since these are not two different phases in the sense of statistical physics.
Instead, there is a crossover as a function of the interaction strength at finite
temperatures.

The phase diagram of vanadium sesquioxide (Fig. 1.12, p. 45) displays
these three canonical phases, which suggests that our basic concepts are
correct. Furthermore, it confirms that a correlated electron approach is the
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proper starting point for theoretical investigations of these materials. A com-
plicated band structure, band degeneracies, the influence of impurities and
the electron–phonon interaction often blur the basic mechanism behind the
Mott metal–insulator transition. For example, the electron–phonon interac-
tion is a relevant perturbation in the crossover region from the metal to the
Mott–Hubbard insulator, and gives rise to a line of first-order transitions in
the phase diagram of V2O3. Therefore, and to bring out the essential underly-
ing physics, we study simple model Hamiltonians which capture the essential
elements of the Mott transition.

Models and Methods: Results for the Hubbard Hamiltonian

In Chap. 2 we derived the Hubbard model, conceivably the simplest model to
describe interacting itinerant lattice electrons. It thus is the natural starting
point to study the Mott transition.

The common approximation schemes discussed in Chap. 3 provide a com-
plementary view on the various metallic and insulating phases. For example,
the Hartree–Fock approach focuses on possible types of long-range order in
the Mott–Heisenberg insulator, Hubbard’s Green-function decoupling scheme
approximates the Mott–Hubbard insulator reasonably well, and Gutzwiller-
correlated variational wave functions and Slave Boson approaches reasonably
describe the metallic Fermi-liquid regime. Hence, the available approximate
methods for correlated electrons provide strong evidence for the correlated
metal, the Mott–Hubbard insulator, and the Mott–Heisenberg insulator as
essential parts of the canonical phase diagram of the Hubbard model at half
band-filling. However, a satisfactory theory for the Mott transition requires
an equally good description of all three canonical phases.

Exact solutions for all interaction strengths can be obtained for the Hub-
bard model in one dimension (Chap. 4). Unfortunately, special properties are
often the price we have to pay for integrability. For example, perfect nest-
ing is the generic case in one dimension, which implies that the half-filled
Hubbard model describes a Mott–Hubbard insulator at all finite interaction
strengths. Nesting is absent for the 1/r Hubbard model: in complete agree-
ment with our scenario for the Mott–Hubbard transition its exact solution
displays a quantum phase transition from the metal into the paramagnetic
Mott–Hubbard insulator at a finite interaction strength.

The combined analytical and numerical results in infinite dimensions
(Chap. 5) clearly demonstrate that the Hubbard model is able to describe
the generic (U, T ) phase diagram at half band-filling and the corresponding
Mott transition(s). However, more research efforts are necessary to clarify
important details of the Mott–Hubbard transition. For example, it remains
an open question whether this zero-temperature quantum phase transition is
discontinuous or continuous, and whether or not there is a line of first-order
transitions at finite temperatures.
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In the course of this book it has become clear that the description of
the Mott–Hubbard quantum phase transition requires systematic and con-
trolled approaches to interacting many-electron systems. Substantial progress
in the understanding of the Mott transition has been made but a lot remains
to be learned. Heavy fermion materials, high-temperature superconductors,
and relativistic many-particle systems [606] will certainly stimulate further
intensive research on models and methods for correlated electron systems.



Appendix

A.1 Calculations for Hartree–Fock Theory

In this first section we present some details on the antiferromagnetic Hartree–
Fock theory for the Hubbard model. We diagonalize the Hartree–Fock Hamil-
tonian for a simple cubic lattice, and discuss the resulting gap at half band-
filling.

A.1.1 Diagonalization of the Hartree–Fock Hamiltonian

For simple cubic lattices in d dimensions we transform the Hartree–Fock
Hamiltonian ĤHF, (3.2), into momentum space,

ĤHF =
UL(n2 +m2)

4
+

∑
k∈MBZ,σ

[
ε(k)n̂k,σ + ε(k + Q)n̂k+Q,σ (A.1.1)

− Umλσ,↑
2

(
ĉ+k+Q,σ ĉk,σ + h.c.

)]
,

where Q = G/2 = (π, . . . , π)/a denotes half a reciprocal lattice vector. MBZ
is the magnetic Brillouin zone in which the two vectors k and k + Q from
the first Brillouin zone are identical, and λσ,σ = +1, λσ,−σ = −1 hold. We
introduce the (Bogoliubov) quasi-particles on the A and B sublattice via the
new fermion operators

âk,σ = cosφk,σ ĉk,σ + sinφk,σ ĉk+Q,σ , (A.1.2a)

b̂k,σ = − sinφk,σ ĉk,σ + cosφk,σ ĉk+Q,σ , (A.1.2b)

which has the inverse transformation

ĉk,σ = cosφk,σâk,σ − sinφk,σ b̂k,σ , (A.1.2c)

ĉk+Q,σ = sinφk,σâk,σ + cosφk,σ b̂k,σ . (A.1.2d)

The new quasi-particles are defined such that â+k,σ (b̂+k,σ) creates σ particles
predominantly on the A (B) lattice sites.

The Hartree–Fock Hamiltonian becomes diagonal in the new operators if
the following relations hold:

Florian Gebhard: The Mott Metal-Insulator Transition, STMP 137, 267–280 (2000)
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tan(2φk,σ) =
Umλσ,↑

ε(k)− ε(k + Q)
, (A.1.3a)

sin2 φk,σ =
1
2

⎛⎝1− λσ,↑
ε(k)− ε(k + Q)√

[ε(k)− ε(k + Q)]2 + (Um)2

⎞⎠ . (A.1.3b)

It finally becomes

ĤHF =
UL(n2 +m2)

4
+

∑
k∈MBZ

[
E−(k)

(
â+k,↑âk,↑ + b̂+k,↓b̂k,↓

)
(A.1.4a)

+ E+(k)
(
â+k,↓âk,↓ + b̂+k,↑b̂k,↑

)]
,

E±(k)=
1
2

[
ε(k) + ε(k + Q)±

√
[ε(k)− ε(k + Q)]2 + (Um)2

]
.

(A.1.4b)

At finite temperatures the expectation values for the occupation number
operators of the quasi-particles read

〈n̂a
k,↑〉 = 〈n̂b

k,↓〉 = fFD(E−(k)− μHF) , (A.1.5a)

〈n̂b
k,↑〉 = 〈n̂a

k,↓〉 = fFD(E+(k)− μHF) , (A.1.5b)

where fFD(x) = (exp (βx) + 1)−1 denotes the Fermi–Dirac distribution. We
note in passing that the Hartree–Fock chemical potential μHF will, in general,
differ from the exact chemical potential. We have to calculate μHF according
to its definition

n =
∑

k∈MBZ,σ

[
fFD(E+(k)− μHF) + fFD(E−(k)− μHF)

]
. (A.1.6)

The self-consistency equation for the sublattice magnetization m is given by

m = |〈n̂R,↑〉 − 〈n̂R,↓〉|

=
2
L

∑
k∈MBZ

Um√
[ε(k)− ε(k + Q)]2 + (Um)2

(A.1.7)

×
(
fFD(E−(k)− μHF)− fFD(E+(k)− μHF)

)
.

A discussion of the thermodynamics can be found, e.g., in [607, 608].

A.1.2 Ground-State Properties for Half Band-Filling

In the following we concentrate on the half-filled Hubbard model on a simple
cubic lattice at zero temperature. In this case the dispersion relation obeys
the “perfect nesting” condition, ε(k) = −ε(k+Q) for all k from the magnetic
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Brillouin zone. Equation (A.1.6) gives μHF = 0 (for all temperatures) since
(ex + 1)−1 + (e−x + 1)−1 = 1.

To study the insulating properties we have to determine the Hartree–
Fock band gap for T = 0. At half-filling the lower band is completely filled,
fFD(E−(k)) = 1, and the upper band is empty, fFD(E+(k)) = 0. Then, we
can rewrite (A.1.7) for the antiferromagnetic solutions (m �= 0) as

1
U

=
∫ W/2

−W/2

dεDσ,0(ε)√
(Um)2 + 4ε2

(A.1.8)

where W = 4dt and Dσ,0(ε) denote the bandwidth and the density of states
for a single spin species in d dimensions, respectively. The Hartree–Fock gap
for an excitation is thus calculated as

ΔμHF = min
{k}

[
E+(k)− E−(k)

]
= min
{k}

[√
4 [ε(k)]2 + (Um)2

]
= Um .

(A.1.9)

According to (A.1.9) a band gap opens at the Fermi surface, ε(k) = 0, for
m > 0.

The size of the Hartree–Fock gap can easily be estimated for large and
small interaction strengths. For small U/t one obtains

1
U
≈
∫ E′

c

Um/2

dεDσ,0(ε)
ε

+ regular contributions (A.1.10a)

≈ Dσ,0(Um/2) ln [2E′c/(Um)] + regular contributions, (A.1.10b)

where E′c is a cut-off energy. If the density of states is finite at ε = 0, as
in one or three dimensions, we may replace Dσ,0(Um/2) by Dσ,0(0) and
solve the equation for ΔμHF = Um. In two dimensions the density of states
is itself logarithmically divergent near zero energy (van-Hove singularity),
which results in another logarithmic factor in (A.1.10b). Finally we obtain
the Hartree–Fock energy gap ΔμHF = Um as [609]

ΔμHF(U → 0, d = 1) ∼ exp
(
−2πt
U

)
, (A.1.11a)

ΔμHF(U → 0, d = 2) ∼ exp

(
−
√
Ec

U

)
, (A.1.11b)

ΔμHF(U → 0, d = 3) ∼ exp
(
− 1
UDσ,0(0)

)
. (A.1.11c)

We see that the gap opens for arbitrarily small interaction strengths. For
situations with “perfect nesting” we thus find UHF

c (n = 1) = 0+ as the
critical interaction strength within Hartree–Fock theory.

For large interactions the Hartree–Fock ground state of the Hubbard
model smoothly transforms into that of the Heisenberg model. For U = ∞
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we thereby obtain the Néel state. It is apparent that this classical spin state
lacks all quantum-mechanical spin fluctuations. The neglect of these contri-
butions implies in particular that low-energy spin excitations (spin waves)
are not contained in the theory. For U � W the gap for the charge excita-
tions, (A.1.8) and (A.1.9), becomes

ΔμHF(U →∞, d) ≈ U − 2
U

∫ W/2

W/2

dεε2Dσ,0(ε) . (A.1.12)

In Hartree–Fock theory there is no bandwidth contribution to the gap since
the particles are fixed onto their respective sublattice sites.

The ground-state energy is readily calculated as

(EHF
0 /L) =

U(1 +m2)
4

+ 2
∑

E−(k)≤μHF

E−(k)

=
U(1 +m2)

4
−
∫ 0

−W/2

dεDσ,0(ε)
√

(Um)2 + 4ε2 . (A.1.13)

In the limits of small and large interaction strengths one obtains

(EHF
0 /L)(U → 0) = EFermi sea +

U

4
+ exp. small terms , (A.1.14a)

(EHF
0 /L)(U →∞) = − 1

U

∫ W/2

W/2

dεε2Dσ,0(ε) . (A.1.14b)

For lattices without “perfect nesting” one finds that m becomes finite
above a critical interaction strength, UHF

c > 0. Typically, the energy gap is
not direct but indirect, i.e., the maximum of E−(k) and the minimum of
E+(k) are not at the same but at different momenta k. The calculations for
a one-dimensional example are carried out in [610].

A.2 Green Functions and Hubbard-I Approximation

In the first subsection we recall some basic properties of Green functions that
are suitable for the description of the physics of many-particle systems. More
details of this standard many-particle language can be found in [611]–[613].
In the second subsection we present the Green-function decoupling method
in its simplest form to derive the Hubbard-I approximation.

A.2.1 Green Functions

We start with a list of definitions and elementary relationships [614]; see
also [612, Chap. 3].

The thermodynamic average over an operator X̂ is given by
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〈X̂〉 =
1
ZTr{Xe−β(Ĥ−μN̂)} , Z = Tr{e−β(Ĥ−μN̂)} . (A.2.1)

Heisenberg operators X̂(t) are defined by X̂(t) = exp(iĤt)X̂ exp(−iĤt). In
Hubbard’s notation [614, 615] the retarded (“+”) and advanced (“−”) Green
function of two fermion operators Â and B̂ are defined by

〈〈Â(t); B̂(t′)〉〉± = ∓iθ{±(t− t′)}〈[Â(t), B̂(t′)]+〉 , (A.2.2)

where [Â, B̂]± = ÂB̂ ± B̂Â and θ(x) denote the (anti-)commutator and the
step function, respectively.

Since the system is homogeneous in time it is advantageous to introduce
the energy-dependent Green function via the Fourier transformation

〈〈Â; B̂〉〉±E =
∫ ∞

−∞
dt eiEt 〈〈Â(t); B̂(0)〉〉± . (A.2.3)

For complex E the retarded (advanced) Green function is regular in the
upper (lower) half-plane. Besides the real axis the Green function in energy
representation,

〈〈Â; B̂〉〉E =

{
〈〈Â; B̂〉〉+E , if Im(E) > 0

〈〈Â; B̂〉〉−E , if Im(E) < 0
(Im: imaginary part) , (A.2.4)

is a regular function in the complex plane. The Fourier transform of the time-
ordered Green function 〈〈Â; B̂〉〉E obeys the following equation of motion

E〈〈Â; B̂〉〉E = 〈[Â, B̂]+〉+ 〈〈[Â, Ĥ]−; B̂〉〉E , (A.2.5)

which can be derived by taking the time-derivative of the Green function and
a Fourier transformation afterwards.

For translationally invariant systems it is natural to investigate the one-
electron Green function in its energy-momentum representation,

Gσ(k;E) =
1
L

∑
R1,R2

exp (−ik(R1 −R2))Gσ(R1 −R2;E)

=
1
L

∑
R1,R2

exp (−ik(R1 −R2)) 〈〈ĉR1,σ; ĉ+R2,σ〉〉E . (A.2.6)

This Green function provides the one-electron spectral function, Aσ(k, E),
the one-electron density of states for σ electrons, Dσ(E), and the momentum
distribution, nσ(k) (at zero temperature, T = 0),

Aσ(k, E) =
1
2π

lim
η→0+

i [Gσ(k;E + iη)−Gσ(k;E − iη)] , (A.2.7a)

Dσ(E) =
1
L

∑
k

Aσ(k, E) , (A.2.7b)

nσ(k) =
∫ ∞

−∞
dEAσ(k, E) . (A.2.7c)
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With the help of the spectral function one may calculate further physical
quantities such as the electron density and the average kinetic and potential
energy; see [612, Chaps. 4,7]. The one-electron Green and spectral function
contain the whole information about the one-electron excitations of the sys-
tem.

The quantities introduced in this appendix are very helpful for the dis-
cussion of physical properties of many-particle systems and will be used for
the derivation of the Hubbard-I approximation.

A.2.2 Hubbard-I Approximation

In his first article on the Hubbard model [614] Hubbard formulated an (uncon-
trolled) approximate solution for his model. This “Hubbard-I” approximation
is based on the Green-function decoupling technique, which had successfully
been applied to spin systems [616].

If we start with the equation of motion (A.2.5) for the one-electron Green
function, we immediately realize that we have to calculate a two-electron
Green function,

Γσ(R1,R2;E) = 〈〈n̂R1,−σ ĉR1,σ; ĉ+R2,σ〉〉E . (A.2.8)

If we set up an equation of motion for this Green function we obtain yet
another higher-order Green function, and the hierarchy does not terminate.
The Green-function decoupling technique is based on a physically motivated
reduction of the N -electron Green function to N ′-electron Green functions
with N ′ ≤ N − 1. This approach can be justified only if there is an explicit
expansion parameter λ, e.g., if the N -electron Green function contains terms
of the order O(λN ) at the most. In all other cases the approach is basically
uncontrolled.

Similar to the Hartree–Fock decoupling of the Hubbard interaction the
simplest approximation is the following reduction of the higher-order Green
functions [614],

〈〈n̂R1,−σ ĉR1,σ; ĉ+R2,σ〉〉E �→ 〈n̂R1,−σ〉〈〈ĉR1,σ; ĉ+R2,σ〉〉E . (A.2.9)

The equations of motions for the one-electron Green function

EGσ(R1,R2;E) = δR1,R2 +
∑
R

t(R1,R)Gσ(R,R2;E)+UΓσ(R1,R2;E)

(A.2.10)

now close. After Fourier transformation it follows that

Gσ(k;E) =
1

E − ε(k)− Un−σ
(A.2.11)

if we assume translational invariance. We thus find that the decoupling ac-
cording to (A.2.9) reproduces the Hartree theory.
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It seems to be unsystematic to terminate the hierarchy at this point since
the equation of motion for Γσ(R1,R2;E) contains only two-electron Green
functions,

EΓσ(R1,R2;E)=δR1,R2〈n̂R1,−σ〉+ UΓσ(R1,R2;E)

+
∑

R	=R1

t(R1,R)〈〈n̂R1,−σ ĉR,σ; ĉ+R2,σ〉〉E (A.2.12)

+
∑

R	=R1

t(R1,R)
{
〈〈ĉ+R1,−σ ĉR,−σ ĉR1,σ; ĉ+R2,σ〉〉E

−〈〈ĉ+R,−σ ĉR1,−σ ĉR1,σ; ĉ+R2,σ〉〉E
}
.

Hence we have to supply the decoupling rule (A.2.9) with the terms

〈〈ĉ+R1,−σ ĉR,−σ ĉR1,σ; ĉ+R2,σ〉〉E �→ 〈ĉ+R1,−σ ĉR,−σ〉〈〈ĉR1,σ; ĉ+R2,σ〉〉E ,
(A.2.13a)

〈〈ĉ+R,−σ ĉR1,−σ ĉR1,σ; ĉ+R2,σ〉〉E �→ 〈ĉ+R,−σ ĉR1,−σ〉〈〈ĉR1,σ; ĉ+R2,σ〉〉E .
(A.2.13b)

If we assume translational invariance, the last term of the right-hand side
of (A.2.12) vanishes and we obtain

Γσ(k, E) =
n−σ

E − U [1 + ε(k)Gσ(k;E)] , (A.2.14a)

Gσ(k;E) =
Z+

σ (k)
E − E+

σ (k)
+

Z−σ (k)
E − E−σ (k)

(A.2.14b)

with the quasi-particle energies and weights

E±σ (k) =
1
2

[
ε(k) + U ±

√
(ε(k)− U)2 + 4Un−σε(k)

]
, (A.2.14c)

Z±σ (k) = ±E
±
σ (k)− U(1− n−σ)
E+

σ (k)− E−σ (k)
. (A.2.14d)

The spectral function apparently becomes

Aσ(k, E) = Z−σ (k)δ(E − E−σ (k)) + Z+
σ (k)δ(E − E+

σ (k)) . (A.2.14e)

Equations (A.2.14) constitute the Hubbard-I approximation for the one-
electron Green function. It describes undamped quasi-particles with ener-
gies E±σ (k) (upper and lower Hubbard bands) and spectral weights Z±σ (k).

The one-electron density of states (A.2.7b)

Dσ(E) =
∑
±

∫
dxδ

(
E − E±(x)

)
Dσ,0(x)Z±σ (x) (A.2.15)

can be rewritten as [614]
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Dσ(E) = Dσ,0 (g(E, n−σ)) , (A.2.16a)

g(E, n−σ) = E − Un−σ −
U2n−σ(1 − n−σ)
E − U(1− n−σ)

. (A.2.16b)

The quasi-particle bands can thus be obtained from a projection of the un-
perturbed band structure.

A.3 Generalized Lieb–Wu Integral Equations

In this section we collect some calculations for the 1/ sinh r Hubbard model.
First, we derive the generalized Lieb–Wu integral equations from the asymp-
totic Bethe-ansatz equations, and solve them for half band-filling. Next, we
evaluate the integral equations for the quasi-particle dispersions. Finally, we
address the limiting case κ→ 0 at half band-filling.

A.3.1 Derivation of the Integral Equations

The asymptotic Bethe-ansatz equations for the 1/ sinh r Hubbard model read
(see Sect. 4.3)

kjL=2πIj +
M∑

α=1

Θ
(
2H(kj)− 2Λα

)
; j = 1, . . . , N ,

(A.3.1a)

−
N↓∑
β=1

Θ
(
Λα − Λβ

)
=−2πJα +

N∑
j=1

Θ
(
2H(kj)− 2Λα

)
; α = 1, . . . , N↓ ,

(A.3.1b)

where the function Θ(x) = −2arctan
[
x
/
(U/(2t))

]
was introduced in (4.12c).

Furthermore, we used

H(k) =
1
2t

[
−η(k) +

ε(k)(ε(k)− U)
2t sinh(κ)

]
, (A.3.2a)

ε(k) = −2t sinh(κ)
∞∑

n=1

(−1)n sin(kn)/ sinh(κn) , (A.3.2b)

η(k) = 2t sinh(κ)
∞∑

n=1

(−1)n cos(kn) cosh(κn)/ sinh2(κn) . (A.3.2c)

For κ → ∞ we have H(k) = −η(k)/(2t) = cos(k) which becomes H(k) =
sin(kHM) for the “standard” Hubbard model after the shift k = kHM − π/2.

In the ground state the distance between the quantum numbers Ij (Jα)
is unity. Hence we obtain from (A.3.1a)
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1=
2π

L(kj+1 − kj)
+

N↓∑
α=1

Θ
(
2H(kj+1)− 2Λα

)
−Θ

(
2H(kj)− 2Λα

)
L(kj+1 − kj)

. (A.3.3)

In the thermodynamic limit, L→∞, we may set
1

L(kj+1 − kj)
= ρ0(k) , (A.3.4a)

1
L(Λα+1 − Λα)

= σ0(Λ) , (A.3.4b)

1
L

N↓∑
α=1

=
∫ B2

B1

dΛ
L(Λα+1 − Λα)

=
∫ B2

B1

dΛσ0(Λ) , (A.3.4c)

Θ
(
2H(kj+1)− 2Λα

)
−Θ

(
2H(kj)− 2Λα

)
kj+1 − kj

= Θ′
(
2H(k)− 2Λ

)
2H ′(k) ,

(A.3.4d)

where the prime indicates the derivative of the function. From (A.3.3) the
first generalized Lieb–Wu equation follows as

2πρ0(k) = 1 +H ′(k)
∫ B2

B1

dΛσ0(Λ)K [H(k)− Λ;U/(4t)] (A.3.5)

with the condition
∫ B2

B1
dΛσ(Λ) = N↓/L. The integral kernel obeys K [x; y] =

2y/(x2 + y2) =
∫∞
−∞ dp exp(−y|p|) exp(ipx).

Correspondingly, from (A.3.1b) we obtain the second generalized Lieb–
Wu equation by an expansion in (Λα+1 − Λα)/L as

2πσ0(Λ) =
∫ Q2

Q1

dkρ0(k)K [H(k)− Λ;U/(4t)]

−
∫ B2

B1

dΛ′σ0(Λ′)K [Λ− Λ′;U/(2t)] (A.3.6)

with the condition
∫ Q2

Q1
dkρ0(k) = N/L.

In the absence of an external magnetic field we have N↓ = N/2 and it
immediately follows that B2 = ∞ = −B1 if we integrate (A.3.6) over Λ. We
introduce the Fourier transform via

σ0(ω) =
∫ ∞

−∞
dΛe−iωΛσ0(Λ) , (A.3.7a)

σ0(Λ) =
1
2π

∫ ∞

−∞
dωeiωΛσ0(ω) (A.3.7b)

and find from (A.3.6) that

σ0(ω) =
∫ Q2

Q1

dkρ0(k)
e−iωH(k)

2 cosh(ωU/(4t))
. (A.3.8)
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The integral equation (A.3.5) becomes

ρ0(k) =
1
2π

+H ′(k)
4t
U

∫ Q2

Q1

dpρ0(p)R
(

4t
U

[
H(k)−H(p)

])
(A.3.9a)

with the kernel [617]

R(x) =
∫ ∞

−∞

dy
2π

eixy

1 + e2|y| =
1
π

∞∑
n=1

(−1)n+1 2n
x2 + (2n)2

. (A.3.9b)

Unfortunately, away from half band-filling this integral equation can be solved
only numerically; for the Hubbard model, see [617].

A.3.2 Solution for Half-Filled Bands

For half band-filling we find Q2 = π = −Q1 which can easily be proven.
We integrate (A.3.5) over k and find that the integral over Λ vanishes after
the integral over k has been performed since H(π) = H(−π). Next we multi-
ply (A.3.9a) with exp(−iωH(k)) and integrate over all k. The double integral
on the right-hand side vanishes again because of H(π) = H(−π). We obtain
the simple result∫ π

−π

dkρ0(k)e−iωH(k) =
∫ π

−π

dk
2π

e−iωH(k) . (A.3.10)

Now, (A.3.8) for σ0(ω) can be solved explicitly,

σ0(ω) =
∫ π

−π

dk
2π

e−iωH(k)

2 cosh(ωU/(4t))
. (A.3.11a)

The final result for ρ(k) from (A.3.5) reads

ρ0(k) =
1
2π

+H ′(k)
∫ π

−π

dp
2π

∫ ∞

−∞
dω

eiω[H(k)−H(p)]

1 + e|ωU|/(2t)
. (A.3.11b)

We introduce the functions

J̃
(c
s)

0 (ω) =
(

Re
Im

)∫ π

−π

dk
2π

eiωH(k) , (A.3.12a)

J̃
(c
s)

1 (ω) =
(

Re
Im

)∫ π

−π

dk
2π

eiωH(k)ε(k)H ′(k) (A.3.12b)

to arrive at a more compact representation of the quasi-particle densities in
the ground state

σ0(Λ) =
∫ ∞

0

dω
2π cosh(ωU/(4t))

[
cos(ωΛ)J̃c

0(ω) + sin(ωΛ)J̃s
0 (ω)

]
,

(A.3.13a)
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ρ0(k) =
1
2π

+H ′(k)
∫ ∞

0

dω
π(1 + eωU/(2t))

×
[
cos(ωH(k))J̃c

0(ω) + sin(ωH(k))J̃s
0 (ω)

]
.

(A.3.13b)

For κ → ∞ we have J̃c
0(ω) → J0(ω), J̃ s

0(ω) → 0, and J̃c
1(ω) → −2J1(ω)/ω,

J̃ s
1(ω) → 0, where J0(ω) and J1(ω) are Bessel functions. Since H(k) =

sin(kHM) for κ = ∞, we see that we recover the result obtained by Lieb
and Wu [618] for the quasi-particle densities for the “standard” Hubbard
model in that limit.

The ground-state energy density is readily calculated as

(E0/L)(N = L,U) =
∫ π

−π

dkρ0(k)ε(k) (A.3.14)

=
∫ ∞

0

2 dω
1 + eωU/(2t)

[
J̃c

0(ω)J̃c
1(ω) + J̃ s

0(ω)J̃ s
1(ω)

]
.

For κ→∞ we again recover the Lieb–Wu result [618].

A.3.3 Quasi-Particle Dispersions

Frahm and Korepin [619] have shown that the physical properties of a
Hubbard-type model that can be solved by (asymptotic) Bethe ansatz are
most efficiently analyzed with the help of the quasi-particle dispersions. For
the 1/ sinh r Hubbard model the integral equations for these dispersions read

ε̃QP
c (k) = ε0c(k) +

∫ B2

B1

dΛ
2π
K[H(k)− Λ;U/(4t)]ε̃QP

s (Λ) , (A.3.15a)

ε̃QP
s (Λ) =

∫ Q2

Q1

dk
2π
H ′(k)K[H(k)− Λ;U/(4t)]ε̃QP

c (k)

−
∫ B2

B1

dΛ′

2π
K[Λ− Λ′;U/(2t)]ε̃QP

s (Λ′) , (A.3.15b)

where ε0c(k) = −μ + ε(k), and k denotes a quasi-momentum that is not
identical to the physical momentum of the excitation.

The conditions

ε̃QP
c (Q1) = ε̃QP

c (Q2) , (A.3.16a)

ε̃QP
s (B1) = ε̃QP

s (B2) (A.3.16b)

are necessary for the 1/ sinh r Hubbard model to fix the respective integration
boundaries Q1, Q2, and B1, B2 for all densities since these boundaries are
not necessarily symmetric around zero.
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The chemical potential for the interacting model μ− follows from the
condition

max
{k}

[ε̃QP
c (k)] = 0 . (A.3.17)

The ground-state energy can be obtained from the quasi-particle dispersions
as

(E0 − μN)/L =
∫ Q2

Q1

dk
2π
ε̃QP
c (k) . (A.3.18)

The knowledge of the quasi-particle dispersions will be sufficient for the cal-
culation of the ground-state energy and the chemical potential.

For half band-filling we can again solve the integral equations analytically
using the Fourier transformation since B2 = ∞ = −B1 and Q2 = π = −Q1.
With the help of the definitions

εQP
s (ω) =

∫ ∞

−∞
dΛe−iωΛε̃QP

s (Λ) , (A.3.19a)

ε̃QP
s (Λ) =

∫ ∞

−∞

dω
2π

eiωΛεQP
s (ω) (A.3.19b)

it follows from (A.3.15b) that

εQP
s (ω) =

Ec(ω)
2 cosh(ωU/(4t))

, (A.3.20a)

Ec(ω) =
∫ π

−π

dkε̃QP
c (k)H ′(k)e−iωH(k) . (A.3.20b)

We insert this result into (A.3.15a) and express ε̃QP
c (k) as a function of Ec(ω)

as

ε̃QP
c (k) = ε0c(k) +

∫ ∞

−∞

dω
2π

eiωH(k)Ec(ω)
1 + e|ωU/(2t)| . (A.3.21)

This relation is now inserted into the definition (A.3.20b) of Ec(ω). The
resulting double integral over k and ω vanishes since the k integrand is a
complete differential. Its integration gives zero because H(π) = H(−π). Only
the first part coming from the non-interacting dispersion relation remains
such that the explicit result for Ec(ω) reads

Ec(ω) =
∫ π

−π

dkε0c(k)H
′(k)e−iωH(k) . (A.3.22)

Therefore, we have analytically solved the integral equations.
With the help of the functions defined in (A.3.12) we can represent our

results in a compact way. We finally find
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ε̃QP
s (Λ) =

∫ ∞

0

dω
cosh(ωU/(4t))

[
cos(ωΛ)J̃c

1(ω) + sin(ωΛ)J̃ s
1(ω)

]
,(A.3.23a)

ε̃QP
c (k) = ε0c(k) + 2

∫ ∞

0

dω
1 + eωU/(2t)

(A.3.23b)

×
[
cos(ωH(k))J̃c

1(ω) + sin(ωH(k))J̃ s
1(ω)

]
.

It can be further analyzed for weak and strong interactions. For U = 0 we may
carry out the integral over ω after we have inserted the definitions (A.3.12).
For ε̃QP

c (k) the ω integral gives the contribution δ(H(k) − H(k′)). Now
that H(k) is a symmetric function with a maximum at k = 0 we can easily
perform the remaining integral over k′, which gives the contribution ±ε0c(k)
for −π < k < 0 and 0 < k < π, respectively. We obtain ε̃QP

c (k) = 2ε0c(k)
for −π < k < 0, and ε̃QP

c (k) = 0 for 0 < k < π, as it should. For large U/t we
find instead that ε̃QP

c (k) = ε0c(k), because the integral over ω is only of the
order O(t/U). This follows after the substitution z = Uω.

A.3.4 Limit of Long-Range Hopping

As an example we analyze the limit κ → 0 for the quasi-particle dispersion
of the charges for half band-filling. To obtain the correct results of Sect. 4.2,
we have to take this limit after the thermodynamic limit.

According to (A.3.21) and (A.3.22) the quasi-particle dispersion for the
charges obeys (Δε̃QP

c (k) = ε̃QP
c (k)− ε0c(k))

Δε̃QP
c (k)=

∫ ∞

−∞

dω
2π

1
1 + exp(|ωU/(2t)|)

∫ π

−π

dpε0c(p)H
′(p)eiω[H(p)−H(k)]

(A.3.24)

for half band-filling. The interesting regime is |k| < π − κ since it covers the
whole Brillouin zone for κ = 0. To perform the integral over p we have to
distinguish between two cases: (i) |p| < π − κ and (ii) |p| > π − κ. The inte-
gration region (ii) is only proportional to κ; the integrand, however, diverges
like 1/κ such that there is a finite contribution from region (ii).

Region (i). For small κ we may approximate H(p) ≈ π2/(12κ) − Up/(4κt)
and ε0c(p) = −μ+ tp. After the substitution z = ω/κ and the limit κ→ 0 the
integral over z becomes elementary. The result is proportional to δ(p − k),
and the remaining integral over p is trivial. The contribution of the region (i)
is simply given by (i) = −tk/2.

Region (ii). In this region we set (u = U/t)

H(|p| > π − κ) ≈ (π/κ)(π − p) ((π/κ)(π − p)− u)− π2

4κ
(A.3.25)
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and ε0c(p) = −μ + (πt/κ)(π − p). After the substitution z = ω/κ and x =
(π/κ)(π − p) we obtain finite expressions in which we may set κ = 0. The
integral over z yields

1
2

∫ π

−π

dx
x(u − 2x)

4
δ
[
(uk − π2 + x(x − u))/4

]
. (A.3.26)

The remaining integral is elementary and the second contribution is (ii) =[
U/2−

√
(U/2)2 + (πt)2 − Utk

]
/2.

In sum we find (W = 2πt is the bandwidth)

ε̃QP
c (k) = −μ− +

[
Wk/π + U −

√
U2 +W 2 − 2UWk/π

] /
4 . (A.3.27)

We insert this result in (A.3.18) and calculate the ground-state energy density
as

(E0/L)(N = L,U) =

{
(U −W )/4− U2/(12W ) for U ≤W

−W 2/(12U) for U ≥W
, (A.3.28)

in agreement with (4.61) of Sect. 4.2. The results for the energy gap, (4.63),
agree as well.

The quasi-particle dispersion ε̃QP
c (k), which we have calculated here, de-

scribes the lower, filled Hubbard band, εLHB(k) = μ− + ε̃QP
c (k). The dis-

persion εUHB(k), which we derived in (4.70) of Sect. 4.2, describes charge
excitations of the ground state into the upper Hubbard band. We thus find
εUHB(k) = μ+ − ε̃QP

c (k). If we take into account that μ+ + μ− = U we find
that this expression agrees with (4.70).

The results of Sect. 4.2 show that the 1/r Hubbard model allows an equal
treatment of charge and spin excitations via the dispersion relations εc(k)
and εs(k) for charge and spin excitations. Such a representation seems to be
possible only for the 1/r Hubbard model because it is only for this limiting
model that the scattering matrix between quasi-particles is unity, i.e., the
quasi-particles do not interact with each other.
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348. T. Li, P. Wölfle, and P. J. Hirschfeld, Phys. Rev. B 40, 6817 (1989); P. Wölfle
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Anderson model
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Anderson transition
– Anderson–Mott 4, 27
– critical exponent 25, 27
– experimental realization 26
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– Gutzwiller-correlated wave func-
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– Heisenberg model 75, 76
– in alloy–analogy approximation 109
– in Hubbard model 88
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Ashkin–Teller model 165, 258

backscattering 178, 179
Baeriswyl wave function 123
band
– conduction and valence 14
– Hubbard see Hubbard bands
– insulator 4, 13, 15
band structure theory 52, 65
– Hartree 53

– importance of electron–electron in-
teractions, 43
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– local density approximation 54
– transition-metal oxides 42
band transition
– band–Mott 4, 17
– experimental realization 16
bandwidth 35, 42, 62–64, 68, 177, 211
– definition for unbounded density of

states, 190
– holon band 151
Bethe ansatz 206, 218, 225
– N-electron wave function 139
– algebraic 141
– asymptotic 160, 172, 173, 274
– Luttinger liquid theory 150, 180
– nested 141
– thermodynamic 164
– two-electron wave function 137
Bethe lattice 105, 190, 205, 206, 214
bipartite lattice 33, 71, 72, 187, 214
Bloch
– electron 53, 58
– theorem 14, 53
Bloch–Wilson insulator see band in-

sulator
Bogoliubov transformation 267
Boltzmann transport theory 5, 22,

148
Born–Oppenheimer approximation

52
boundary conditions 136, 138, 153
– twisted 147
Bravais lattice 52
Brillouin zone 53, 58, 154, 157, 174,

177, 182
– magnetic 81
Brinkman–Rice
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– transition 115, 118
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Calogero–Sutherland–Moser model
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Cayley tree 205
charge excitation 162
– dispersion relation 145
charge–spin separation 179
charge-density wave 218, 246
– Peierls insulator 11
– Verwey insulator 40
– Wigner insulator 39
charge-transfer
– energy 46, 65
– insulator 46
chemical potential 6, 144
– at half band-filling 72
– in one dimension
– – 1/ sinh r Hubbard model 176
– – 1/r Hubbard model 161
– – “standard” Hubbard model 145
– variational 114, 119
coherent potential approximation

104, 126, 202, 216
collapse of diagrams
– in infinite dimensions 198
– in random dispersion approxima-

tion 199
– irrelevance of momentum conserva-

tion 200
compressibility 149, 151, 164
conductor 7, 10
conformal invariance 164
conserving approximation 86, 89
continued fraction expansion 224
correlated electron systems
– and Hubbard model 68
– definition 31
– examples 38–47, 61–68
correlation effects 30, 31, 36–38, 41,

43
correlation exponent 150, 163
Coulomb gap 26
Coulomb interaction 29, 55, 59
– and “statistical” interaction 262
– bond-charge 250
– infinite range in Landau–Hubbard

model 262
– long-range contributions 61, 62
– nearest-neighbor contributions 62
– non-diagonal in band index 63
– on-site, band-diagonal 63
– on-site, single-band 60
critical exponent
– in Anderson transition 25, 27
– in Curie–Weiß theory 232
critical interaction 11, 75

– for Gutzwiller wave function 116,
120

– for infinite-dimensional Falicov–
Kimball model, 217

– in alloy–analogy approximation 106
– in Brinkman–Rice transition 118
– in Harris–Lange model 252
– in Hartree–Fock theory 82, 166, 269
– in Hubbard-I approximation 101
– in Hubbard-III approximation 107
– in improved Hubbard-I approxima-

tion 103
– in infinite dimensions
– – in iterated perturbation theory

237
– – in local-moment approach 239
– in Montorsi–Rasetti model 253
– in one dimension
– – 1/ sinh r Hubbard model 176
– – 1/r Hubbard model 161, 184
– – SU(Nf )-symmetric Lieb–Wu

equations, 245
– – “standard” Hubbard model 147
– spinless fermions 218
crossover 11, 16, 241, 263, 264
crystal field effect 19, 42, 54
Curie law 102, 168
Curie–Weiß theory 187, 192
current–current correlation function

3, 5

density of states
– at the Fermi energy 207
– Gauss distributed in infinite dimen-

sions 189
– Hubbard’s semi-ellipse 105, 190,

216, 220
– in Hubbard-I approximation 273
– in Hubbard-III approximation 107
– interacting electrons 271
– joint distribution 190, 220
– Lorentz distributed 220
– non-interacting electrons 14
density–density correlation function

149, 152
density-functional theory 55
– on the lattice 90–92
disorder 22
dispersion relation 35, 153
– 1/ sinh r Hubbard model 170
– 1/r Hubbard model 154
– “standard” Hubbard model 68
– linearized 177
– random 193
– tight-binding on simple cubic lat-

tice 189
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– average number 73
– operator 61
doublet 157, 158, 258
doublon 162
dressed charge matrix 149, 163
Drude weight 5, 12, 147
– 1/r Hubbard model 154, 163
– – pathology 163, 182
– in infinite dimensions 236
– Kohn formula 147
– near half-filling in one dimension

150
– non-interacting electrons 3, 148,

163
Dyson equation 104, 200, 201, 204,

212, 215

effective mass 3, 14, 150
– diverging 151
effective particle density 150
electrical conductivity 2
– f -sum rule 182
– fluctuation-dissipation theorem 3
– in infinite dimensions 201
– low temperatures 7
– Ohm’s law 3
electron–electron interaction 50, 53
– in second quantization 59
electron–nuclei interaction 50
electron–phonon interaction 12, 21,

23, 26, 45, 52, 53, 242, 264
Emery model 65, 69
energy criterion 124
energy scale reduction 51
η pairing 251, 254
exchange 30
– and Hund’s rule 30
– exchange interaction 30, 37, 64, 75,

153
– – in local density approximation 55
– – infinite-range 191
– – random 193
– – scaling for large coordination

number, 186
– in Fermi gas 30
– itinerant exchange 37, 46, 61
– super-exchange 46, 61
exciton insulator 4, 17

Falicov–Kimball model 70, 103, 105
– extended 246
– Hamilton operator 213
– in infinite dimensions 213
Fano–Anderson model see single-

impurity Anderson model

Fermi
– energy 14, 15, 24, 26, 28, 42, 53, 54,

60, 66, 82, 84, 113, 191, 203
– gas 28, 30, 32, 53, 74, 151
– surface 28, 82
– – absent in infinite dimensions 191
– velocity 148, 163, 178
Fermi–Dirac distribution 202, 268
Fermi-liquid theory 28, 56, 113, 129,

180, 207, 216–218, 234, 240, 260,
264

– absent in Hubbard approximations
108, 110

ferrimagnetism
– in Verwey insulator 40
– Lieb’s example 77
ferromagnetism
– 1/r Stoner model 259
– absence 76
– existence 77
– Stoner theory 84
field operator 58
Foldy–Wouthuysen transformation

249
free energy density 165
fullerenes 64
functional integral 125

g-ology model 177, 178
gap
– band insulator 14
– charge-transfer 46
– Coulomb 26
– exponent
– – in 1/r Hubbard model 161, 184
– – in alloy–analogy approximation

106
– – in Brinkman–Rice insulator 120,

125
– – in Hubbard-I approximation 101
– – in Hubbard-III approximation

107
– – in improved Hubbard-I approxi-

mation 103
– – in infinite-dimensional Falicov–

Kimball model, 217
– – in local-moment approach 239
– finite temperature 7
– in “LDA + U” calculations 57
– in alloy–analogy approximation 106
– in Brinkman–Rice insulator 120
– in density-functional theory 92
– in Hartree–Fock theory 82, 269
– in Hubbard-I approximation 101
– in Hubbard-III approximation 107
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– in improved Hubbard-I approxima-
tion 103

– in infinite dimensions
– – continuous 239
– – discontinuous 237
– – Falicov–Kimball model 217
– in local density approximation 56
– – applied to one-dimensional Hub-

bard model, 96
– in Mott’s example 36
– in one dimension
– – 1/ sinh r Hubbard model 176
– – 1/r Hubbard model 161, 264
– – “standard” Hubbard model 144,

146
– robust 8, 10, 168
– soft 8, 12
– thermal smearing 8, 72
– variational 114
gap criterion 5, 72
Gerschgorin’s theorem 247
Grassmann variable 126
Green function
– atomic limit 98
– decay as a function of distance 197
– decoupling 264, 272
– definition 271
– equation of motion 271, 272
– interacting 207
– line 198, 200
– local 104, 216
– – non-crossing approximation 226
– Matsubara 214, 226
ground-state energy
– 1/ sinh r Hubbard model 175, 277
– 1/r Hubbard model 160
– “standard” Hubbard model 143
– variational 112, 116, 117
Gutzwiller
– approximation 118, 256
– correlated wave functions 251, 264
– – 1/d expansion 120
– – definition 112
– – exact statements 114
– – improvements 122
– – in infinite dimensions 116, 212
– – problems 124
– – variational partition function 130
– – variational phase diagram 121
– correlator 112
– projected Fermi sea 152
– projector 73, 112, 250
– wave function 115, 123
– – definition 112
– – in one dimension 115

Haldane–Shastry model 153, 160
– large-U limit of 1/r Hubbard model

153
Harris–Lange model 249–250
Hartree decoupling 187, 199
Hartree–Fock theory 80, 264
– advantages and problems 86
– chemical potential 268
– exact results within 80
– gap 269
– ground-state properties 268, 270
– Hamilton operator 80, 267
– phase diagram 84
– sublattice magnetization 268
heavy fermion materials 66, 131
1/ sinh2 r Heisenberg model see In-

ozemtsev model
1/r2 Heisenberg model see Haldane–

Shastry model
Heisenberg model 75, 76, 88
– Hamilton operator 186
– mean-field theory 188, 194
Heisenberg operator 75, 98, 271
– spin algebra 186
Hirsch model 250
Hohenberg–Kohn–Sham theory 54,

91
holon 144, 162
Hubbard U , 60, 63–65
Hubbard bands
– atomic limit 99
– dispersion relation 183, 280
– in alloy–analogy approximation 106
– in Hartree–Fock theory 81, 82, 183
– in Hubbard-I approximation 100,

101, 273
– in Hubbard-III approximation 107
– in improved Hubbard-I approxima-

tion 103
– in infinite dimensions 211, 221, 233,

240
– – Falicov–Kimball model 217
– in local density approximation with

self-interaction corrections, 97
– in one dimension
– – 1/ sinh r Hubbard model 176
– – 1/r Hubbard model 162, 167
– – “standard” Hubbard model 144
– – Harris–Lange model 252
– in second-order perturbation the-

ory 209
– Mott’s example 35
– variational estimate 120
1/ sinh r Hubbard model 69, 168
– and 1/r Hubbard model 169, 174,

279



Index 313

– and “standard” Hubbard model
169, 173, 175, 277

– dispersion relation 170
– generalized Lieb–Wu equations 274
– ground-state properties
– – energy density 175, 277
– – quasi-particle densities 274
– – quasi-particle dispersions 277
– Mott transition 176
– two-electron problem 170
1/r Hubbard model 69, 152, 257
– and variational wave functions 124
– compressibility 167
– dispersion relation 154
– Drude weight 163, 182
– effective Hamilton operator 157,

160, 258
– free energy density 165
– gap as a function of U , 161, 264
– ground-state energy density 160
– magnetic susceptibility 167
– Mott transition 161
– particle–hole transformation 154
– specific heat 166
– third-order transition 161
– two-electron problem 155
Hubbard model 49, 60, 264
– “standard” version 69
– atomic limit 72, 98
– basic properties 72
– criterion for mean-field theory 196,

202
– derivation 58
– elastic scattering from impurities

196
– extended 70
– – exact results 245
– – Hamilton operator 245
– – Mott transition 246
– – phase diagram 246
– Fermi-gas limit 72
– ferromagnetism 76–78
– fully frustrated, see random disper-

sion approximation
– general nearest-neighbor Hamilton

operator, 247
– Hamilton operator 60
– importance for solid-state physics

68
– in infinite dimensions 264
– – density of states 207
– – dynamic mean-field theory 202
– – entropy density 235
– – exact diagonalization studies 223
– – iterated perturbation theory 224
– – large interactions 210

– – local-moment approach 228
– – minimal requirements for approx-

imate theories, 220
– – model specifications 220
– – Mott transition 236
– – non-crossing approximation 225
– – phase diagram 241
– – quantum Monte-Carlo calcula-

tions 222, 231, 233–235
– – self-consistency equations 204–

205
– – small interactions 207
– in one dimension 264
– – band-degenerate 244
– – Bethe-ansatz equations 141
– – free energy density 164
– – ground-state energy density 143
– – Mott transition 75, 144
– – scattering matrix 138
– infinite-U see T̂ model
– infinite-range hopping 193, 256
– insulating ground state 74
– large-U limit 74, 151, 248
– modified 69
– Mott transition 75
– parameters 68
– phase diagram 264
– random dispersion approximation

193, 195, 196
– simplified 70
– supersymmetric 253–255
– symmetries 70
– two-electron problem 136, 137
Hubbard’s assumption
– first 60, 61, 63, 67
– second 60, 62, 63, 67
Hubbard–Stratonovich transforma-

tion 126, 222
Hubbard-I approximation 99, 272
– advantages and problems 100
– and Hartree theory 272
– Green-function decoupling 272
– improvements 102
– Mott transition 101
– violation of particle–hole symmetry

102
Hubbard-III approximation 106, 119
– advantages and problems 107
– improvements 108
– Mott transition 107
– violation of particle–hole symmetry

108
Hubbard U , 35
– charge-transfer insulator 46
– multi-band materials 42
Hund’s rule 30, 42, 63, 64
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impurity band conduction 26
Inozemtsev model 169, 175
– large-U limit of 1/ sinh r Hubbard

model, 169
insulator
– classes 4
– definition 3
– exciton insulator 17
– gap criterion 5, 6
– – counter example 5, 257
– – finite temperature 7
– variational characterization 113
integrability 70, 140, 169, 264
Ising model 76, 213, 260
– Hamilton operator 186, 192
– infinite-range exchange 191
– mean-field theory 187, 188, 191

Jahn–Teller effect 19
Jastrow–Feenberg wave function 112,

123
jellium model 55

Kondo
– model 67, 221, 225, 256
– resonance 203, 223, 233
– temperature 225

Landau–Hubbard model 260, 261
large-Nf expansion 132
Laue function 201
law of mass action 73, 256
Lieb–Mattis theorem 76, 257
Lieb–Wu equations 142
– SU(Nf )-symmetric 244
– generalized 173, 274
– – derivation 274
– – solution for half band-filling 276
liquid Helium 67, 112, 130
local constraint 127, 128, 131, 133
local density approximation
– Xα exchange 55, 94
– applied to insulators 56
– applied to metals 56
– lattice Xα exchange
– – applied to one-dimensional Hub-

bard model, 95, 96
– on the lattice 90, 92
– – applied to one-dimensional Hub-

bard model, 93
– self-interaction corrections 57
Luther–Emery line 179, 181
Luttinger
– liquid 114, 150, 163, 180, 181
– – chiral 114, 181
– – relations 164

– model 179, 180
– theorem 28, 207, 217

magnetic moment 31, 263
– correlation contribution 32
– – absent in Hartree–Fock theory 32,

83
– local 31, 37, 57, 83, 88, 168, 225
– – in Hubbard’s approximations 228
– – in infinite-dimensional Hubbard

model, 232
– – in local-moment approach 230
– pre-formed 34
– relative 32
– time-dependent 32
magnetic susceptibility 164
Majorana Fermion method 133
matrix elements
– Coulomb interaction see Coulomb

interaction
– electron transfer 59, 65
– – scaling for large coordination

number, 189, 197
maximum entropy algorithm 223
Mermin–Wagner theorem 22, 76
metal
– correlated 37, 38, 46, 233, 263
– ideal and Drude 3
metal–insulator transition 1, 7
– finite temperature 11
– quantum phase transition 9
– thermodynamic phase transition 11
minimal conductivity 25
mobility edge 23
momentum distribution 113, 271
– variational result 116, 119, 120
Montorsi–Rasetti model 252
Mott insulator 4, 34
– definition 34, 114
Mott transition 75
– Anderson–Mott 4, 27
– band–Mott 4, 17
– Brinkman–Rice transition 118
– experimental realization 43, 44, 47
– in alloy–analogy approximation 106
– in Hubbard-I approximation 101
– in Hubbard-III approximation 107
– in improved Hubbard-I approxima-

tion 103
– in infinite dimensions 236
– – coexistence region 237, 239
– – comparison with basic concepts

240
– – Falicov–Kimball model 217, 218
– – scenarios 237, 238
– – spinless fermions 219
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– in Landau–Hubbard model 261
– in Montorsi–Rasetti model 253
– in one dimension 176
– – 1/ sinh r Hubbard model 176
– – 1/r Hubbard model 161
– – 1/r Stoner model 259
– – SU(Nf )-symmetric Lieb–Wu

equations, 245
– – “standard” Hubbard model 144
– – extended Hubbard model 246
– – Gutzwiller wave function 116
– – Harris–Lange model 252
– – spinless fermions 218
– variational description 125
Mott–Heisenberg insulator 37, 210,

221, 241, 263
– definition 38
– in infinite dimensions 231, 242
Mott–Hubbard insulator 35, 221, 263
– definition 36
– in infinite dimensions 210, 235, 240,

242
– Mott’s example 35, 252
multi-band Mott insulator 41, 63

Nagaoka
– problem 73
– state 74
– theorem 77, 211
Néel state 76, 81, 88, 188, 210
Néel temperature 34, 37, 83, 87, 222,

223, 231, 241, 263
New-York metric 197
non-crossing approximation 225, 233
normal process 157, 258

optimal ground state approach 248
orbital 158
overlap 113

Padé approximant 224
pair correlation function 29, 56
Pariser–Parr–Pople model 61
parquet diagrams 89
particle–hole transformation 71
– in 1/r Hubbard model 154
Pauli principle 28, 30, 64, 133
Pauli susceptibility 168
Peierls insulator 4, 18, 20
– experimental realization 20
Peierls–Hubbard model 62, 129
perfect nesting 81, 268
– bipartite lattice 33
– in infinite dimensions 220
– in one dimension 179, 180, 183, 264
– on simple cubic lattice 189

permutation 139
perturbation theory 207
– first order in 1/U , see Heisenberg

model, tJ model
– in infinite dimensions 210
– second order in U , 208
– zeroth order in 1/U , see T̂ model,

Harris–Lange model
phase separation
– in Hubbard model at small doping

121
– in variational phase diagram 121
phase shift 137, 138, 171, 173
polaron 21
polymers 20, 61

quantum fluctuations 188, 270
– absent in Hartree–Fock theory 86
quantum inverse scattering 141
quantum Monte-Carlo technique 222,

253
quantum phase transition 9, 121, 237,

240, 242, 263
– Anderson insulator 24
– band insulator 11, 16
– Brinkman–Rice scenario 121
– example of 1/r Hubbard model 168,

184
– in Nickel iodine 47
– in vanadium sesquioxide 45, 242
– Mott–Hubbard insulator 37
– phase diagram 11
– polaron insulator 21
– toy model 9
quasi-momentum 137, 144, 171
– constant of motion 140
– quantization 138, 140
quasi-particle
– Bogoliubov 267
– dispersion in Bethe ansatz 175, 277
– ground-state densities in Bethe

ansatz 143, 174, 276
– in Hubbard-I approximation 100
– Landau 28, 203, 233, 260

random dispersion approximation
193, 198, 220

resonance broadening corrections 106
retraceable path 211
Ritz variational principle 90

saddle-point approximation 126, 129
scattering corrections 103, 104, 214
scattering matrix 137, 171
– N-electron 140
– two-electron
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– – 1/ sinh r Hubbard model 173
– – “standard” Hubbard model 138
Schrödinger equation
– Hartree 54, 59
– independent electrons 53
– local density approximation 55
Schwinger Boson method 133
screening 26, 28, 29, 42, 55, 63
second quantization 58
sector 137, 140, 171
– softening 171, 173
self-energy
– Feenberg 205, 227, 230
– in alloy–analogy approximation 104
– in atomic limit 99, 209
– in Fermi-liquid theory 207
– in Hubbard-I approximation 100
– in Hubbard-III approximation 106
– in improved Hubbard-I approxima-

tion 103
– in infinite dimensions
– – Falicov–Kimball model 215
– – iterated perturbation theory 225
– – momentum independent 201
– – non-crossing approximation 226
– – site-diagonal 199
– momentum dependent 209
– two-band description
– – Hartree contribution 229
– – Hubbard’s approximations 228
– – local-moment approach 230
– variational 117, 212
semiconductor 7, 11, 15
semimetal 7, 11, 15
six-vertex model 141
skeleton diagrams 200
Slater theory 30, 32, 33, 38
– basic example 33
Slave Boson approach 125, 264
– Barnes–Coleman version 131
– – advantages and problems 132
– – and Gutzwiller-correlated wave

functions, 133
– – mean-field approximation 132
– Kotliar–Ruckenstein version 127
– – advantages and problems 129
– – and Gutzwiller-correlated wave

functions, 129
– – effective Hamilton operator 128
– – entropy problem 130, 131
– – fluctuation corrections 131
– – free energy density 129
– – mean-field approximation 128
Slave Fermion method 133
specific heat 164, 166
– Sommerfeld coefficient 164, 166

spectral function 202
– atomic limit 99
– definition 271
– in Fermi-liquid theory 113
– in Hubbard-I approximation 273
– in infinite-dimensional Hubbard

model 223, 233
spectral moment 109
spin excitation 162
– dispersion relation 145
spin-density wave 33, 81, 87, 246
spinless fermions 40, 181, 246
– Hamilton operator 218
– in infinite dimensions 219
spinon 162
statistical interaction 262
Stoner criterion 84, 259
Stoner theory 30, 32, 83, 257
1/r Stoner model 257
– effective Hamilton operator 258
– ground-state energy 259
superconducting correlations 251
superconductivity 5, 6, 12, 19
– high-temperature 18, 65, 129, 131
– in fullerenes 64
Suzuki–Trotter decomposition 165
symmetries 70
– charge symmetry 71
– particle–hole symmetry 71
– spin symmetry 70

T̂ model 73, 132, 160, 210, 211, 250,
251, 261

thermodynamic average 80, 187, 270
thermodynamic phase transition 11,

121, 263
– Hartree–Fock theory 82
– in vanadium sesquioxide 45, 242
– Mott–Heisenberg insulator 37
– Peierls insulator 12, 18
– – blue bronze 20
– – polyacetylene 19
– phase diagram 12
– superconductivity 12
tight-binding approximation 35
tJ model 75
– supersymmetric 254, 255
Toulouse limit 221
transition metals and oxides 41–47, 63

umklapp process 157, 258
umklapp scattering 178–180
upper bound property 114, 116, 124

V̂ representability 91
valence fluctuations 67
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van Vleck model see tJ model
van-der-Waals interaction 64, 67
Varma–Yafet model see periodic An-

derson model
vertex 198, 200, 212
– corrections 6, 201
– function in non-crossing approxi-

mation 226
Verwey insulator 40, 218

Wannier electron 58, 69
weak localization 26
Wigner
– lattice 39
– proximity to fractional quantum

Hall state 40
Wolff model 196, 200, 202

Xα exchange 55, 89, 94–96

Yang–Baxter relation 140, 141, 173,
244

zero-temperature transition
– definition of order 161
– first-order 85, 124, 217
– – in 1/r Stoner model 259
– – level crossing 255
– – scenarios 238, 245
– – variational prediction 238
– fractional-order 252
– second-order 85, 125, 237

– third-order in 1/r Hubbard model

161, 238






















